Poccuiickast Akajemus Hayk

UncruryT npobsiem yupasienusi um. B.A. Tpanesnnkona

A.Il. KapaBaen

MOAEIN 11 METO/IBI YITPABJIEHN A
COCTABOM AKTUBHBIX CUCTEM

Mocksa-2003



YK 519

BbbK 22.18

Kapasaer A.Il. Mogenu u meroabl yrnpaBJieHUS COCTABOM aK-
tuBHBIX cucteM. Mocksa: TTY PAH (nayunoe usznanue), 2003. - 151 c.

[TpuBouTCSA 0630p OCHOBHBIX PE3YJILTATOB OTEUECTBEHHBIX U 3apyDerK-
HbIX aBTOPOB 110 KUCCJIEJIOBAHUIO MaTeMaTUYeCKUX 3a/ia4d YlpaBJeHus Co-
CTaBOM AKTHBHBIX CUCTEM.

PaccmaTpuBaioTcst BOIPOCHI YIIPABIEHUS COCTABOM KaK B CTATUUECKUX,
TaK M B JUHAMUIECKNX MojesstX. [ToapobHo nccienyores yHuduIimpoBaH-
Hbl€ CHUCTEMbl CTHUMYJUpOBaHudA. [IpuBomuTcd psam pe3yabTaToB IO yIIpa-
BJICHUIO PYKOBOJISAIIAM COCTABOM.

Pabora paccuwrana Ha CHENUAJUCTOB (TEOPETUKOB U MPAKTUKOB) IO

YIPABJICHUIO OPraHUu3allMOHHbIMU CUCTEMaMMU.

Peuensenmoi: d.m.n., npop. A.B. enkun, d.m.n., npop. /I.A. Hosu-
K06

TekcT BOCIIPOM3BOAUTCS B BUJIE, IPEICTABICHHBIM aBTOPOM

(©Uncruryr npobsem ynpasiennss PAH, 2003



OryaBJjieHue

BBEJIEHNE 5t
Fnaga 1. TIPOBJIEMBI VITPABJIEHNA COCTABOM AKTUBHBIX
CUCTEM 15
1.1. Kiraccudukanus 3aj1a4 ylpaBjieHus COCTABOM 15
1.2. IlocranoBka 3a1a4 19
Fnasa 2. YHUOUIINMPOBAHHBIE CUCTEMBI CTUMYJIMPOBAHU A 32
2.1. @OyHKIu# 3aTpaT aKTUBHBIX JEMEHTOB 32
2.2. CpoiicTBa hyHKIHUN cCTUMYJIAPOBAHUA U (DYHKIUHN jTelicTBUS 34

2.3.  YuudunupoBaHHbIe CUCTEMbl CTUMYJIUPOBAHUA B AKTHUBHLIX CHCTEMAaX C
KOHEYHBIM YHMCJIOM aKTHUBHBIX JJEMEHTOB 41
2.4. YuudunupoBaHHbIE CUCTEMbl CTUMYJIMPOBAHUS B aKTUBHBIX CHCTEMAaX C

OCCKOHEYHBIM YUCJA0M aKTUBHBIX JICMEHTOB 50

Frmasa 3. MOJIEJIM N1 METOJ/IBI ®OPMNPOBAHINA COCTABA

NCIHOJIHUTEJIEN 59
3.1.  unamudeckoe hOPMHPOBAHHE COCTAaBa UCIOJTHUTEICH 59
3.2. YupaieHHe cOCTaBOM IIyTeM O0y4JeHUs 62

Dimaa 4. 3AJAYA ®OPMHNPOBAHUA VIIPABJIAIOIIEI'O COCTABA
AKTUBHOI CUCTEMBI C OAHNM AKTUBHBIM 3JEMEHTOM

M HECKOJIbBKUMI HTEHTPAMI 65

4.1. Xapaxkrepusarus paBHOBECHUI 65
4.2.  OnruMajibHOCTH PABHOBECHIT 69
4.3. CymiecTBoBaHNe PABHOBECHI 70
4.4.  Omuucanue KOOIEPATHBHLIX ¥ COPEBHOBATEILHBIX PABHOBECH 73
4.5. Mogenn u MeTonsl GOPMUPOBAHUS YIIPABJISIONIEIO COCTABA 77
Jluteparypa 80
[Tpunoxkenne 1. JlokazaTeabcTBa TEOPeM, YTBEPXKIACHIN U JTeMM 85

[Ipunoxenue 2. YuupunupoBanuble CUCTEMbl CTUMYJIMPOBAHUSA B aKTHUBHBIX
cucremax (0630p) 103

HpI/IJ'IO}KeHI/Ie 3. AKTUBHBIC CUCTEMBI C HECKOJIbKUMH YiipaBJ/diomuMu IeHTpaMu

(0630p) 114

[Ipunoxenune 4. Mojyiesin u Mexanu3mbl (POPMUPOBAHUS COCTABA AKTUBHBIX CUCTEM
(0630p) 116

3



[Ipmoxxenne 5. [lepconnunupoBanuble CACTEMBI CTUMYTHPOBAHUS 127

[Tpusioxkenne 6. Mojiesin oriepaTuBHOIO yIPaBJICHHS IIEPCOHAIOM 131



BBE/JIEHUE

JInnamMuynble M3MEHEHUs BCeil OOIIECTBEHHOW KW3HHU, XapaKTEePHU3YIOIIHe HAIy
POCCUHCKYIO JICHCTBATEJIBHOCTD B T€YCHHUE IMOCJEAHUX JeCATH JIeT — COIUaJbHad Ie-
PeCTPYKTYpHU3aliisd, MHOIOYKJIAJHOCTE IKOHOMUKU, MOABJIEeHIE IPUHIAIAAILHO HOBBIX
COLIMAJIBHBIX OpraHu3aluil — IPUBEJIN K CYIIECTBEHHOMY ITOBBIIIEHUIO POJIA U YCJI0K-
HEHUIO cucTeM yrpasJeHud. [Ipm sTom Bce Gosiee 09eBUIHBIM CTAaHOBUTCH (DAKT 3aBU-
CUMOCTH YCIIEIITHOCTH TPOIECCOB CONMAILHO-9KOHOMUYECKUX TTpeodpa3oBanuii, obecme-
YeHusd crabmin3anuu pa3BuTusd U (PYHKIIMOHUPOBAHUS BCeil OOIIECTBEHHON CUCTEMBI
HE TOJIBKO OT OUTHMU3AIMU CAMOI'0 MeXaHU3Ma ylPaBJIeHUs, HO U OT IOBbIIIeHUs -
(DEKTUBHOCTH JIeATEIbHOCTH CyObeKTOB UCIOJHEHUsT yIpaBieHuecKuX GbyHKuuii (cM.
[53]).

AKTYambHOCTh TPOGJIEMBI YIIPABJIEHHS] COCTABOM ([MEPCOHAJIOM) OIPEJIENsIeTCs, ¢
OJHOW CTOPOHBI, N3MEHEHNEM CaMUX NPUHITATIOB YIIPABJIEHNSA Ha yPOBHE NOCYIaPCTBEH-
HBIX CHCTEM, 3aKJI0YAIONINMCH TIPEYKJIe BCErO B IepepaclpeNeleHA OTBETCTBEHHOCTH
MEZKJlY BBICHIMMH W HUZKEJIEKAIllIMH yPOBHAMU YIPABJICHUA; TOABJICHAEM HOBOI'O TH-
[1a COIIMAJILHBIX OpraHu3aluii, pyKOBOJACTBO KOTOPBIMHU OCYIIECTBAAETCA Ha OCHOBE Ya-
CTUYHOTO WJIM TOJIHOTO JIeJIETHPOBAHUA OTBETCTBEHHOCTH COOCTBEHHUKAMH. DTO CyIIle-
CTBEHHO MOBBICUJIO TpeOOBaHMSA K YPOBHIO IpodeccnoHaan3Ma pabOTHUKOB YIIpaBJie-
HUs, UX OOIIMM U CIIEIUAJIHLHBIM CIOCOOHOCTSAM, 3HAHUSAM U YMEHUSIM.

Cornacho [53], 6osree 80% omporeHHbIX PYKOBOIUTEIEH BBICIIErO yIPaBIeHIECKO-
ro 3BeHa (pupm, UPEILPUATUN, OpPraHuU3aluUil, aJIMUHUCTPATUBHBIX YIPABJIEHYECKHX
CTPYKTYD Ha MEPBOE MeCTO B YHUCJe MPOobJeM, ¢ KOTOPBIMU MM ITPUXOJNUTCS CTAJIKU-
BAaTbCsl, CTABAT MOAOODP YIEHOB YIPaBJIeHYECKON KOMAaHIBI, TOUCK JIFO/IE, CITOCOOHBIX
K 3pdeKTUBHOMY B3aUMO/IEHCTBUIO B X0/ peau3alluu yIpaBIeHIeCcKuX OyHKIHI.
64% pyxoBoaMTENCH CUNTAIOT, YTO yCHEeX BO3IJIABIAEMON OPraHN3aIMOHHON CTPYKTY-
Pbl OIpeJIeIeTcsd TeM, HACKOJIbLKO 3(P@EeKTUBHO 10A00paHbl OnzKaiiiime moMOIIHHI-
KU, KaK/Jblii TpeTUuil OLPOIIEHHbIA PYKOBOAUTE/Ab OTMEYACT, YTO UMEET OlLIPEeJ/IeJIeHHbIe
TPYAHOCTH B HX 1oabope, 77% He BJIAJEIOT HABBIKAMHU OLEHKH YIPABIEHIECKOTO IO-
rernuaia, 52% ormedaror y cebd OTCYTCTBHE CIEMUANbHBIX ICHXOJOIMYECKUX 3HAHUI,
a 47% cuuraor HEOOXOAMMBIM CIENUATBHO HOJAMOTABIMBATL CIENUAUCTOB YIIPaBJie-
HUS JIIg TPABUWILHO BHIOOpPA MMU CBOEro OJIMKAUIIEro OKPYKEHHSA W MPABUIBHON HX
paccTaHOBKU.

AKTyaJIbHOCTH NPOOJIEMBI YIIPABICHUS] COCTABOM OLPEJE/ISeTCS TAKXKE TEeM, UYTO
ecJTM paHee TPAJIUIMOHHO MEHTPATbHON (DUTYpPOil B HCCIeTOBAHUAX BOMPOCA ITTOBHI-
meHns 3pHeKTUBHOCTH YIPaABIEHIECKOH TeITeTbHOCTH BBICTYTAJ PYKOBOJIUTEND, TO
Terepb Bce OOJIbIIIee 3HAUEHNE IPHOOPeTaeT U3ydeHne ero OKPyKeHnsd, KOTOpOoe B 3Ha-
YUTEJIBHON Mepe ompejensder u cruenuuKy ylnpaBJIeHYecKUX BO3JAEHCTBUHA, U CTHIb

YIpAaBJIEHUdA, U XapaKTep B3aMMOOTHOIIECHUI B OPTaHU3alliM, 4 B KOHEYHOM CYETE H



CTAOUIHLHOCTD OPTAHU3ANUOHHON CTPYKTYPhI, U 3PDEKTUBHOCTD JIeATEILHOCTH YUpe-
JKJICHUS WM OPTaHU3AINH B HEJIOM.

Bce 9T0 m03BOJII€T TOBOPUTH O TOM, YTO IpH co3mannn 3hMEKTUBHO JeficTBY oIt
yIPaBJIEHIECKOW KOMAH/IbI BAayKHON COCTABJISIIONIEH B CTPYKTYpe Mpodeccronam3ma
PYKOBOMTE el PA3JMIHOTO YPOBHS BBICTYHAET CHOCOOHOCTH ONTHMAJIBHO (HOpMUPO-
BaTh OJiMKaiiliiee OKPy’KeHHe B OPTAHW3AIMU, HA OCHOBE DPEAJHHON ONEHKH JIMTTHOCT-
HBIX W TPOU3BOJCTBEHHBIX KAYECTB PAOOTHUKOB, UX YIIPABIECHIECKOTO MOTEHITHATA W
JIMIHOCTHDBIX XaPAKTEePUCTHK.

Bajiady yupasJieHus MepCOHATOM MOXKHO YCJIOBHO Pa3OUTh HA TPH YacTH: 3ajada
yIpaBJIeHus CTPYKTYPOit, 33/ 1a9a yIPABAEHUS COCTABOM | 33,/1a1a YIPaBJIeHUsT (DUKCH-
POBAHHBIM COCTABOM.

B 3adaue ynpasserus cmpyxkmypotd B npeanoioKeHnn (PUKCHPOBAHHOTO COCTABA
(HAGOP COTPYHUKOB ¢ M3BECTHBIMH XapAKTEePUCTHKAMH) TPEOYeTCsl HANTH ONTUMAJb-
HYIO CTPYKTYPY aKTUBHOW CHCTEMBI (CBSI3U M B3AUMO/IEHCTBUST MKy COTPYIHUKAMH ).

B sadaue ynpasaenus cocmasom OUpeessieTcs HAWTydIuii coctaB paboTHUKOB (B
MPEJIOJIOKEHNT 3aJAHHON CTPYKTYPHI, T.€. IMMTATHOTO PACTHUCAHUS, 1 MHOXKECTBA, BO3-
MOZKHBIX COTDYIHUKOB).

B sadave ynpasaenus GurcuposaHHbLM COCMABOM HAXOASITCI ONTUMATbHBIE (DYHK-
AU CTUMYJIAPOBAHUS [Tl TTOJIYYeHUsT MAKCHMAIBHOW TPUOBLIN, TPU YCIOBUU (DUKCH-
POBAHHOTO COCTABA U CTPYKTYPHI (DU PEIIeHNH JTAHHOM 3aa9d TPeIIoIaraeTcs, 4To
3a/1a9a YIPABJICHUs COCTABOM DPEIEeHA).

Bce tpu 3a1a4n yrpaBieHust mepCOHAIOM JOKHBI PEIAThCs OJITHOBPEMEHHO, ITO B
CUJTY CJIOYKHOCTH KazKJI0H W3 33714 He TpeicTaBisgercs Bo3MoKHbIM. Hanbostee mpocroit
C TOYKH 3PEHUsI HE3ABHCHUMOCTH OT JIPYTUX HABJISETCS 3a/a49a YIPABICHUS COCTABOM,
MOCKOJBKY OHA MPEJCTABIIET OO0 HADOP OMTUMUBAIMUOHHBIX U TEOPETHKO-UT'POBBIX
3aja4. PaBHOBecrmeM B JaHHOM ciydae OyJeT sBJIATHCS TAKOE peIleHue 3a7ad, MpH
KOTOPOM HM3MEHsIsI PellieHue OJHON W3 HUX HeJb3sd JOOUTHCH YBEIUIeHH TPUOBLIH.

B cuy Toro, 9To Bce TpH 3aaUN PEITATH OJHOBPEMEHHO HE MPEICTABJIAETCS BO3-
MOZKHBIM, €CTECTBEHHO PENIaTh KAXK/IYI0 U3 33/1a9 B OT/IE/IbHOCTH.

B 6osbimmicTee paboT 110 TEOpUU ylpaBjeHus OPraHu3aluOHHBIMUA U COIUAJILHO-
SKOHOMUYECKUMHU cucTeMaMu (akTuBHBIME cucTeMamu — AC) paccMaTpuBaloTCs 3a-
Jadu yrpasieHus (IUTAHUPOBaHWUs, cTUMYupoBanust u jp. [11]) B mpeamosoxkennu,
9TO COCTAG YUACMHUKOS cucmemss (amee s KpATKOCTH — COCMas), TO eCTh Habop
YIPABIAIOIMNX OPTaHOB — IEHTPOB — W YIPABISAEMBIX CYObEKTOB — AKTHBHBIX 3JJI€-
MeHTOB' (AD), dukcnpopan. Koib CKOPO W3BECTHO DeIlieHne 33 a9i yIpaBIeHUsl [IJIs
durcupoBannoro cocraBa AC, mOSIB/ISIETCST BOBMOZKHOCTDH PACCMOTPEHUsT 3a0a4U YNpa-
BACHUA COCNABOM GKMUGHOT CUCMEMDbL, TO €CTh 33JIa91 OIpPeIeIeHHT ONTUMATHHOTO
(B oroBapuBaeMOM HUZKE CMBICJIE) Habopa AD, KOTOPBIX CJIeIyeT BKIYUTh B CUHCTEMY,
U TeX UX JedcTBuil, BHIGOP KOTOPHIX HamboJee BBITOJIEH JJis IeHTpa’ (W NeHTPOB,

!B macrosmieil pabore MbI O PAHUYHIMCH PACCMOTPEHHEM IBYXyPOBHEBBIX aKTHBHBIX CHCTEM, COIePIKAIIIX
OIWH WJIN HECKOJIbKUX IEHTPOB Ha BEPXHEM YPOBHE MEPAPXUU W OJWH WUJIN HECKOJIBKUX aKTHUBHBIX 3JIEMEHTOB
Ha HrokEeM. MBOoroyposresbie AC nccnemoBanuch B [44]. V3yuenne 3a1a9 CHHTE3a ONTHMAIBHON CTPYKTY DB
MHOTOYpOBHEBOM AC T0/I’KHO MUCTIOIB30BATH PE3Y/ILTATHI PEIICHUs 33424 YIIPABICHUS COCTABOM JIBYXYPOBHE-
BbBIX AC U ABJIAeTCd IIePCIIEKTUBHBIM HaIIPpaBJIEHHUEM ,I[a/ﬂbHeI‘;I]HI/IX I/ICCJ’IG,HOB&HI/H.;I.

Mlobyxmenne AD K BHIGOPY ONpemeIeHHHIX IeifCTRUI ABIAeTCs "KIaccudeckoi" 3amadveil ympapaeHus

AC, 1o ecTb 3amaueli ynpasiaenausa GUKCUPOBAHHBIM COCTABOM.
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eCJIn IIoCJIeJJHUX HeCKO.TIbKO). Ecan nmeerca penienne 3aaa4u yIIpaBJA€eHHA COCTaBOM,

TO cJeAYIOIIUM IIaroM MOZKeT OBITD penienne 3aJadu CUHTE3a ONTHUMAJBHONU CTPYK-

Typel AC (cM. pucyHOK 1) — ompejieieHusi YicIa yPOBHEH HepapXuu, pacipe/ieeHus

yaacTHIKOB AC 10 ypOBHSIM, OTIPeie/IeHnsT CBsI3ell MeXK/ Iy HUMU W T.]I.

4 N

Bagaun ynpasienus: crpykrypoit AC

Bagaun ynpasiaerns coctaBom AC
(mpu huKCUpoOBAHHOH CTPYKTYpE)

Banaun ynpapieHus (PUKCAPOBAHHBIM
coctaBom AC

D %

Puc. 1. BaoxkenHoctb 3aga4 ynpasjenusa AC

Taxkum obpa3oMm, Kak yrKe OBLJIO CKa3aHO, 33Jady ylpaBjieHusd padboToit pupmb

MOZKHO Pas3OUTh Ha CJIEJYIONNE COCTABALAIONINE: 33/0a4y yIpaBaeHus (DUKCUPOBAHHBIM

COCTaBOM, 33Jad4y yIIpaBJIeHUs COCTAaBOM COCTAaBOM, 33/a4y YIpaBJeHHUsl CTPYKTYDOIl.

(1)

Sanava ynpasjieHus (PUKCUPOBAHHBIM COCTABOM 3aK/II0YAETCSI B HA3HA-
YeHUU ONTHMAJIbHON CHCTEMBI CTUMY/IAPOBAHMS /Il JOCTHZKEHUS HAUTY IIIero
pesyabTaTa npu ¢ukcupoBanHoM coctaBe u crpykrype AC. Croga, B 4dacT-
HOCTH, BXOJUT 3ada4va CUHTE3a ONTUMAJIBHON CHUCTEMBI CTUMYJIUPOBAHUA. BO
MHOT'OM pelleHue ,ZLaHHOI'?'I 3aJa491 3aBHUCHUT OT AaKTHUBHOII CHUCTEMBI B OeJI0M: MH-
(GOPMUPOBAHHOCTH YYACTHUKOB, HAJUYUs PA3HOIO BUA HEOIPEIEJIEHHOCTEIT,
1 T.[I.

Sagada ympaBJIeHHS COCTABOM 3aK/JII0YAeTCs B ONpeIeIeHHH OINTHMAJIb-
Horo Habopa corpyaaukoB AC mpu ycJOBHH, 9TO CTPYKTYpa BCeil aKTHBHOI
CHCTEMBI 3a/IaHa, W 3a/1a49a YIPABJIEHUS yiKe pellieHa (7151 ONpPeIeIeHnsT ONTH-
MaJILHOT'O COCTaBA MbI JIOJIZKHBI YMETh ONpPeAe/saTh 3PMEKTUBHOCTL TOTO HJIH
HHOI'O COCTaBa PAOOTHUKOB).

Sagada yrnpasJjeHus CTPYKTY PO 3aKII0YAeTCs B ONPEICTeHAN ONTUMAIb-
HOM CTPYKTYPBI (DUPMBI. YK€ B COOTBETCTBHH C 9TOH CTPYKTYPOI 6yIyT ommpe-
JTeJIeHBI CBSI3U U UCIOHUTeNH. JlaHHas 3a/1a19a, KaK IPABIIO, PEIIaeTCs HOC/Ie
periieHns 3a/1a9 0 Ha3HAYeHUH, (DOPMUPOBAHUS COCTABA W YIPABJIEHUSA COCTA-

BOM.

[Ipusepem Kparkuit 0030p OCHOBHbBIX HAIIPABJIEHUN UCC/IEIOBAHUI 33124 yIIpaBJie-

mug coctaom AC.



Mogenn u MexaHH3MbI (DOPMHPOBAHUSI COCTABA CHCTEMBI PACCMATPUBAINCH B Ta-
KUX pasjie/laX TeOpMH ylpapjeHus ° Kak Teopus akTupHbix cucreM (TAC) u reopus
KOHTPAKTOB, & TaKKe B 9KOHOMUKE TPYIa U IKOHOMUKE OpraHU3aIlNM.

B meopun KoHTpakTOB |7| Mccren0BaInCch MOJIETH ONPe/IeJIeHIs ONTHMAIBHOTO Y-
csia pabOTHUKOB (B OCHOBHOM, OJTHOPO/THBIX ) TIPH OTPAHUYEHUSIX COTTACOBAHHOCTH CTH-
MyJIMPOBaHUS U pe3epBHOI 3apaboTHoil wiarhl [45]. O6braHO B paborax 3apybesKHbIX
ABTOPOB MO TEOPUH KOHTPAKTOB CUUTAETCS, UTO HA MOMEHT 3aKJIIOUYEHHS KOHTPAKTA
Oyyiee 3HAYEHHE COCTOSTHUS IPUPOJIBI (BHEITHETO HEOMPEIeJeHHOrO haKkTopa, ompe-
Jesisonero yeaosus GyHkiunonnpoanns AC) HeH3BECTHO HU TIEHTDY, HU TOTEHIHATb-
HBIM pabOTHUKAM, HO OHU UMEIOT O HeM WH(OPMAINIO B BUE BEPOSITHOCTHOTO Pacipe-
JIeJTeHUsI. 3a/1a49a MeHTPa 3aK/TI0YAeTCs B ONPE/IETeHNN 3aBUCUMOCTH BO3HATDAZK ICHU S
pPabOTHUKOB OT PE3yJIbTATOB UX JAESTEIbHOCTH WK JeficTBuil (mpudeM pabOTHUKE, KAk
MPABUIIO, CUATAIOTCS OJHOPOJHBIMHA) U YUCJIA PADOTHUKOB, HAHUMAEMbIX B 3ABHCHAMO-
CTH OT COCTOSIHUSI IIPHPOJIBI, KOTOPble MAKCHMHU3MPOBAIN ObI MATEMATHIECKOe OXKIIA-
Hue meaeBoil GYHKIMH IeHTPa IPH YCJIOBHH, YTO BCEM IIPHHATHIM Ha pabOTy rapaH-
TUPYETCsT YPOBEHb TOJIE3HOCTH He MEHBINH pe3epBHOIl 3apaboTHOI miarhl (pu 3TOM
MOZKET JI00AB/ISITHCS YCI0BHE 00eCTIeTeHNs IIEHTPOM ONPEJIeTeHHBIX TAPAHTHUI 11T 0e3-
paborubix). OTMernm, 4To chOPMyJINPOBaHHAS 33/a9a CYIeCTBEHHO IPOIe (TaK Kak
He YYUTHIBACTCS AKTUBHOCTH PAOOTHUKOB), UeM 6a30Bast MOJIENIb TEOPUH KOHTPAKTOB, B
KOTOPO# (pUTrypUpyeT JOMOJHUTENIBHOE YCIOBHE BhIOOpa AD meiicTBUsI, MAKCHMI3UPY-
IOIIEr0 ero OKUIAEMYIO TI0JIE3HOCTh IPU 33JaHHON crucTeMe crumyauposanus [50]. B
HacTodIel pabore Hac Oy/IyT MHTEPECOBATH MTOCTAHOBKH 33,/1a4 (DOPMUPOBAHUS COCTABA
AC, yunThiBaoIIe aKTHBHOCTh BCEX €€ YIaCTHUKOB.

B pamkax skoHOMHKH Tpyna [55] OCHOBHOI pe3yJibrat, OIpesessionuil OnTHMaTb-
HOE KOJMYECTBO PAOOTHUKOB, OTPAYKAET PABEHCTBO MPOM3BOIUMOTO MMU IIPeIeIbHO-
ro mpoAyKTa (MpeiesbHON TPOU3BOIUTETHPHOCTH) U IPEJIEJIbHBIX 3aTPAT HAa UX TPH-
BJIeYeHNe U yiep:kaHue (M. 00CYXKJIeHHe B3aUMOCBI3UH MeXKIy SKOHOMHUKON TpyIa u
3a/[a9aMi YIIpaBJIeHNsT OpraHu3anoHHbiMu cuctemMamu B [2]). Kosamaecro monosnHu-
TesibHOI mpoaykimu (oxona) AH (n), Koropoe moaydaer pupMa, HAaHIMAast OJTHOTO JI0-
HOJIHUTEIHHOTO (CBepX n yzke paborarormux) paboTHIKA (eMHHILY TPY/a), HA3bIBACTCS
npeebHEIM TpoayKToM Tpyaal. O6brano cuntaercs ("3aKOH yMeHBITCHHS TIPeeh-
HO# ormadn" wim "mpenesbHOro M0xoaa"), 4TO MpeebHBI MPOJYKT TPYIa yObIBAET
€ POCTOM YHCJIA HAHATHIX PAOOTHUKOB (TO eCcTh (DYHKIHS JIOXO/a TEHTPA BOTHYTA).
CopepzkaTeTbHbIe HHTEPIPETAINN TOJ00HBIX TPEIIO0KEHUI OUeBH THBI.

[penenbubie n3nepKku Ac(n) ecTb 3aTpaThl EHTPA HA CTUMYIHPOBAHWE MPH TPH-
eme Ha pabory 1+ 1-ro paborauka. O6braHO cunTaercs ("3aKOH BO3PACTAHUS PEIEIb-
HBIX U37epKeK"), 9T0 mpejebHble U3JIePKKU BO3PACTAIOT ¢ POCTOM UHCJIA HAHATHIX
paboTHUKOB (TO ecTh (bYHKIMsI 3aTPAT MEHTPA HA CTUMYIMPOBAHUE BBIYKJIA).

3Mpi He GymeM IpOBOIUTE 0630pa I AHATM3A OBIIMPHOTO KJIACCA 33144 0 HASHAUCHMI 1 MX MOIupuKaii,
pellaeMbIX B UCC/IeJ0BaHuU onepanuii [15], B TOM 4mc/Ie NIPUMEHHUTEJILHO K 3a/a9aM yIIPABIEHUS COCTABOM
OpraHM3alMOHHBIX cucTeM [9].

4CremyeT OTMETHTD, TO TIPeIeTBHBL IPOLYKT JI0O0T0 HEUBAIA He ABIAETCH Pe3yIbTATOM TOIHKO JTHIIb
€r0 KajveCTB, a 3aBUCHAT OT YHCJIA y¥Ke HAHATHIX Pa0OTHUKOB, OOIIEro Kammraya (pUpMbI, HCTIOIL3YeMOH Tex-

HOJIOTHHX U T.I1I.
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YeaoBre MAKCUMU3AIAN TPUOBLTE (PASHOCTH MeXKy JOXOJ0M HMEHTPa U €ro 3aTpa-
TAMH Ha CTUMYJIHPOBaHue) Tpebyer, IToOB MPUOBLIL ObLIa MakCUMadbHa. st 91010
cIeIyeT’ H3MeHATh 9HCI0 3aHATHIX (YBEIHYHBATH, CIH IIPeIelbHBIH TOXOM IPEeBbI-
MTaeT TpeiesibHble W3IEPKKH, W YMEeHbIIaTh B MPOTHBHOM CJIydae) 10 TeX T0p, TOKa
npeaeJbHbIH J0X01 He OyaeT paBeH MpeaebHBIM H3IePKKaM.

B skonoMuKe opraHu3amuii TPUHAT CJAEAYIONIUN OOIMI TOAX0/ K OIpPeIeeHII0
ONTUMAJBHOIO paszMepa opranumsanuu (cM. cculaku B [45]). C oguHoil cTOpoHbI, cyie-
CTBYeT PBIHOK — KaK cucTeMa obMeHa IpaB cobcTBeHHOCTH. C JIpyroit CTOPOHBI, KO-
HOMHYECKHEe areHThl OObeIMHAIOTCI B OPraHH3aIUud, B3aUMOIEHCTBYIOIINE HA DPHIHKE.
OObsICHEHNEM CYIECTBOBAHUS IKOHOMHYECKUX OPTaHM3AIMil CIYKUT HEOOXOINMOCTH
KOMITPOMHCCA MKy TPAH3aKIIMOHHBIME H3€PKKAMU U OPraHU3alnOHHBIME U31ePK-
KaMi (OpraHu3alliOHHBIE H3/IePKKN CBA3AHBI ¢ 00pa30BaHUEM OPraHH3aIMil, TPaH3aK-
IIUOHHbIE — ¢ HEOOXOJNMOCTBIO OCYIIECTBICHUS] TPAHIAKIINH MEYKY areHTAMHY).

K mpansaryuontvim usdepacram OTHOCST:

® U3JEPKKU BBIYJICHEHUS, CBA3AHHBIE C HEBO3MOXKHOCTBIO TOYHOTO OIpPeaesie-
HUA WHIABUIYAJILHOIO BKJIAJIa KAXKJI0TO dJIeMEeHTa OOJbIION CHCTEMBI, TO €CTh
OpraHu3allfs OCYIIEeCTBJISeT arperupoBanue HHGOPMAIUT;

e nH(GOpPMAIMOHHBIE W3/IEPAKKU: OPraHu3als COKPAIAeT 3TOT BUJ U3JEPIKEK
IyTeM COKpalleHus obbeMa nepepadarbiBaeMoil HHMOPMAITHT;

® U3JIEPKKU MacIHITada: B CJIy4ae PbIHKA HHCTUTYIMOHAJbHbIE OIDAHUYEHHS TPe-
OYIOT HAaCTOJBKO BBICOKOT'O YPOBHSI JIETAJH3AIMH PErIaMeHTHPOBAHUS Jesl-
TEeJILHOCTH, YTO HOCJCeTHUN Hen30e:KHO IMPUBOIUT K CHEIUAJIU3AINNN B PAMKaX
OpraHA3aIN’;

® N3EePKKU MOBEJEHUA: COTJIACOBAHNE MHTEPECOB, HAKa3aHNe 34 OTKJIOHEHHUS U
T.Jl. CBA3aHBI C ONIPEJICJICHHBIMI 3aTPATaMU;

® U3JIEPKKU CTaOM/IM3alUU, CBSI3aHHbIE C HEOOXOIMMOCTHIO KOOPJAMHAIIMY B YCJI0-
BHSX HEBO3MOXKHOCTH 3D HEKTUBHOTO MPOTHO3UPOBAHHST OYAYIIErO MOBEICHHS
CHUCTEMBbI, BHEIITHEH Cpeabl H UX B3aUMOICHCTBHALI.

OpranuzanuoHHBIE H3IEePKKU ONPeneIssiorcsd "'3aTpaTaMyu Ha KoopauHanuio'" BHY-
TPH OPTaHU3AIMH, KOTOPhIe PACTYT ¢ YBEJIMIEHHEM €€ Pa3MepOB.

Tpan3zaknuoHnble U3JIEPKKU MPENATCTBYIOT PBIHKY 3aMECTUTh c000# opranmusa-
MU0, a OpPraHUu3alUOHHBbIC U3JACPZKKH HIPEIMATCTBYIOT OpraHU3alun 3aMECTHTDb CO6OI71
pbiHOK. OCHOBHAs Hjies (Ka4eCcTBEHHAsI ), HCHOJIb3yeMast B 9KOHOMHKe OpraHu3aluii npu
o0CyKIeHnH 33129 (POPMUPOBAHUS COCTABA 3aKII0YAETCSI B TOM, YTO TaK KaK U Iep-
BBI€, U IOCJIEeIHHE M3IEePKKU 3aBUCAT OT pa3Mepa OPraHU3alMKM U ee CTPYKTYPHI, TO,
TEOPETUYIECKH, JIOJKHBI CYIIECTBOBATH ONTHMAJIbHBIE IMapaMeTPhl OPraHU3aINH, IPU
KOTOPBIX JOCTUTACTCA YPaBHOBENINBAHUE YIIOMAHYTHIX TeH,Z[eHL[I/Iﬁ 3aMEIICHNA.

OcranoBumMcs OoJtee MOAPOOHO HA PE3YIbTATAX, MOJYIEHHBIX B PAMKAX TEOPUU aK-

THUBHDLIX CHUCTEM.

SEc/m 0TKa3aThCs 0T IKOHOMUHUECKO TE€PMHUHOJIOTUY, TO B PaMKaX BBeJEHHbIX IIPeIION0XKeHNUN HeseBasd
dbyHKIMS IEHTpa WMeeT eIMHCTBEHHBIH MaKCUMyM 1o aucay AD (kak pasHOCTh MeXKIy BOTHYTOH (byHKImeit
JI0X0/1a U BBIIYKJION dynkmmeit 3arpar va crumymmposanue). CrenoBaTenbHO, [Id €6 MAKCUMA3ZAIAN HE00XO0-
JVIMO ¥ IOCTATOYHO OOPAIIEHNs B HOJIb IIPOM3BOIHOMN, ITO U COOTBETCTBYET PABEHCTBY abCOJIIOTHBIX 3HATEHUH

IIPOU3BOJAHBIX CJIaTa€MbIX, TO €CTh PAaBE€HCTBY IIPEIE/JIbHOI'0O I0X0/Jda U IIPEAE/TIbHbIX U3IE€PIKEK.



BrepBole B Teopun aKTUBHBIX cHCTeM 3ama4dn ¢popmupoBanns coctaBa AC paccma-
TpuBaJIKCh B pabore [3| mias caydas HazHadeHus npoekToB. Boobiie, 3a1ada 0 Ha3Ha-
YeHUU C HEM3BECTHBIMU IEHTPY U COOOIMAaeMbIMU €My aKTHBHBIMH dJIeMEHTaMU IapaMe-
Tpamu 3HMEKTUBHOCTH WX JESATETHHOCTH HA PAa3JMYHBIX JIOJIKHOCTAX HEOTHOKPATHO
MPUBJIEKAIa BHUMaHUE UCCJIeI0BaTe e, 0COOEHHO B 00JIACTH yIpPaB/I€HUs TTPOEKTAMHI
— TaK Ha3bIBaeMble CJIOKHbIE KOHKYDCHI HcnosHuTe el u ap. (cm. [12]).

B pa6ore [14] pacemoTpera MO Ib TUHAMHUKHI TPYIOBBIX PECYPCOB MEXKY HECKOTh-
KHMU IPEANPUATUSIMA B 3aBECUMOCTH OT YCJIOBHH OILIATH TPYJIa U HeJAeHEeKHBIX (DaK-
TOPOB BO3HATPAXKIEHHS PAOOTHHKOB.

HeckosibKo Mojiesieif, B KOTOPBIX OMPeIeIsioch ONTUMAIhHOE ¢ TOYKW 3PEHUsT WH-
dbopMaIHOHHON HAIPY3KH Ha IHEHTP 4Ynucao AD, KOTOpuX caeayer BKa4daTh B AC,
paccmarpuBasuch B pabore [44| npu usydenun dakropos, onpegessionux dhdek -
HOCTB YIIPABJICHHST MHOTOYPOBHEBBIMH OPTAHM3AIMOHHBIMHA CHCTEMAME.

[Iupokoe pacnpocTpanenne B 3aga4ax yupasaenus AC HAILIH MeTOIbI TEOPUH IPa-
dbos [4]. Bagaun onpeesieHnst ONTUMATBHON TOCIEI0BATEILHOCTH BBIIOJHEHHSI OTlePa-
it (CoKpaleHre MpoN3BOICTBEHHOTO TIHKJIA, KOMMEPYECKOTO MUKJ/Ia, 331a91 CHabKe-
HUsT 1 Ap. [9]) yes0BHO MOTYT paccMaTpuBaThes Kak 3aiadu (GOPMUPOBAHHUS COCTABA.

Hawubostee mpecTaBuTe/IbHBIM KJIACCOM MexaHu3MoB yupasieraus AC, KOTopbie Mo-
I'YT pacCMATPUBATHLCA KaK 3a7adu (POPMHUPOBAHMS COCTABA, ABJSIOTCS KOHKYPCHBIE U
AYKUUOHHBIE METAHU3MDBL, B KOTOPBIX PECYPC WX PAOOTHI PACIPEIEISTIOTCS MEXK LY IIpe-
TeH/IEHTaMHU Ha OCHOBAHHUH YIIOPA0deHnsa 3PheKTUBHOCTE] UX AedaresbHoCTH. IIpnme-
paMu SIBJASIFOTCS TIPsIMble, TPOCTHIE U JABYX3TAITHbIe KOHKYDCHI [8], KOHKYDCHI HCIOTHH-
Tesieil B ynpamieHun npoektamu [12|, 3amaun HazHAYEHUS WUCHOJTHUTETeH (Tak HA3bI-
BaeMble CJI0JKHbIe KOHKYDCHI) U JP.

[lepBbie cucremMaTndeckne MOCTAHOBKE 331ad (opmupoBanus coctaa AC (orme-
THM, 9TO pedb MJIeT MMEHHO O 3amadaX (OPMHPOBAHHUSA COCTaBa, a He YIPaBICHUS
COCTaBOM, TaK KaK B OOJBIIHHCTBE U3BECTHBIX MOJeJell pedb maerT o (pOpMHPOBAHUI
cocrapa AC "¢ mynas" — cM. kiaaccndUKAIMiO paHee B JaHHOM BBEJEHWN) TOSIBHINCH
HeaBHO — cM. MoHOTpaduio [50]. Ha ocHOBaHNE IPOBEIEHHBIX HCCIIEIOBAHNUIT BBIIE/IsI-
0TCsT TpH OOIIUX MOJIX0/1A K PEeIeHuto 3a1a4 ¢popmupoBanus cocraBa AC Ha OCHOBaHWY
PACCMOTpEHUs 3a1a4 CTUMYJupoBaHua. llepBolii moaxon 3akmiodaercs B "moGoBom"
PACCMOTPEHUH BCeX BO3MOXKHBIX KOMOMHAIWN mOTeHIuAJbHBIX ydacTHHKOB AC. Ero
JIOCTOMHCTBO — HaXOXKJIEHHE ONTHMAJIBLHOTO PeIlleHHs, HeJOCTATOK — BBICOKAsl BBIMH-
CJIUTETbHAS CJIOZKHOCTb.

Bropoii mogxo 0CHOBBIBAETCS Ha METO/aX JIOKAJAbHON onTumu3anuu (mepebopa co-
craBoB AC U3 HEKOTOPOH OKPECTHOCTH ONpeesIeHHOro cocraba). Vcnosb3yembie npu
9TOM 3BPUCTHYECKIE METOIBI B OOINEM CIydae He JAI0T ONTUMATILHOTO PEIIeHus U I0-
9TOMY TpeOyIOT OIeHUBAHUA UX T'apaHTUPOBAHHON 3(PPEeKTUBHOCTH.

V1, HakoHeI[, TpeTwil MOAXO 3aKII0YAeTCsI B MCKJIIOYEHHH 3aBeI0MO Hed(DDEeKTHB-
HBIX KOMOWHanuii AD Ha OCHOBAHWUM aHAIM3a CHENUPUKN 3329 CTHMYJIADOBAHUSI
(em. ymopsiouenne AD, mMeronux cenapabesbHble 3aTpaThl, B 3a1a4ax (opMUPOBa-
aust cocrapa AC). TIpu 910M BBIYHCIUTENIbHAS CJIOKHOCTD PE3KO COKDAIIACTCS U yia-
eTcs TOIYyYUTh ToUHOe (ONTHMaIbHOE) pemenue’, HO, K COKaNEHMIO, TAHHBIH HOIXOJ

6Pemenne IpH 3TOM, KaK IIPABUJIO, 33aeTCA HMPOCTBIM U COAep’KATeJIbHO MHTEePIPETHPYEMbIM aJITOPUT-
mom. Hanpumep, B 3amade, onucannoii B [36], npemnaraerca ncnosauTesio ¢ 601buell OEHKON BEPOATHOCTH
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OPUMEHUM MAJeKO He BCeT/a, M B KaxKJIOM KOHKPETHOM CIy4ae BO3ZMOXKHOCTD €r0 HC-
OJIb30BaHus TpeOyeT COOTBETCTBYIONIETO OOOCHOBAHUSI.

PaccmaTrpuBaembie B OOJIBITMHCTBe PabOT MO TEOPHUH AKTUBHBIX CHCTEM 3aJa4u
ynpapiernst (DUKCHPOBAHHBIM COCTABOM (B TOM YHCJe, B MEPBYIO OYepe/lh, 3aJaun
CTUMYJIMPOBAHNUSA) 3aK/IIOYATACH B ONPEIeJeHUH 3aBUCAMOCTH TIOOMIPEHNS WIH HAKa-
3aHWS KazKJIOrO0 KOHKPETHOrO AD OT Pe3y/bTATOB €ro JAedTeTbHOCTH. Takue CUCTeMBbI
CTUMYJTUPOBAHUS, COCTOSANINE U3 HaOopa (DYHKIMI CTUMYIUPOBAHUS — KAXKJION s
coorsercTByomero A9, B [11] 6bL10 MpeIIoKeHO HAZBIBATD UHOUGUOYAALHVIM CTNU-
MYAUPOBAHUEM.

B ormamne oT MHAMBUIYAIBHOTO CTUMYJIUPOBAHUS, YIIPABSIONIII OPTaH — IEHTP
— MOXKET WCIIOIH30BATh OJHY U Ty Ke Jjid Bcex AD 3aBUCHMOCTH MOOIIPEHUS OT pe-
3YJBTATOB JesITeJbHOCTH (BbIOMpaeMble pa3indHbiMi AD JeHCTBHSI HPU STOM, ecTe-
CTBEHHO, MOTYT OBITH PA3IUIHBIMK). ECIU 3aBUCHMOCTD BBIILIAT OT JCHCTBUI U /Win
PE3YJIbTATOB JeATeILHOCTH OJIMHAKOBA [Jist BeceX AD (I UX 9acTH), TO TAKYIO CHCTEMY
CTUMYJTHPOBAHUS HA3BIBAIOT YHUPUUUPOSaHHOoT. Y HUPUIUPOBAHHOE yYIIPABJIeHHE TIIH-
POKO MCIOJIB3YeTCs HA, MPAKTUKE, U WHOTJIA MPU PACCMOTPEHUH 33129 (DOPMUPOBAHUS
cocTaBa Ipejarnoaaraercs, 9To BceM ydacTHukaM AC (IpuHa/JIeKAIIM ONpeTeTeHHOI
UX TPYyIIe) JOMKHBI ObITH 00eciiedeHbl OAMHAKOBbIe yeaoBus. [loaromy B HacToseil
pabore npobaeMbl YHUMDUIIUPOBAHHOTO YIIPABICHUS PACCMATPUBAIOTCS B KOMILIEKCE C
3ajladaMu yrpasiaenus coctaBom AC.

[IpuBnekaTeTbHOCTh YHUMDUKAIMYT YIIPABJIEHUs 3aKII0UaeTcd B CHUKEHUN WHMOP-
MAIMOHHOW HArPY3KW Ha YIPABISIONIAE OPTaHbl. B TO ke BpeMmsi, MCHOJH30BAHUE
"'ypaBHIIIOBKH' MOYKET HPUBECTH K CHIZKEHNIO 3 MEKTUBHOCTH yIpaBieHns (Tak Kak
MakcuMyM 3B HEKTUBHOCTH HIMETCS] O MEHBIIEMY MHOYXKECTBY — MHOYKECTBY yHUMU-
IUPOBAHHBIX CUCTEM CTUMYJIUPOBanus). [[03TOMy BO3HHKAET HEOOXOIUMOCTH UCCJIEI0-
BaHUS MPENMYIIECTB U HEJIOCTATKOB YHUMUIIUNPOBAHHBIX CHCTEM CTHUMYJIUPOBAHUS.

Jlannasg pabora opraHu30BaHa CJAEIYIONUM 00pa30M.

B neproii rmase paccMaTpuBaiOTCs TPOOIEMbl YIIPABIEHUsT COCTABOM aKTHUBHBIX CH-
CTEM.

B pazgene 1.1 "Knaccudukanns 3amgad popmupoBanns cocrapa' aHaJIm3mpyercs
MecTo 3ajadn yrpasiaerus coctaBoM AC B coBokymuoctn 3amad yupasienns AC. [o-
Ka3bIBAETCH, UTO JIJIsA PellleHus 3ajadu yupasienus cocraBoM AC HeoOX0IUMO yMeThb
pemaTh 3ajady yrpasienus dbukcupoBanubiM coctaBoM AC, koropas (aKTHIECKH
SIBJISTETCST 3a/4a4eil 00 ONTUMAJIBHOM CTUMYIHPOBaHUT AD.

B pazuesie 1.2 ocyiecTBiigercs MocTaHOBKA OCHOBHBIX 3aJ1ad HccjegoBanus. 11po-
M3BOIUTCS O0MIAs MOCTAHOBKA 3aa4un yirpasienus: coctaBom AC. Beigensiercs 3amaqa
VIPABIEHUST COCTABOM HCHOIHUTETHbHOTO 3BeHa AC W 3a/ada yIpaBIeHHs COCTABOM
yrpasJsiiorniero 3sena AC. /lanmabie 3a/1a91 pa3JIndHbl ¢ TOUKH 3PEHUS TPOSIBJISIONINX-
cd 3bdeKToB TpHu MONCKe PABHOBECUil: NMPU PelleHnuu 33a7a49u (hOPMUPOBAHUS UCIOJI-
HUTEJIHHOTO 3BEHA, OCHOBHOW aKIEHT JeJaeTCs HA MPOU3BOIUTENHHOCTH KAXKI0TO AD,
Ha BJIMAHUE TaK Ha3bIBAeMOro uebsiaronpudaTaoro orbopa. llpu moucke paBHoBecuii B

YCHENTHOTO BBIMIOJTHEHHs UM PAGOThI MOPy9IaTh paboTy MaKCHMAaIbHON BHEmHEH crommocTy; B [38] mpemtaraer-
Csl PaCIpeiesisiTh pabOThl ME¥XK Ty UCTIOJTHUTEISIMA B TIOPSIKE BO3PACTAHUS YIETbHBIX 3aTPAT UX JAeATETHLHOCTH,

u T.1.
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3asiade (hOPMUPOBAHUS YIIPABISIONIETO 3B€HA CYIMIECTBEHHYIO POJIb UTPAET UTPA, BO3-
HUKAIOIIAsT MEKIy MeHTPaMu 33 JeficTBHe, peaan3yeMoe moJauHeHHpIMu AD.

OnucsiBaeTcss OCHOBHAS MOjIe/b U Mopsiaok (yuknuonuposanus AC. Anaanzupy-
10TCsT 337291 (DOPMUPOBAHUST COCTABA MCIIOJTHUTE/IHHOTO 3BeHa. OCHOBHBIM OrpaHUYe-
HUEM TPU PeNreHnn JAHHBIX 33729 SBJSIeTCA HUCHIOJIh30BaHne YHUDUIMPOBAHHON CH-
CTeMbl CTUMYJIUPOBAHUS, IPUMEHEHUE KOTOPOH 00biACHHAeTCH HEOOXOIMMOCTHIO O/ IUHA-
KOBO# MOJIUTHKH CTUMYJIHPOBAHUS BCeX AD WM HEBO3MOXKHOCTHIO TOYHO OMPEIEIUTh
munbl AD B cucreMe. Bogurcesa kiaaccuduranusa uccaeayembx AC. Mexoma u3 kiaac-
cucbuKkaIyu, BolIeAdI0TCa ceMb TUIIOB AC, U TOKA3BIBAETCS, UTO PEIIeHUs I OJIHUX
tutioB AC cBojsiTCs K pereHusiM s Apyrux tutnoB AC.

[IpousBoanTCH MOCTAHOBKA 3a/a4U YIPABJICHUS COCTABOM YIPABJISIONIETO 3BEHA.
A wmmenno, pacemarpuBaercss AC, cocrositiasi u3 ogHOT0 AD U HECKOJBKUX IEHTPOB.
OcHoBHOIT yITOp B TaHHOI 3a7a4e JeTaeTcs Ha UCCAeJOBAHUE MOTYYaIONIIXCcs PABHOBE-
cuil, cTparernit, Tpu KOTOPBIX HU OJTHOMY H3 IEHTPOB OBLIO OBl He BBITOJIHO U3MEHSITh
CBOIO CTPATErHuIo.

Bo Bropoit rinaBe "YHudunupoBaHHBIE CHCTEMBI CTHUMYJIUPOBAHUS'" MTPOBOANTCS
AaHAIN3 YHU(PUIUPOBAHHBIX CHCTEM CTUMY/TAPOBAHUS.

B pazzaene 2.1 paccmMaTpuBaioTCd CBOMCTBA BO3MOYKHBIX ITPOU3BOJICTBEHHBIX (DYHK-
Uil AKTUBHBIX 3JEMEHTOB, MOJ KOTOPBLIMU MOHWUMAETCS 3aBUCHUMOCTH BBITIOJTHEHHOTO
neiicTBust (KOJMUECTBA MPOM3BEIeHHOM mpoayKiuu) or tuia AD u 3arpar. B pasznese
2.2 nng caydasd YHUDUITPOBAHHBIX (DYHKIUN CTUMYIHPOBAHUS MPOBOJIUTCS UCCIIET0-
BaHUEe CBOWCTB (DYHKINUH JEfICTBUS, KOTOPHIE OMUCHIBAIOT 3aBUCUMOCTH PEATU3YEMOT0
AKTUBHBIM 3JIEMEHTOM JefCTBUsI OT TUIA JAHHOTO aKTUBHOTO 3JIEMEeHTa npu (puKcupo-
BaHHON yHUMDUIIUPOBAHHON (DYHKITMU CTHMY/IUPOBAHUS.

B pasznesne 2.3 mpuBomuTCS pelleHue 3aJavd CUHTE3a ONTHUMAILHON YHUMDUITIPO-
BaHHON cucTeMbl cTUMYy/IUpoBanus s auckperHoil AC. OnrumasabHONR HA3BIBAETCS
bYHKIIAA CTUMYIUPOBAHUS, P KOTOPOH 3aTpaThl HA Peau3aIuio HeKOTOPOro (puk-
CUPOBAHHOTO JleficTRYs (MU CpejiHee JeficTBIe B HEIPEPHIBHOM CJIydae) MHHUMAIbHBI.
[IpuBoauTCS AATOPUTM HAXOXK/IEHUSI ONTUMAIBHON (DyHKIMHU cTUMYyIupoBanus. Haxo-
JISITCST YCJIOBUSI, IPU KOTOPBIX AKTUBHBIE JIEMEHTHI ¢ PA3HBIMH TUIAME OY/IyT peaJin-
30BBIBATDH Pa3HbIE MTEeUCTBUS.

B pasznene 2.4 paccMaTpuBaeTcs 33a7a4a MOMCKA ONTHUMAJIbHON YHUMDUIIITPOBAHHOMN
CUCTEeMBI CTUMYJIUPOBAHUS JIJisi HeNpepbiBHOTO ciaydas (korga AC cocTOUT M3 KOHTH-
HyyMa paznangabix AD). [IpuBoauTest anropuT™ HaXOKIEHWsT ONTHMATLHON (DYHKIMN
CTUMYJTUPOBAHUS JIJIS HEIPEPBIBHOTO CJIyYasl.

B tperneit tiraBe "Mojgesun n MeToasl hbopMUpPOBAaHUS COCTaBa ucroHUTE e Ha
OCHOBAaHWY MPOBEJIEHHOTO BO BTOPO#i ITaBe UCCIe0BAHUS ONTHMAIbHBIX (DYHKIINH CTH-
MyJIUPOBaHuUs (3a/a9a YIPaBJIeHUsT TpU (PUKCHPOBAHHOM COCTaBe) PACCMATPUBAIOTCS
BOIIPOCHI yIpaB/eHus (ACnoHATENbHBIM) cocTaBoM AC — MHOXKecTBOM AD.

B pazzene 3.1. paccMmarpuBaeTcs 3a/ia4a JUHAMAYECKOTO (POPMUPOBAHUS COCTABA.
B nunamuke OOJIBINYIO POJb UIPAIOT OXKUJAAHUA O OYJIyIIUX HM3MEHEHUSX B COCTaBE
AC u ko3ddurnuent auckontupoBanus. VIMenno, cerogusimaee pemrenne 0 npuemMe Ha
paboTy WK YBOJTbHEHUU 3aBUCUT OT OKUJIAHUS OYIyIIUX TPUOBLIEH, WU OT OXKUTAHUS
yBeJTMIeHust MpudbLIN 3a cdeT u3menenus cocrasa AC.
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B pasnerne 3.2 na ocuoBanuu paccmorpennoii mogean AC ¢ HecKoabkuMu A aHa-
JIN3UPYIOTCS BOIPOCHI W3MEeHEeHHs THIIOB UMemuxcsd AD myreM oOydeHHs.

B gerseproit rmape "3anaua ¢popmupoBanus yupasisioniero cocrasa AC ¢ ogHuIM
AD u meckombkuMU meHTpamMu' uccaeayioTes cBoiictBa AC, cocTosmieil U3 HECKOJb-
KHX IIEHTPOB M OTHOrO A B H0CTATOYHO OOIINX ITPEIIOJIOKEHUIX (HaKJIa,ZLbIBaIOTCH
TOJIBKO YCJIOBHUA HENIPEPLIBHOCTU U HEOTPHUIATE/JIbHOCTH BCEX beHKI_[I/Iﬁ7 KOMIIAKTHOCTDH
MHOXKecTBa feficTeuil AD). B kauecTBe 0fHOrO AD MOMKET BBICTYHNATH ArperupoBaH-
HBII KOJLIEKTHB npeanpuaTud. [[pobiema 3ak/modaeTcs B HCCIEI0BAHUN BOIIPOCA POJIN
KazKJI0r0 U3 IEeHTPOB B YIPABJICHHH aKTUBHBIM 3JIEMEHTOM, B MCCJICIOBAHUU IIOJIyYa-
IONUXCS PABHOBECUI W pacpeie/IeHUN MPUOBLIN MEXKJIY Pa3JIUYHbIMEA YIaCTHUKAMU
nannoi AC.

B paszese 4.1 npuBoJsaTCS OCHOBHBIE OLpeieeHnst (DaBHOBECHE, ONTUMAJIBLHOCTD,
yrpo3a). B KadecTBe paBHOBECHsI HCIIOJIB3YETCs KOHIIETIUS COBEPIIEHHBIX K TOIBIIPAM
paBuoBecuit Hsma. Iloapirpa B JaHHOM cjydae - BbIOODP aKTHBHBIM 3JEMEHTOM €ro
geiictBus. T.K. B JaHHOM pasjiesie Mbl OI'PDAHHYUBAEMCS PACCMOTPEHUEM CTATHYECKUX
UTP, TO AKTUBHBIH 3/IeMeHT OyJIeT BHIOUPATh HAUTyUIIee JIijisd ceds JeficTBIEe, TOCKOJIbKY
HU OJIMH U3 LIEHTPOB HE CMOYKET B CJEAYIOIUX IIePUOIaxX (KOTOprX HeT) HaKa3aTh ero
3a HeOJIAronpUATHBIN /g TIeHTPa BLIOOP.

[TpoBouTCsa XapakTepusanus MoJydaornuxced papaoBecuit Hama. [TokasbiBaeTcs,
YTO BMECTO CJOXKHOH cTpaTeruu — (PpYHKIUH CTUMY/JIAPOBAHUS B 3aBUCUMOCTH OT Ka-
2KJIOTO U3 PEAJTHM3YEeMBIX JIeHCTBHI KazKIblil U3 MEHTPOB MOXKET HCIIOJIb30BATH MPOCTYIO
CTpaTeTnio — HepedncCJInTb HECKOJIBKO ,Z[eflCTBI/IH " BBIIIJIATHI TPU UX peaJIn3allui.

[TokaspIBaeTcs, 9TO B HEKOTOPHIX MI'PAX HEBO3MOXKHBI paBHOBecus 6e3 yrpo3 (T.e.
HEBO3MO2KHbI KOOII€PDAaTHUBHBIC paBHOBeCI/IH).

B paszene 4.2 ucciaemyerca BOIPOC ONTUMAILHOCTU PABIUUHBIX MOJIYUAIONIAXCA
papHoBecuii. [lokaspiBaercs, ato B AC ¢ aByMs IeHTpaMu IJIsI JTI0O0T0 HEONTHMAJIBHO-
r'0 PABHOBECHS BCETJia CYIIECTBYET paBHoBecue, (¢1ab0) TOMUHUPYIOIIEe HEONTHMAb-
HOE.

B pazaene 4.3 ucciemyercsa BOIPOC CyIEeCTBOBaHUSI paBHOBecHil B cucreMe. MHorne
AaBTOPBI 3aMedaJid, 4TO, HECMOTDA Ha BO3MOXKHOCTH JOKa3aTh HEKOTOPLIE CbaKTbI O Cy-
MIECTBYIOIIUX PABHOBECHIX B HIPAxX (Jlaske CUIBHBIX PABHOBECHIH), CXOKHUX € UTPAMUI B
paccMaTpuBaeMoil paboTe, CyIIeCTBOBAHHE PABHOBECHUS IPEICTABIACTCA XOTh H BIOJ-
HE OXKHJAEMBIM, OTHAKO SBJISETCS TPYIHO TOKA3BIBAEMbIM, OCOOEHHO IMPH OOJIBIIOM
KOJIMYECTBE IEHTPOB B cucreme. [1o3ToMy Teopembl 0 CyIecTBOBAaHUN PaBHOBECHIT, KaK
IIPpaBUJIO, HAKJ/JIaAbIBalOT CYHICCTBEHHBLIC OI'DaHHYCHUNA Ha YCJIOBHA 3ada4H. B ,ZLaHHOIU/I
pabore jgokasbiBaercs, aTo B AC ¢ AByMs IEHTPaAMU BCEIIa CYIECTBYET PABHOBECHE.

B pasnesie 4.4 mpoBOAUTCS aHAIN3 KOOIEPATUBHBIX PABHOBECHIT (COTPYIHUYECTBA)
W COPEBHOBATEIBHBIX (¢ yrpo3aMu) paBHOBecuid. [IpUBOIATCS TOCTATOYHBIE U HEOOXO-
JIUMbIE YCJIOBHA UX CYIIECTBOBAHUSI.

B paznene 4.5 nHa ocnoBaHuu pe3ysibTaToB pasjenos 4.1-4.4 paccmarpuBaeTcs 3a-
Jada GOPMUPOBAHUSA PYyKOBOJLIIETO 3BeHaA. VIMenHo, 3a1a4a poOpMyIupyeTcs Caeyio-
M 06pa30M. HyTb HeKHn MeTalneHTP XO04YeT Ha3HAQUYUTh HECHTPLI B AKTUBHOI CHUCTEME
U pACUpeIeNnTh MKy HUMHU J0XOAbl 0T (hYHKIMOHUPOBAHHS cUCTeMbl. [Ipu sToM
OH caM He MOXKeT (HJIM He XO4YeT) BBICTYNATh B posu meHTpa. [logobHas cuTyarmst
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BCTPEYAETCS JOBOJIBHO YACTO B PeaTbHOI KU3HU, KOT/Ia HEKOTOPBIii YMHOBHUK OTBEYA-
eT 3a (pOPMUPOBAHHE TITATA YIPABJSIONIETO 3BeHA U PacHpejiesieHre MOJTHOMOYWH, HO
He MOYKeT HANPSAMYIO BJIWTH Ha penieHust 06 yIpaBIseMOM dJIeMeHTe (B KauecTBe ak-
THUBHOT'O 3JIEMEHTA MOYKET, Hal[PUMEP, BBICTYHATh HEKOTOPOE MPEAPUITHE, B KAUECTBE
YIPaBJISIIONNX IEHTPOB — COBET JTUPEKTOPOB).

[Tpunoxkenue 1 copepKuT JOKa3aTeabCTBa cHOPMYJIUPOBAHHBIX B pabore yTBEp-
JKACHUU, JEMM U TEOPEM.

[Iprnnoxkenue 2 comepKuUT 0030p U3BECTHBIX MOJeseil YHUDUIHPOBAHHBIX CHCTEM
CTUMYJTUPOBAHUS.

[puroxenne 3 comepkut 0030p n3BecTHHIX Mozeneit AC ¢ HECKOJTBKUMUT TEHTPAMH.

[Ipunoxkenue 4 cogepzkuT 0630p U3BECTHLIX METOJOB U MojeJieil (popmMupoBaHus
cocraBa AC.

B Ilpunoxkenun 5 paccMaTpuBaOTCs MepCOHNMUITUPOBAHHBIE CUCTEMBI CTHMYIADO-
BaHUs KAaK B HENPEPBIBHOM, TaK W B JUCKPETHOM CJIyUasX, JJs KOTOPBIX pelaeTcs
3a/1a9a HAXOXKJIEHHUs ONTUMAJBHON CHCTEMbI CTUMYTMPOBAHUsI (3271298 MUHUMHA3AIUT
3aTpar npu (HPUKCH-POBAHHOM CPEJIHEM JIefiCTBIN).

B Tlpunoxkenun 6 peniaercsd 3aja4da JHHAMIYIECKOTO (hDOPMUPOBAHUSA COCTaBa (hup-

MBI.
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I'masa 1

ITPOBJIEMBI YVIIPABJIEHNYA COCTABOM AKTVBHBIX
CUCTEM

1.1. Knaccudukanusa 3a1a9 ynopaBJIeHAsI COCTAaBOM

B macrostimem pasjese paccMaTpUBAIOTCS BO3MOXKHBIE 3aaYl YIIPABIEHHUS COCTa-
oM AC. Ananumsupyerca MecTo 3asadn ynpasienus cocraBoM AC B COBOKYIHOCTH
zagaq ynpasienns AC. PaccMmarpuBaioTes Tpu 1OJIX0/a K PEHIEHUIO 33/a9d (DOpMU-
posanust cocraBa AC. TlokaspiBaeTcst, 9TO /151 PEIIeHns 3a/1a91 YIPABIEHUsT COCTABOM
AC meobxoauMo yMeTh pemiaTh 3ajady ymupasjienus (pukcupoBaHHbiM coctaBoMm AC,
KOTOpasi (paKTUIeCKH SBJISETCs 3aa49eil 00 ONTUMATHLHOM CTUMYInpoBaHun AD.

[IpuBomnTcs knaccudukamus 3aaa4 yupasaenus coctaBom AC.

PaccmorpuM Bo3MOKHBIE TOCTAHOBKH 3a/1a4 yipasienus coctaom AC. Jlis aroro
BBeJIEM CJieIyTorniue 0003HAYCHHSA:

Ip={1,2,...,n} — daxrnueckuii (Haganpubiit) cocraB AC, cocrosieii n3 n A,
Lol = n;

I — xoneunsiit cocraB AC (pe3y/brar pelenns 3a/a9u yIpaBIeHus COCTABOM);

I' — MHOXKeCTBO MOTEHIHANBHBIX ((DaKTHUECKUX ¥ MPETEHIEHTOB) yuacTHUKOB AC
— yHuBepcaibHoe MHOXKecTBO: [ C I’ Iy C I';

AT(I,1y) = I\ Iy — muO)KeCcTBO AD, MPUHATHIX Ha PAOOTY (BKIIOYCHHBIX B COCTAB
AC);

A~(1,1y) = Iy \ I — muOoKecTBO AD, yBOJIEHHBIX ¢ PABOTHl (MCKIIOYEHHBIX H3
cocraBa AC);

A(ly,I') — MHOXKECTBO KaHIMIATOB Ha BKJIOUeHHE B cocTaB AC;

®(1, 1)) — dyurmOHA, CTABAIINI B COOTBETCTBUE HAYATHLHOMY H KOHETHOMY CO-
CTaBY JIEHCTBUTENBHOE YUCIIO — IPPHERMUBHOCTNG YNPABAECHUA COCTIAGOM.

OcranoBuMcs Ha OOCYK/IeHUN MPUPOABI (pyHKIMOHATA P DEeKTUBHOCTH yIIpaBIe-
HIS COCTaBOM 4yTh OoJiee 1moapobHo. Kak orMedasoch Bbillle, CYIIeCTBYeT 3a/a4da yipar-
Biaenus pukcupoBanabiM coctaBoMm AC (em. pucyHok 1). Ee pertennem sipsisiercst Habop
crpareruii meHTpa (eHTPOB), KOTOPbIe MAKCUMHU3UPYIOT 3DHEKTUBHOCTD YIIPABIEHUS,
OTIpeIe/isieMyT0 KaK rapaHTHPOBAHHOE 3HAYEHHE TesieBOil (DYHKIUH HEHTPaA Ha MHOZKE-
crBe pernennii urpsl AD (TO ecTh — HA MHOXKECTBE UX CTPATErHil, sIBJISIFOIIUXCS PAB-
HOBECHBIMU TIPU 3aJIaHHOM YIIPABJICHNUH ).

3adaua popmuposarnus cocmasa AC  dopMmyanpyercs Kak 3afada MOUCKA TOIY-
CTHMOT'O COCTaBa, 3PPEKTUBHOCTD YIIpaBJIeHUs KOTOPBIM Obljia Obl MakcuMaJjibia. [Ipu
9TOM SIBHO WX TI0 YMOTYaHMIO Tmoapa3dyMmeBaeTcs, 910 AC Kak ObI OpMUpYeTCs 3aHO-
BO. Ecin e pedn uiier o (popMUPOBAHHE HOBOI'O COCTaBa JIJist yKe cytrectsyiomiei AC,
TO ecTh 00 onmumMu3ayuL cocmasa — nepexoje or cocrapa Iy K coctaBy I, To Kpure-
puit 3¢pHEeKTUBHOCTH TOJKEH 3aBUCETH U OT HAYAJIHHOTO, B OT KOHEYHOTO COCTaBa, TaK
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KaK 9aCTb YBOJbHACMbIX pa6OTHI/IKOB H€06XO,HHMO TPYyAOyCTpauBaTb, obecneunBaTh UX

MOCOOUAMI | T.1.

B 3aBucumMocTu oT HEOOXOAUMOIO JAeHCTBUSA B 3a/1a4e YIIPABACHUsST COCTABOM MOXKHO

paccMaTpuBaTh CIEAYIONHE O3 IaTH:

(1)

®opMUpOBaHUE COCTaBa 'C HYJH', T.€. U3 IPeJJIaracMbIX Ha PbIHKE TPYa
crenuaancToB rpebyercd chopmupoBaTh Hauy it cocras i pupmbl. Kax
IPABUJIO, B CBsI3U ¢ GOJIBINIIMHU 3aTpaTaMy Ha HadalbHOe oOyuenue (paGoThl,
CO3JIaHUsST KOJUIEKTHUBA, HAPAOOTKH KJIHEHTCKOH 6asbl M T.II.) TAKUM 0Opa30M
coctaB (OPMHUPYETCHA TOJBKO IPHU CO3/IaHUU (PUPMBI, KOI/Ia HEeT JIPYTHX aJlb-
TepPHATHUB.

VYBeanueHune coCTaBa — MPEM COTPYAHUKOB Ha paboTy, T.e. yBeTHUIeHIe
YUCJEHHOCTH COTPYAHUKOB. 3JI€Ch K€ HAJ0 PelraTb BOIPOC O TOM, HACKOJIbKO
3P HEKTUBHBIM OYIeT MOUCK U IPUHSATHE Ha PAOOTY HOBBIX COTPYIHUKOB, KAKHe
9TO JIOJIZKHBI OBITH COTPYIHUKH.

CokpailleHue coctaBa — YBOJIbHEHHE COTPYAHHUKOB, TO €CTh YMEHbIIe-
HUe YHCJIEHHOCTHU mepconaia pupmbl. [Ipu 3TOM HAIO permarTh, HAJI0 JH YBOJIb-
HSTHh COTPYIHUKOB, KAKOE KOJUYECTBO COTPYIHUKOB HAJO YBOJbHATH, KAKUX
COTPYAHUKOB HAIO YBOJbHATH. OUEBHUIHO, YTO PU ITOM JIOJZKHBI YBOJIbHIThH
¢ XyAIIue COTPpYAHUKU. JTaHHBIHA Ipollece TPOUCXOINT, ecIu Ha (bupMe HabJIIo-
JlaeTcs U30BITOK KaJIPOB, HET BO3MOXKHOCTH JJIsi PUHATHA HOBBIX COTPY/IHH-
KOB.

N3meHeHne cocTaBa COTPYAHUKOB, T.e. DeNIeHHE 337a4 O NPUHSITHEH U
YBOJIbHEHUU COTPYIHUKOB OJHOBPEMEHHO. JIaHHBIN TPOIEcC MPOUCXOIUT eCaIu
Ha (pupMe MPOUCXOUT, HAIPUMED, CEPhe3HOe MepenpoUINPOBAHNE WJIH UME-
IONUHCSI COCTaB He YJIOBJETBOPSET HEOOXOAMMBIM TpeOOBaHUAM, a IIOCIEI0-
BATEJIbHOE YBOJIbHEHHE W TPHHATHE HAa PaboTy HEBO3MOXKHO (IesTeNbHOCTh
JIOJTZKHA OCYIIECTBIAATHCS MOCTOSTHHO).

Ecu Mbl yaTem TO, 9TO penrtaeMasi 1oj3a/1a4ua 3aBUCAT OT KOJNYEeCTBa pabOTAIOIIIX

Ha pupmMe COTPYAHUKOB, TO KJIaCCU(DUKAIMIO 38/1a4 JIy YIlle BCErO MPeICTaBUTh B (hopMe

taburpl (eM. Tabauiy 1).

Tabaunma 1. 3amaum ynpasjenusi cocraBom AC

Pacmupenune | Cokpamienue | 3menenne
coCTaBa cocTaBa cOCTaBa
Het dopmupoBanue — —
COTPY/IH. cocraBa
Ecth PekpyTunr YBoabpHenne | Peopranu-
COTPY/IH. 3aIus

Takum ob6pazoM, 3 MHOXKECTBa 3a,a4 yipapiaeHus: coctaBoM AC MOXKHO BBIIEJHUTD

3aja4n GOPMHUPOBAHMSI COCTABA M 33Ja9i OUTHMU3AIMU COCTaBa (KPUTEPHUil KJIacCu-

dbukanun — HaJIUYMe WM OTCYTCTBUE HAYATLHOTO COCTaBa) — CM. pUcyHOK 2. Cpenn
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3aJa4 ONTUMHU3AIIUU COCTaBa BBIACJINM KaK YaCTHLIE CJIy4YaHn sadavu pacuwuperus Co-

cmasa (|I| > |Iy]), 3adawu coxpawernua cocmasa (|1 < |Io|) u 8adavu samenv cocmasa
(|| = 10|, I # Iy) — cM. pECYHOK 2.

Yupasaerue cocraBom AC

AN

Ba1aua OITUMU3AIUN

Bamaua
dbopmMupoBaHUs

coctaa AC
coctasa AC

S\

3aaga o
| 3ajiaua CMeHbI N Bagada 06
npueme
cocraa AC YBOJIbHEHU T
Ha pabory

Puc. 2. 3apgauum ynpasiaeHus coctaBom AC

[Ipupenem popMaIbHBIE IIOCTAHOBKH 3a1a4 yirpapieHus coctaom AC.

Banada popMupoBaHusd COCTaBa XapaKTepH3yeTcs OTCYTCTBHEM HAaYaIbHOI'O COCTa-
Ba (Iy = 0):

(1.1) ®(7,0) — max.

Ie2l’

Bajaua onTuMusanuy coctasa’ (IIpn (PUKCHPOBAHHOM HAYAIBHOM cocTase Iy) B 00-

nieM cjay4dae nMeeT BUJ:

(1.2) ®(I,IH) — max.

Ieal’

3amada pacimpeHus cocTaBa (HHOT/IA ee HA3BIBAIOT 3adauell 0 npueme Ha pabomy)

ormmuaaercs or 1.2 rem, yro A~ = (), u MoxkeT pemarbca upu orpanuuenun (CBepxy
WM CHU3Y) Ha YHUCJI0 BHOBb BKIOUaeMbix B cocraB AC amementos. Hanpuwmep, ecn
HepBOHAYAJIBHBIN COCTaB BKIIOYAI . AD U 3aJaHO OrpaHHYeHHe 1M Ha MaKCHMAaJIbHOE
YUCJI0 BHOBb IPUHUMAEMBIX Ha pabory AD, To 3a1ada MPUMET BHI:

(1.3) o(1, 1) — max

12", 10CI,|I|<n+m

1HOHf{THo7 9T0 33/[a9a ONTUMU3AINN COCTABA MOYXKET PACCMATPUBATHLCA KaK 00Imas 3a7a4a yIIpaB/IeHHS
COCTaBOM, & BCE OCTAJTbHBIE 3372497 ((HOPMUPOBAHMS COCTABA, €T0 M3MEHEHW | T.Jl.) — KaK €€ TaCTHBIE CITy9Ian.

Boigenenne 3agatun dpopmupoBaHms cocTaBa 00yCA0BIEHO UCTOPUIECKON TPAIUTIAEH.
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Basaua cokparenus coctaBa (HHOTJA ee HA3BIBAIOT 3adauell 06 ysoavrenuu) hop-

MYJIUPYETCsT AaHAJOTHYHBIM 00pa3oM (OTIMYKe B TOM, YTO HOBBIH COCTAB HE MOMKET
IIPeBBIIIATh HepBOHAYAIbHbIN) — HailiTu MHOKecTBo A~ C 20 Makcumuzupyromee
s dexTuBHOCTD. Hampumep, ecm mepBOHAYAIBHBIN cocTaB BKJOUaT n AD u 3aja-
HO OUpaHUYEHHEe 1M HAa MHUHUMAJIBLHOE YHCJI0 COKPAIIAEMbIX COTPYIHUKOB, TO 3a1a4a
HPUMET BHJI;:

1.4 (1, I .
(14) (I, o) 10 A A om

Bagaqa 3aMeHbl COCTaBa 3aKJ/JI04Ya€TCd B IIOMCKE BO3MOZKHBIX MHOXKECTB YBOJIbH-

€MBIX U HAaHUMAEMbIX COTPYAHUKOB, MaKCUMU3UpPyIonmux 3pdexkrusnocts. Hanpumep,
€CJIN MePBOHAYAILHBIN COCTAaB BKAOYAT 1 AD U 3a1aHO0 IHCTIO0 M 3aMeHSIeMbIX COTPY/I-
HUKOB, TO 3a/Jla4a IIpUMET BUI:
(1.5) (1, 1) — max .

Ie2!” |A+|=|A—|=m

B zaBucuMmocT# 0T TOro, HaCKOIBKO n3MeHsieTcst coctaB AC mpy n3MeHEeHUH COCTaBa,
OyzneMm pasnudarh "uHAUBHAyaJbHBE" 1 "makerHble" M3MEeHEHHS.

B kauecTBe 0aHOTO M3 OCHOBAHWI KJaccudUKaImm 38029 (DOPMUPOBAHUS COCTABA
BbIOEpEM HAJUYHME JUHAMHKU. DyjieM pazjmdarb CraTudecKue 3aJiadu, T.e. 3a/a4H,
B KOTOPBIX HE€ YYHUTbIBaCTCd BJIWAHUEC BPEMCHH, OIl€EpAaTHUBHOEC YIIpaBJIeHUE, T.€. 3alla-
M, B KOTOPBIX 3aTPArMBAIOTCsI KPATKOCPOUYHBIE MTPOTECCH (hOpMUPOBaHUS cOCTaBa (10
HECKOJIbKUX JIeT), U CTPATErnuecKoe yIpaBJIeHHe, T.e. 33Ja4d, B KOTOPHIX MPHHAMA-
€TCcsd BO BHUMAaHHUE JIOCTATOYHO OOJIBIIONH IPOMEXKYTOK BPEMEHH, B TeUYeHHEe KOTOPOIO
Ha MPOU3BOJCTBE MTPOUCXOIUT CMeHa TOoKoseHni (faecsaTku Jjier). EcrecTBeHHO, 9TO pe-
IIIeHNd CTATHYEeCKON 3aa9 1 3aJda4 OIePpAaTHUBHOI'O U CTPATErnIeCKOro yIpaBJIeHUA
3HAYUTEIBHO PA3THIAIOTCS.

[Ipu pemennn 3a1a49 GOPMUPOBAHUS COCTaBA OOJBIIYIO POJIb UTPAET YPOBEHD , JJId
KOTOPOT'O PEIaeTcs 3aj1a4a. ByaeM oTebHO PAcCMATPUBATE UCHOJHATE e (HUKHee
3BEHO) U yIPABJIAIOINIHE OPTAHbI.

BaxkupiMu mapaMeTpamMu MpH pereHuH 3a7a4d Oyjer nocobue no Geszpaborure —
CKOJIBKO MBI JIOJIZKHBI 3aIJIATUTH PAOOTHUKY 3a YBOJbHEHHE, U MUHUMAJIbHBI yPOBEHD
6ﬂaFOCOCTOHHHH — KaKYIO MUHUMaJIbHYIO I10JIE3HOCTb Mbl JOJI2KHbBIL O6eCHqu/ITb BHOBb
INPUHAMAEMOMY COTPYIHUKY.

NupuBuayaabHas WM YHUMDUIEPOBAHHAS CHCTEMa CTUMYJIMPOBAHUS BLIOMpaeTCs
MCXOOsl U3 CBOMCTB CaMOU aKTHBHOW CHCTEMBI (Koma IIEHTP 3HAET XOTs OBl YTO-TO 00
AKTUBHOM 3JIEMCHTE, 1 UMeeT IIPpaBO HUCIIOJb30BaTh CBO€ 3HaHHE — HMHAWBUAYaAJIbHAA
cucTeMa CTUMYJUPOBAHUS, WHAUYe — YHUQUIHPOBAHHAS CHCTEMa CTUMYJIHPOBAHUA).
Tak>ke aKTUBHON CHCTEMOI B IIEJIOM OLPEIE/IsIeTrcs HAJUINe WM OTCYTCTBUE HEOIpe-
JIeJIeHHOCTH.

Heobxomumo ocobo oroBoputhb TOT hakT, 4TO Ha dTame (popMHUpPOBAHHS COCTABA
dbupmbl (MMeeTcst B BHLY CpejiHee WU BBICIIEE 3BEHO) M0/ AKTUBHBIM 3JIEMEHTOM MOK-
HO (M HYy?KHO) HOHUMATh He TOJbKO eIMHUIHBIH 9JIEMEeHT KaK TAKOBOi, HO PYKOBOISITIHIA
AJICMECHT BMeCTC C IOAYMHCHHBIMUA TOZKe. STO, BOO6H.[€ TOBOD4, BBIIIOJIHAETCA Ha IIPpaK-
THKE, HOCKOJIbKY LU IIPUEMe Ha HOBYIO PabOTy KaKOro-TO COTpy/AHUKa (OBIBIIEro Ha
pyKoBoJsIeit qozkHOCTH) OH "TsiHer" 3a co6o0i BCIO CBOIO cTapyro KOMaHiy. B srom
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KOHTEKCTE JAHHOTO COTPYIHUKA MOKHO PACCMATPHBATH KaK OJWH AKTHUBHLIA 3JIEMEHT,
OpUYIeM ero TUIOM OYIeT He TOJBKO ero THII KaK TAKOBOi, HO GyaeT oTpazkaTh CBOHCTBA
cpasy Bceil KOMaHIbI B II€JIOM.

Teneps mocsie Kaaccudukammm 3a1a49 yupapiaenns coctaBom AC m paccMoTpeHnst
Pa3IMYHBIX MOAXO0I0B K perteHnto 3aa4 popmupoBanus cocrapa AC mepeiigem K mo-
CTAHOBKE 33129 MCCJIEOBAHUS.

1.2. IlocTtanoBka 3aga4d

B mamHOM pa3siese OIMUCHIBAIOTCA OCHOBHBIE MOJEIN AKTUBHBIX CHCTEM, JJIsI KOTO-
puIX OyzieT B JajibHEHIIEM pernaThcs 3ajada ynpaB/jeHus cocTaBoM. B namnoii pabore
anaansupyorcs ape AC: nepas — AC, cocrogmast U3 OJIHOIO IEHTPA U HECKOJIbKHX
AD (mast peneHust 33291 YIPABIEHHST COCTABOM HMCIIOJHUTEJBHOIO 3BEHA) U BTOPAs
— AC, cocrosmias u3 o1HOro AD M HECKOJIBKUX HEHTPOB (JJIs1 PEIeHns 3aa9l yIpa-
BJIEHUsI COCTABOM YIIPABJISIIONIETO 3BEHA).

[Ipuanunuansaoe orinane gaHabix AC cocrout B TOM, 9T0 B ormann or AC ¢ o1-
HuM 1eHTpoM B AC ¢ HECKOJILKUMHI YIPABJISIONIMME HEHTPAMEI BO3HUKACT UIPa MEK LY
HEeHTPAMU, U [0ITOMY, KPOME HAXOXKICHHUS OINTUMAJILHLIX (PDYHKIHHA CTUMYJIMPOBAHUSI,
B janHoit AC HeoOX0AuMO elne yMeTh HaXOAUTh paBHOBecHbIe cocTognusa AC, T.e. Takue
cTpaTeruy MeHTPoB ((DYHKIMH CTUMYJINPOBAHUS ), TPU KOTOPBIX HU OJHOMY W3 IEHTPOB
He OyIeT BBITOJIHO MEHATH CBOIO CTPATErHIO ¢ PABHOBECHON HA KAKYIO-TUOO0 IPYTYIO IIPH
YCJIOBHH, UTO JIPYTHUe IMEHTPBI UCIOJIB3YIOT PABHOBECHYIO CTPATErHIO.

s momesn AC ¢ olHUM IEHTPOM U HECKOJIBKIME AD Oy/eT mpoBeieHa Kiaccudu-
kanusa AC 1o pasHbIM IpU3HAKAM U BBLAEAEHBI ceMb OCHOBHBIX KjaccoB AC. Jlemmsbr,
KOTOpPbIE LPUBEJAEHBI B JAHHOM Pa3JIe/ie, YTBePXKIaIoT, YT0 PEIleHus JJIsi HEKOTOPbIX
u3 KaaccoB paccMorpeHHbiX AC cBogsgTes K pemenusM g apyrux Kiaaccos AC. B me-
JIOM B JlajibHelineM OyayT paccMoTpenbl (6e3 orpaHuYeHnst OGIMHOCTH) JBA OCHOBHBIX
kinacca AC: ¢ koHedHBIM YuCIOM AD u ¢ 6eCKOHEYHBIM YHCJIOM AD, mpuYeM IEeHTP
HE MOXKET OIPEJeJUTh THUII KaykKI0ro u3 AD M M03TOMY HUCIOJAb3YyeT YHH(PUIUPOBAH-
HYIO CHCTeMY CTHMYJIUDPOBaHus (HJIM OH He MOKET NPHMEeHSITh epPCOHUMUIIPOBAHHBIE
CHCTEMbBI CTUMYJTHDOBAHHUS ).

Cuepsa pacemorpuM (eM. [11]) aByxyposaeByto AC, cOCTOSIIYIO U3 OJHOTO HEHTPA
un>1A0.

O6o3naunm H(z) : X — ]R}F — YHKIUA JI0X0J/Ia EHTPa, B 3aBUCUMOCTHU OT Jieii-
cTBUsd r € X, peaau30BaHHOTO Bceil cucTeMoit B 11esoM, riae X — MHOZKECTBO BO3MOXK-
HbBIX JeficTBuii cucremsl, ¢;(x;) = c(r;, x;) — GYyHKIH 3aTPAT (-r0 AKTUBHOIO 3JIeMEHTaA
B 3aBHCHMOCTH OT BBIOpaHHOrO nM Jeiicreug x; € X; u ero Tuna r; € QO C RY, rie X;
— MHOYKECTBO BO3MOYKHBIX JIeHCTBHIl i-r0 aKTHBHOTO JeMeHTa, i = 1, n.

B nanpHeiimem OyaeM cIUTaTh, 9TO THOBI AD YIOPSAIOYEHB B COOTBETCTBHH C HH-
qmekcaM, T.e. 71 < 1o < ... < r,. B cBasu ¢ srum "ayummm" Oymem HasbiBaTh AD
¢ GOJILIIIMM THIIOM 7;, WU, B COOTBETCTBHH C MPEINOJIOKEeHneM 00 yIOPSII0UeHHOCTH,
¢ 66bmuM HOMEepoM. JlanHoe HaszBaHue OyjeT OObsSCHEHO IT03/IHee MPH OIpe e IeHun
dyuknuit 3arpar AD. Coorsercrenno "xymamum" AD Oyaem HazpiBaTh AD ¢ MEHBITHM
THIIOM, WA, 9TO TO K€ CaMoe, ¢ MEHBIINM IOPSIKOBBIM HOMEPOM.
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JleiicTBue Bceit cucTeMbl 3a1aeTCsI KaK HeKOTopas OYHKIU 0T JeHCTBU aKTHBHBIX
semeHToB G @ X7 X Xp X ... X X, — X (3amerum, 9T0 MOXKHO MOJIOKUTH X =
X X Xo x ... x X, u G(-) — roxxaecrBennasi GyHKIUA).

Bamadeil meHTpa ABISETCS MAKCHUMHU3AINWSA CBOEH IeIeBOit (pyHKIMH

n

H(G(z1, 23, ..., 20)) — Y 0i()
i=1
nyrem Boibopa BekTopa dyukuuii (o1(11),...,0,.(xy,)), Tie o; : X; — Ry — crumynu-
pOBaHue i-T0 aKTUBHOTO 3JIEMEHTa IPU BLIOOpe UM JeHCTBHL T, i = 1, n.
[pumem ciemyromuii nopsok (hyHKIMOHUPOBAHUS aKTUBHON cucTembl. CHavana
nenTp, umes urdopMannio o Gynknusax ¢;(x;), i = 1,n, u snag H(x), 3a1aeT BeKTOp-
DYHKIMIO CTUMYJIAPOBAHK

o(x1,...,xn) = (01(x1), ..., 00(x)).

Buanug 1nesTpa o GYHKIUAX ¢;(2;) MOXKET OBITh TOIHBIM HJIH BEPOATHOCTHBIM.

AKTHUBHBII 37IEMEHT TPU U3BECTHOI (PYHKIINN CTUMY/IUDPOBAHUS TTOCPEICTBOM BbI-
Oopa JieficTBUS T; MAKCUMU3UPYET CBOIO IMEJIeBYIO (PYHKITUIO
(1.6) oi(z;) — ¢i(x;) — max, i=1,n.

z;€X;

B cayuae, ecoin makcumym (1.6) jocTuraercst B HECKOJIBKUX TOYKaX, OyAeM mpe-
MOJIaraTh, YTO AKTUBHBIN 3JEMEHT BuIOUpaeT JeiicTBre B cOOTBETCTBHE ¢ ['mmnore3oii
Baaroxenarenbnocru (I'B, em. [11]), a mvenno, Takoe JefdcTBHE U3 MHOXKECTBA

Argmax(o;(z;) — ¢;(x;)),
T;€X;
KOTOpOe 00/1ee BBITOHO MEHTPY. 3aMETHM, 9TO IIPU BEPOSITHOCTHONW HEOIIPEIe/IEHHOCTH
THIIA PeaTn3yeMoe B 3aBUCUMOCTH OT (DYHKIMH CTUMYJUDPOBAHUS JIEHCTBUE C TOUKHU
3peHud IeHTpa sBJIdeTcs caydaiinoi Besnaunoi. B naabHeiinmeM 6yaeM roBOPUTh, 9TO
AD peasusyem neiicTBue IPU 3aIAHHON CHUCTEMe CTUMYJIUPOBAHUSA, €CJIU OH BHIOUpAET
€ro B COOTBETCTBUU CO CBOeil 1e/ieBoit pyHKIneii.

Hentp Oyner BuibupaTh Takue (PyHKIIUU CTUMYJTHPOBAHUS, YTOODBI IPH PAIMOHA b

HOM BbIOOPE aKTHUBHBIMH 3JIEMEHTAMU CBOUX JIEHCTBUI JOCTABUTH MAaKCUMYyM CBOEIi 11e-

JIeBOit (pYHKIUN
n

E | HG(z1,22,...,2,)) — Z oi(z;) |,
i=1

rae E — oneparop MareMaTHIecKOro OXKHIAHUSL.

O6ob1mag ckazaHHoe, MOPaI0K (PYHKIHOHUPOBAHUS AKTHBHON CHCTEMBI CJeIyio-
IITHA:

(1) Ienrp BbIOHpaeT DYHKIUNA CTUMYTHDOBAHMNS;

(2) AxTuBHBIE 3/€MEHTHI Ha OCHOBaHMM (DYHKIMH CTUMYJIMPDOBAHUS BbIOUPAIOT

JeiicrBud;

(3) ITpousBoAATCS BBIILIATHL.

Heo0X0auMo OTMETHTD, 9TO B JAHHON MOJE/IN IIPEINOIAraeTCs, 9T0 BCe YIACTHUKH
AC coobmator ApyT APYry TOJLKO IIPABLY M BCErJAA BBIIOJHSIOT ¢Bou obemanus (110
BBIILJIATAM ).

g manbHeRTTero n30KeHns BBEIEM CJeIVIONIHEe TP/ IMOJIOKEHI:
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A]_.X:X1:X2::Xn:R}H G(I1,7$n)22$1,
i=1

A2. Oyuxiun 3arpar c(r;, x;) SABJISIOTCS BCIOAY JBaXKAbI TubdepeHInpyeMbIMu
HEOTPUIATEILHBIMYI BO3DACTAIONIUMHU U BBIIYKJIBIMU 110 ; MYHKIUAME, ¢ = 1, n;

A3. Oyuknus 10X0ma MEHTPa eCTh BCIOAY ABaXKIb auddepeHupyeMas BOTHYTast
bynxius,

H(0) >0, H'(0)>0, H'(r)<0 VzelX.

Beejgem muOXKecTBO M’ HeOoTpHIATETBLHBIX BCIOLY ONpeeieHHbIX Ha X QyHKIuMi

CTUMYJ/IUPOBAHUS:
M ={o(z): X — [0,+00)}.
Beegem muO)KecTBO M” 1Oy HEIIPEPBIBHBIX CBEPXY (DYHKIMHA CTHMYJIAPOBAHUSL:

M'"={o(z): X - R: Vz;e€ X, z; -7,
o(z;) 2 0(7) = o(z;) — o(7)}

(,ZLJ’I?I MHOTHX A0Ka3aTeJbCTB HEIPEPBIBHOCTDH ABJIAETCA CJAUIMIKOM 2KECTKHUM Tpe6OBaHI/I—
eM, KOTOPOe He IO3BOJUT J0KA3aTh MHOTHE Pe3yJbTATEL, B TO BPEMH KAaK IIOJIyHEeIpe-
PBIBHOCTH CBepXy Oyjier jgocrarodno. K Tomy ke 4acTo UCHo/Ib3yeMble KBa3UKOMIIEH-
caTopHbie (DYHKIUU CTUMYTUPOBAHUSI TIOJIYHETIPEPBIBHBI CBEPXY ).

Bymem cunrars, 94T0 KJIacC BO3SMOMKHBIX (DYHKIUH CTUMYJIAPOBAHAA OTPAHUICH IIe-
pecedenneM muoxkects M’ u M":

M=MnM",

T.e. EHTD HUYEro He 3ab6upaeT y akTHBHOIO 3j1eMeHTa (TTpadbl 3alpeIensbl ), a TOIbKO
MOXKeT HpeIJIOKUTH €My CTHMYJIHPOBAHME 33 BBIOOD AefcTBUsI, U (DYHKIIUNA CTUMY.IHU-
POBaHWS SIBJSIOTCS TTOJIYHEITPEPHIBHBIMU CBEPXY.

[IpegmosiokuM TakzKe, 9TO Jijid (PYHKIUI 3aTpaT BBIIOJHEHBI CJIEIYIOINIHE CBOfi-
cTBRa:

P1. 3arparst npu BeiOOpe HyIEBOTO JHCTBUS PABHBI HYJIIO:
c(r,0) =0 Vr e R

P2. Ilpu yBenuenun BuIOMpPaEMOro JIeHCTBHsS HEOOXOIMMBbIE 3aTPAThl yBeJIHINBA-
I0TCH:
c(r, @) > 0;
P3. [Ipu yaydnieHnn Tuna aKTHBHOTO dJeMeHTa (yBeJUdeHun 1) HeOoOXOIUMbIe 3a-
TPaThl YMEHbIIAIOTCS:
e (ryx) < 0;
P4. Tlpu yBesmyenun jeiicTBusi AOTOJHUTEIbHBIE 3aTPaThl Ha yBeJIUYEHHE J1eii-
CTBUS YBEJIUIUBAIOTCS:
Cox(T, ) > 0;
P5. /lononnureabHble 3aTpaThl Ha pean3aluio J1eHCTBASA YMEHBIIAIOTCS TP V1Y d-
IICHUN THIIA:
Crz(ry ) < 0.
ITpeamnonoxkennss A1-A3 u P1-P5 Oyiaem cuutarb BbIIOJHEHHBIMU B XOJI€ BCEIO
HOC/IeIYIOIIETO U3JI0KEHUsT TP PACCMOTPEHUN JAHHOW MOIEIH.
21



B cBasu ¢ nmpeanonoxkenneM P2 Temepsb moHaTHaA cyTh HazBauuil "ryuammuit" n "xyu-
muit" AD. Umenno, mog ayamumM AD nmormMmaercs AD, KOTOPBIA MOXKeT peaan30BaTh
neficTBre, 3aTpaTHB HA ITO MeHbIne ycuauit. COOTBETCTBEHHO MO/ XyamuM AD MoHH-
MaeTcss AD, KOTOpHIi Ha peaJIn3alnio TOTo Ke aeiicTeus Tparut 6osbine yeuwanit. B AC
¢ KOHEUHBIM IUCJIOM AD MOXKHO BBIJIEINTH KAK CAMBII JIYUIITHi, TAK U CAMBIH Xy Ui

AD.

Mg1 6ysieM TIpe/nosaraTh cylecTBoOBaHue TaKoil Toukn ¥

, 4TO
H(z)—c(r,z) <0 mpu x> z°

JIJTSL JTI0OOT0 7 U3 MHOYKECTBA BO3MOXKHBIX THIIOB AD. I3 3TOr0, B 4aCTHOCTH, BHITEKAET,
4TO HUKOTa He OyneT peann3oBaHo jaeiicTsue, bomabimee x°.

B cuny npeanonoxkenust P1 u ycmoBust Ha KJIacc JOMYCTUMBIX CHCTEM CTHMYJIHDO-
Banust M y kaxk0ro u3 AD ecTb npaso yuacmus: OH BCEra MOYKET BHIOPATH HYJIEBOE
JIeficTBHe, IPU KOTOPOM IeneBas PYHKIHS OyIeT HeOTPUIATETbHOM.

B naspHeiimmeMm OymeM IIpeamoararb, 9TO COOTBETCTBYIOIINE MHOKECTBa Argmax
HEIYCThI, MUHAMYMBI U MAaKCHMYMbI, KOTOPbIe BCTPETATCH, JOCTHKUMBI. JTH Tpedo-
BaHWsI MOYKHO 0O0OCHOBATH ¢ MOMOIIBIO HEMTPEPHIBHOCTH (OJIYHENPEPHIBHOCTH CBEPXY )
COOTBETCTBYONNX (DYHKIHIT 32TPAT U JOXOJA0B U 3aMKHYTOCTH MHOXKECTBa, X .

B coorBercrBun co crpykrypoit onmucannoit AC, nadOpMUPOBAHHOCTHIO HEHTPA U
MOPSIIKOM BBEIOOpa AD cBoux nmeitcTuii mposeaem Kiaccudukannio AC. Bo-nepsoix, 6y-
JeM pasindarh AC ¢ odnum Wiiu Heckoavkumy (BOSMOXKHO, CIydailHbIM ancioM) AD.
Bo-Bropeix, Oymem pasnaudarh demepmunuposantvie AC, T.e. Te, B KOTOPBIX COCTaB
YIACTHUKOB U WX XapPaKTePUCTUKN (PUKCHPOBAHBI U n3BeCTHHI eHTPY, 1 AC ¢ sepoam-
HOCHOT HEONPedeAeHHOCMbI0, T.e. T€, B KOTOPHIX COCTAB yYACTHUKOB OIPEILITeTCS
HEKOTOPBIM BEPOATHOCTHBIM 3aKOHOM. B mocieanux Oyaem pasimaarb AC ¢ dukcu-
POBAaHHBIM U caydaiiasiM HabopoM AD. B AC ¢ BepoITHOCTHO HEOIpeaeIeHHOCTHIO B
najbHeieM OyaeM CYUTaTh, 9TO THIB AD HE3aBHCHMBI U OJUHAKOBO PACIIPEIeIeHbBI
[0 HEKOTOPOMY BEPOSTHOCTHOMY 3aKOHY pactpejiejenus Ha ) = [rg, ri].

Jluckpemmvimu Gynem HaspiBarh AC (BO3MOXKHO, ¢ BEPOSITHOCTHOI HEOIIPeJIesIeH-
HOCTBIO), B KOTOPBIX TUIBI AD MOryT MMeThb TOJBKO KOHEYHOE YHCJIO 3HAYECHWH, a
HenpepueHumu Oyaem HasbiBaTh AC, B KOTOPbIX TUIIBI AD nMeroT Ha {2 HelpepbhIBHbIE
dbyHKIIM pacpeieieHus ¢ HeHYJIeBOH IOTHOCTBIO (3aMETHM, YTO 9THM BCE BO3MOK-
HbIE CHTYAIIUH HE WCUYEPIbIBAIOTCS ).

Kaxkmass u3 paccMaTpuBaeMblX AaKTHUBHBIX CHCTEM OIHCHIBAETCS dYeTBEPKOil
(H(-), 1,8, ¢c(r,x)), tae

H: X — Rl — pynknus 10xona meHTpa; yA0BIETBOPAET CTAHIAPTHBIM yCI0BUSIM;

I — MHOXKECTBO aKTHBHBIX JIEMEHTOB, UX YHCJIO MOYXKET ObITh KOHEYHO U PABHO
n, WK CAYyYafiHO pacupesesieno MO HEKOTOPOMY BeposTHOCTHOMY 3akony G(n), wianm
GecKOHEUHO; B MOcJeiHeM cirydae 3amucbiBaeM [ = [0, 1];

' C ) — u3BecTHOE IMEHTPY MHOXKECTBO TUIIOB AD: KOHEUHOE MHOXKECTBO MK Oec-
KOHETHOE; MEHTD MOXKEeT TOYHO 3HATh THUI KazKJI0T0 aKTHBHOTO 3JE€MEHTA WU 3HATh
TOJIBKO BEPOSITHOCTHOE pacipejie/ieHre TUIOB; 0003uadenus: (11, ...,7,) — IEeHTD 3Ha-
er TUI KaxkKI0ro AD IpU KOHEYHOM YHCJIE JIEMEHTOB 1, {73} — HEeHTP 3HAET TOJIHKO
MHOXKECTBO THUIIOB TPU KOHETHOM THCJIE JEMEHTOB; 1(1) — MpH OECKOHEYIHOM UHCJIE
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9JIEMEHTOB IEHTP 3HAET TUM KAYKJIOTO U3 aKTUBHBIX 3aeMeHTOB; {r(i)} — mpu Hecko-
HEYHOM YHCJIE JIEMEHTOB [EHTP 3HACT GECKOHETHOe MHOZKECTBO TUIOB AD; F'(r) — npn
KOHEYHOM HJIH GECKOHEUHOM 9YHCJIe JIEMEHTOB MEeHTP 3HAeT (DYHKIHIO PACIPEIeTCHUST
TunoB AD;

¢(r,x) npu GeCKOHEYHOM dmcJse 37aeMeHTOB u ¢;(x) = c¢(r;, &) npn GeCKOHETHOM
qHucJe 3JIeMEHTOB — q)yHK]_H/H/I 3aTpaT aKTUBHBIX 3JIEMEHTOB B 3aBUCUMOCTH OT UX THUIIA.

Takum 06pa3oM, MBI (MPH OMPAHUYEHUN HA BO3MOXKHBIE COUETAHUSI TAPAMETPOB)
paccMaTpUBAEM CJICAYIONIHE AKTUBHBIC CHCTEMBI (¢M. TabJI. 2):

(1) (H(*),n,(r1,...,m),c(r,x)) — AKTHBHAZ cHCTeMa C YHUCIOM 3IJTEMEHTOB 7,
IEHTP 3HAET THI KaxkI0ro AD;

(2) (H(-),n,{r:},c(r,z)) — AKTHBHAS cUCTeMA ¢ YUCJTOM JTEMEHTOB 1, EHTD 3Ha-
€T MHOYKECTBO THIIOB AD;

(3) (H(-),n, F(r),c(r,z)) — AKTHBHas CHCTEMa C YHCJIOM 3JEMEHTOB N, IEHTD
3HaeT (DYHKIUIO PACIPEIeIeHUs TUIIOB AD;

(4) (H(-),G(n), F(r),c(r,x)) — AKTUBHAsI CHCTEMA CO CIYIARHBIM KOHEUHBIM TH-
CJIOM 9JIEMEHTOB, MEHTP 3HaeT GYHKIHIO pacupe/eaenust THIoB AD;

(5) (H(-),[0,1],7(3), c(r,x)) — AkTuBHAS cucTeMa ¢ GECKOHEUHBIM YHCIOM JIEMEH-
TOB, TIEHTD 3HAET THUI KaxK10T0 AD;

(6) (H(-),[0,1],{r(@)},c(r,x)) — AxruBnas cucremMa ¢ GECKOHEYHBIM YHCJIOM 3JIe-
MEHTOB, HEHTD 3HAET MHOXKECTBO THUIOB AD, HO HE 3HaeT, KAKOH TUIl HMeer
KOHKDEeTHBIH AD;

(7) (H(-),[0,1], F(r),c(r,z)) — AxTuBHas cucreMa ¢ OGECKOHEUHBIM YHCJIOM dJIe-
MEHTOB, IEHTP 3HACT TOJBKO (DYHKIMIO pacupeeneHns THIOB AD.

Tabauna 2. Twunbl paccMaTpUBAEMBIX aKTUBHBIX CHCTEM

Huckpernanie | HenpephiBHBIE
AC AC
(pazmen 2.3) | (pasmen 2.4)
Hentp 3uHaer Tumsr AD AC1 ACH
LenTp 30aeT MHOXKECTBO AC2 AC6
Tunos A9
HenTp 3HaeT DYHKINIO AC3 ACT
pacipeeaeHnst TUIOB AD
Cryuaaitaoe k01-B0 AD,
HEHTP 3HaeT (PYyHKIUIO AC4
pacrpeaeaeHus TUIoB A

BameTnM, 9T0 He MOKeT ObITh HempepblBHBIX AC co caydailHbIM KosmdecTBoM AD,
IOCKOJIBKY HENPepPBIBHOCTD TIPeJoiaraerT 6eCKOHeIHOe MHOXKeCTBO AD (HO He KOHed-
HOe, U 3ajia4a OyeT BHIIISAEeTh COOTBETCTBEHHO).

Cpa3sy ke MOXKHO JIOKa3aTh SKBHBAJEHTHOCTH PEIICHUs 33349 HAXOXKICHUS OITH-
MaJIbHOM (DYHKIUKA CTHUMYJIMPOBAHUS I PA3IAIHBIX THIIOB AD.
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Jlemma 1.2.1. Pemenne 3amaun crumyanpoBanus 11 AC2 ¢BOIUTCS K PEIIeHUIO
3aga4n cruMyauposanus nia AC32.

Jlemma 1.2.2. Pemenne 3amaun crumyaupoBanus 11 AC6O cBOIUTCA K PeIIeHno
3asaun crumyaupoBanus g ACT.

Yuuguyuposarnnoti OymeM Ha3bIBATH CHCTEMY CTHMYJIHPOBAHUS, MPH KOTOPOI
GbyHKIIHS CTUMY/INPOBaHUA OAMHAKOBa /i Beex AD. [Ipu srom BeittaTer AD 3aBucar
TOJTBKO OT JeHCTBHS, KOTOpoe 3TOT AD peann3oBal U HUKAK HE 3aBUCAT OT €ro THUIIA,
HoMepa u T.j1. llpu 3amannoit cucreMe CTUMYJTMPOBAHUS IEHTP He 3HAeT TUIOB A
(MM He XOYeT WCIOJB30BATh CBOE 3HAHUE), HO MOXKeT UMeTh (MCTHHHYI0) mHOpMa-
1o 0 YHKIMA PACTIPEIe/IeHNsT THTIOB (WJIH, HAIPUMeD, WHTEPBATBHYIO OIEHKY THIIOB
U T.IL.).

Hepconugduuyuposantot GymeM HA3BIBATH CUCTEMY CTHMYJIUPOBAHUS, NPU KOTOPOi
MEHTP 3HAeT (JIOMYCTUM, TIOCTe BBISBICHUS B PE3YIbTATE T€CTOB) THI KAayKJIOTO U3 aK-
TUBHBIX JIEMEHTOB, U B 3aBHCHMOCTH OT TUTA (HJIU B 3aBHCHMOCTH OT UWH(MOPMAIIUA O
THUIIE) HA3HAYAET (DYHKIUIO CTUMYTUpOBaHusi. [Ipu 9TOM TEHTD J0/17KeH BBITh CIoCcOGeH
BBISIBUTH WHOpManuio o tuie AD (HampuMmep, 0 pe3yJabTaTaM Mpeablayiieii paboThl
AD), akTUBHOMY K€ 3JeMEHTY HpPU 3TOM OyaeT BBITOJHO 3aHUZKATH CBOW THI, YTOObI
IEHTP MOKPbIBaaA AD OOJIbINNE 3aTPATHI.

PaccMoTpuM JUCKPETHYIO (T.€. ¢ KOHEUHBIM YHCI0M AD) aKTUBHYIO CHCTEMY, B KO-

n

TOPO#t IEeHTD 3HaeT MHOKeCTBO THIOB. Ilycts Q(0) = > 0;(y;(0)) — 3arpars menTpa
i=1

Ha CTHMYJIMPOBANNE HPU BHIOPAHHON nM (DYHKINH CTHMYJIHPOBAHHS U NPH YCJIOBUH

PAIMOHAJIBHOIO BHIOODA AKTHBHBIME JIEMEHTAMU CBOUX JeficTBU ¥; (T.e. KaxK /bl aK-
TUBHBIH 3JIeMEHT BbIOUpaer Jydiiee jiis cebsa aeiicrue): y; = y;(o). Hamomuum, ato
B [IPU HEOIPEJIEEHHOCTH (BEPOSITHOCTHOM ) 3HAUEHHUST ; ABJISIOTCS CYIaiHBIMEI BeJTH-
YUHAMH. 3aJadeil eHTpa aBJIdeTcd MaKCuMU3aIus (pyHKIHOHAIA

(1.7) E(H(Y v|—-Ql0) — max.
=1

3amerum, 4TO JIEHCTBUS ¥; BHIOMPAIOTCH AKTUBHBIMU JJIEMEHTAMU B 3aBHCUMOCTU OT
o(+) (u, pasymeercsi, B 3aBUCUMOCTH OT THIIOB), U TOITOMY MOYKHO CIUTATH, YTO OHU
apJistiorest byHKuugMu (Tounee — yHKIHOHATAME) OT 0 (+).

Mg 3/16CH IBHO TPEIIONOKUIIN, YTO TEHTDP HE MOYKeT MCIIOJIb30BAaTh B CBOUX Jeii-
CTBHSIX CMEIAHHBIX CTpaTernii (Ha3HAYATH ¢ HEKOTOPBIMH BEPOSITHOCTSIME PA3JINIHBIE
CHCTEeMBl CTUMYJUPOBaHU). B O3y 9TOr0 mpe/nosoKenns roBopuT ToT (hakt, 94To
B peasibHO JeHCTBYOMUX (pupMax He HA3HAYAIOT CTUMYJIMPOBaHuS "¢ BEPOSATHOCTHIO" .
DTO U €CTEeCTBEHHO, TIOCKOJIBKY B YCJIOBUIX HEMPUATHS AaKTUBHBIMU DJIEMEHTAMHU PUCKA
MEHTP, Ha3Hadasl Pa3/JHYHble CTUMYJIUPOBAHUS, BBIHYKJEH Oy/IeT OMIadyuBaTh aKTUB-
HBIM 3JIeMeHTaM GOJIbIIIe CyMMbI (OHE OY/IyT TAKAM 00Pa30M CTPAXOBATHCS OT PHCKA).

OsHaKO B TMOJIB3Yy CMENTaHHBIX CTPATErdil TOBOPUT TOT (paKT, UTO, HAZHAUASA HX,
HEHTP Mojiy4daeT O0bIIyIo ¢cBOOOLY B BbIOOpE cTpaTeruil u, Kak CJAeJICTBUAE, MOXKET I0-
Jy49uTh 60JIbIIYI0 npuObLIb (bosibiee cpejHee 3Hadenue neseBoil ynknuu). B nann-
HeHTIIeM BOIPOC O CMEMTAHHON CTpaTeTnn MoBeJIeHNs eHTpa OyIeT u3ydeH MoapodHee U

2ﬂOKasaTeHLCTBa BCEX YTBEPKIEHMUI, IEMM U T€OPEM IPUBEIEHBI B 3JIEKTPOHHON BepCHM JAHHOMN paboTHI,

KOTOpasi pa3MelneHa Ha caiite www.mtas.ru.
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OyIeT TOKa3aHo, B KAKAX CAYYadxX IEHTDP TOYHO OYIeT IPHIePKUBATLCS YUCTHIX CTPa-
Teruit. Mpl 2Ke IIOKa OrpaHIIUMCS CIy9aeM (PUKCHPOBAHHON CHCTEMBI CTUMYIAPOBAHIA
(ycs10BHSI HA HCIIOIB30BAHKUE TOJTHKO YHCTHIX cTparTeruii B AC ¢ KoHedHbIM qucioMm AD
NPUBOANTCS B pasiee 2.3).

Paccmorpum 3ajady Makcumusanuu nenesoit dyuxumu (1.7) B cayvae ynudunu-
POBAHHOI CHCTEMBI CTUMYJUPOBAHMA IPU KOHEYHOM YHUCJE AKTHBHBIX 3JICEMEHTOB H
OTCYTCTBHU HEOIPEICTCHHOCTH:

(1.8) max | H Zyz —Q(o) | =
= max (H(y)— Qo)) =
U,y:i;yi

=max | H(y) — min Q(o)
Y U:y:;yi

Takum obpasom, ecau Mbl 0O03HAYUUM

(1.9) Sy)= min Qo).

my:_Zl Yi

1=

U HayduMest HaxouTh GyHkiuio S(y), 3aga4a (1.7) cBenercs K HAXOXKJICHUIO MUHUMY-
Ma DYHKIUK CKAJTAPHOTO apryMeHTa.

YUuThIBas BBIIECKA3AHHOE, 3a]a9a CHHTe3a ONTUMAJIbHOW CHCTEMBI CTUMYIPOBA-
HUs BBIIIMCBIBAETCH B CJIEIYIONIEM BH/IE:

(1.10) H(y) = S(y) — max;
(1.11) S(y) — I@il}”
(1.12) yi € Arxger)r;ax(a(x) — c(ry, x));

n

(1.13) > ui=uy.

i=1

IIpu sToM ocHOBHOIT (Hamboee TpymoeMKoit) 3anadeit B (1.10)-(1.13) apasgerca 3amada
(1.11)-(1.13).

Jns Beex aktuBabiX cucteM (AC1)-(ACT) Gyaem pemrath 3a1ady, aHAJOTHIHYIO
(1.11)-(1.13). Boobre roBopsi, JaHHBIN TOAXO/ HE COBCEM KOPPEKTEH, MOCKOJbKY, Ha-
IPUMED, B CJydYae ¢ HEONPEJEJEeHHOCTHIO Mbl JIOJZKHbBI PEIIaTh 33/a9y

(1.14) E|H Zyz- —S(J))—wnax,
i=1

KOTOpadA OTHIOAb HE 3KBUBaJIEHTHaA 3aJa4€

(1.15) H (Ezn:yz> —ES(0) — max
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(st permenust KOTOPOH MbI M MOJzKHBL permath (1.11)-(1.13)), oxnako npu JauHeHHOI
dbyuxmun H () Takoii MOAX0 CIPABEJINB, ¥ KMEHHO TUM ONPABIBIBACTCS HCIOIb3Y-
eMas 3aMeHa 3a71a4.

Hos mamenennst (1.11)-(1.13) (B coorBeTcTBHM ¢ TpeGOBaHNEM KayK0ii 13 AKTHBHBIX
cucrem (AC1)-(ACT)) meofxoauMo 3aMEHUTD 3HAK CYMMBL HA MATEMATHIECKOE 02K~
HHe, JUIs y9eTa BePOSTHOCTHON HEOUPEIEIeHHOCTH HeOOXOAUMO IIOCTABUTH MaTeMaTH-
YeCKOe OYKUJIAHHE Tepe/T 3HAKOM CYMMBI, DU MOJTHOH HHMOPMUPOBAHHOCTH IEHTPA Ha-
710 3aMEHUTH YHUMDHUIUPOBAHHYIO CHCTEMY CTUMYIMPOBAHHUS HA WHIMBUIYATHHBIE st
KazK/IOr0 U3 aKTHBHBIX JIEMEHTOB, /I KOHEYHOrO CJIYIARHOTO KOJTUIECTBA AKTHBHBIX
JIEMEHTOB HEOOXOTMMO YCPEIHATH MO KOJMIECTBY 3jeMenToB. Takum obpasom, st
paszandaabix AC cOOTBETCTBYIOIIHE 33aUl BRITIAIAT CJIEAYIOIIM 00pa30M:

Axrusnasg cucrema 1 (ACI):

(1.16) H(y) — S(y) — max;
(1.17) S(y) — ?}j??
(1.18) y; € Ar;ger?(ax(ai(x) —c(ri, x));

(1.19) > vi=uy.
=1

AxkTuBnasg cucrema 2 (AC2):

(1.20) H(y) = S(y) — max;
(1.21) S(y) — 1{121}1;
(1.22) y; € Arxger?(ax(a(x) —c(ri, x));

(1.23) > ui=y.
=1

AkruBnasg cucrema 3 (AC3):

(1.24) H(y) - S(y) — max;

(1.25) S(y) — min;

(1.26) v € Argmax(o(z) — c{ri,2));
(1.27) nEyi =y.

AxkruBHasg cucrema 4 (AC4):

(1.28) H(y) - S(y) — max;

(1.29) S(y) — min;

(1.30) yi € Argmax(o(r) — c(ri, )
(1.31) Eny; = .
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Axkrusnasg cucrema 5 (AC5):

(1.32) H(y) — S(y) — max;
y
(1.33) S(y) — min;
{yr}
(1.34) yr € Argmax(o,(z) — c(r, z));
zeX
(1.35) Ey. =y
Axrunas cucrema 6 (AC6):
(1.36) H(y) — S(y) — max;
y
(1.37) S(y) — min;
{ur}
(1.38) Y, € Argmax(o(z) — c(r, x));
zeX
(1.39) Eyr = y.
Axktunas cucrema 7 (ACT):
(1.40) H(y) — S(y) — max;
y
(1.41) S(y) — min;
{ur}
(1.42) yr € Argmax(o(z) — c(r, z));
zeX

B cuny manuums meonpeeeHHOCTH TPH (DUKCHPOBAHHON CHCTeMe CTUMYJIHPOBa-
HUs 3HaYeHne (PYHKITMOHATIA
H(y) - S(y)
SIBJISIETCS CIYIaifiHON BeIMIMHON ([OCKOJIBKY THIBL U, CJI€J0BATEIBHO, JeHCTBUS CJIy-
gaiinbl). [losromy OyeM cauTaTh, 9TO 33/1a4eii MeHTpa SIBJIIeTCS PeaTn3alus HeKOTO-
poro neficteus i "B cpexreM", wian, yanteiBas npegmnonoxkernne Al Ey; = 4.

B coorBercTBUE ¢ 3THM TIEHTpP J0/KeH "B cpesHeM MUHUMU3UPOBATH 3aTPATHI
(1.44) E Q(0) — min
o, eEM
IPU Peau3alui CpeHero JeidcTBUs ¥:
(1.45) Eyi =y,

rie M ecThb JTOMYCTHMOE MHOMKeCTBO (PYHKIUN CTUMYJIHPOBAHUSI.
Panuonanbuoe mosejenne AD 3aK/I09aeTCsS B BHIOOPE HAUIYUIIETO ¥;, T.€.

(1.46) Y; € Argtmax(a(t) —¢i(t)).

Pemermem 3amauan (1.44)-(1.46) ssisiercst mabop dbynkuumii (wam omua dyHKIMA,
ecm cucteMa yHubunuposannas) {o; }7; (onTuManbHbIX GOYHKIUH CTUMYTHPOBAHYS )
i (IpH JAHHBIX TUIAX AKTHBHBIX 1eMeHToB) Habop aeicrsmii AD {y;} | (onrumann-
HBIX JIefiCTBUI AKTUBHBIX 3JIEMEHTOB, COIIACOBAHHBIX ¢ (DYHKIUAME CTUMYJIHPOBAHMNS),
a cama 3a/1a9a HA3bIBAETCH 3a/a9eli CHHTe3a ONTHMAJBHON CHCTEMbI CTHMYJIXPOBAHHUSL.

Onmumanrvromu OyieM Ha3bIBATH QYHKIUH CTUMYJIHPOBAaHUs (CHCTEMBI CTHMYJIU-
pOBaHUsl) AKTHBHBIX JEMEHTOB, KOTODBIE SIBJIIOTCs perterneM 3amaqn (1.44)-(1.46),
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peaan3yeMble aKTUBHBIMU JI€MEHTAMU JeHCTBUS MTPHU ONTUMAIBHON CUCTEMe CTUMYJIH-
POBaHUS TaKKe Ha3bIBATb ONMUMAALHYMU.

Jlemma 1.2.3. 3ajiada cuaTe3a ONTUMAIBHON cucteMbl ctuMynpoBanus B AC3 ¢
BEPOSTHOCTHOW HEOTIPEIEIEHHOCTHIO W KOJTMYECTBOM 3JIEMEHTOB N SKBUBAJEHTHA 3a/1a-
1€ CHHTE3a ONTHMAJIbHON cucrtembl cTuMyaunpoBanus B AC3 ¢ BepOSTHOCTHOI Heompe-
JIEJIEHHOCTBIO M € OJIHUM 3JI€MEHTOM (M ¢ YBeJIMYEeHHBIM B 1 Da3 CPeJTHUM JeficTBrueM).

B nanbueitem 6e3 JOMOTHUTEILHBIX MOSICHEHUIT MBI Oy/IeM HUCHIOJIH30BATH Ty WU
MHYIO MOJIeJIb aKTUBHON CHCTEeMBI B 3aBUCUMOCTH OT IIPOCTOTHI JIOKA3aTeIbCTBA B TOM
WJIW UWHOU MOIEJIH.

Jlns yHuDUIIMPOBAHHBIX CUCTEM CTUMYJIMPOBAHUS OMPEILTUM GyHKUU0 0elicmeus
f Q) — X, xoropasi OyaeT urpaTh BayKHYIO POJIb B MOCJEAYIONEM W3I0KEHUH, CJIEJTy-
IONUM (HEOJHO3HAYHBIM) 00Pa3oM:

f(r) € Argmax(o(z) — c(r, x)).

x>0

Hannas GyHKIus (TouHee, OlHA U3 ee peasu3aluii) ecTh COOTBETCTBHE MeK Ly THIIOM
AD wu meiicTBEeM, KOTOpOE OH peaqu3yer Nph JAaHHON (yHUMHUIMPOBAHHOI) cHCTeMe
CTUMYJIIPOBAHMUSI.

Tenepb nepeitjieM K HOCTAHOBKE 33/1a4U YIIpaBJIeHUs COCTABOM YIIPABJILIONIEIO 3BE-
HA.

[Ipexk e Bcero 3aMeTnM, ITO MPU PACCMOTPEHHH aKTHBHBIX CHCTEM € HECKOJbKIMHI
VIPABISIOMUMY TEHTPAMU CUTYalldd KapAHHAJIBHO OTIMYAETCH OT caydas aKTUBHOM
CUCTeMBI ¢ OHUM TIeHTpOoM. OCHOBHOE OT/IMYe COCTOUT B HAJIUYHUU UTPHI MEXKTY IEH-
TpPaMH, IPUYEM B CUJIY UX BO3ZMOZKHBIX TPOTHUBOIIOIOXKHBIX HHTEPECOB aKTUBHOMY 3Jie-
MEHTY OTBOJUTCs OoJiee BayKHAs POJib: PABHOBECUS 1IPU HAJIMYUU HECKOJbKHUX IIEHTPOB
XapaKTepU3yIOTCAd TeM, YTO AKTHBHBIM 3JeMEHT TOTydYaeT He TOJTbKO KOMIEHCAIHIO
CBOMX 3aTpaT Ha PeaJu3alHio JefcTBUs, HO W JOMOJHUTEIbHYIO PEHTY 3a TO, YTO He
BbIOUpaeT JeiicTBue, 60J1€e BLINOJIHOE KAKOMY-I100 OJITHOMY U3 IIEHTPOB.

[Ipu yBesm4ueHUH KOJMYECTBA MEHTPOB U IPU PACIPEJICJEHUN JTOXOI0B aKTHBHOM
CHUCTEMbI MEXKJIy HUMH MHOYKECTBO PeaJIM3yeMbIX B aKTHUBHOW CHUCTEME C OJIHUM IIeH-
TPOM HCXOJ0B MOZKET ObITh CUJIbHO M3MEHEHO: ¢ OJHOI CTOPOHbI, HEU3BECTHO, Oy/yT
JIM peanu3yeMbl (Kak PABHOBECHsl) Tpe:KHUE JTeHCTBUS, a, ¢ IPYTOil CTOPOHBI, 3a CUET
UTPHI IEHTPOB JIPYT ¢ APYTOM MHOYKECTBO PABHOBECHH MOXKeT PACIIUPUTHCH.

Cuenuduka paBHOBecHil B MOJIeJIN ¢ HECKOJIBPKAMHU MEHTPAMHU 3aKJIIOYAETCS B CJIe-
aytotieM. [{eHTpbl I0IZKHBI JIyMaTh O CTPATerusax JPyT Apyra, U, OTKJIOHSICH OT CBOeit
CTPATEruu, JOJKHbBI TOHUMATh, YTO MPOTUB HUX MOXKET ObITh 0Opa30oBaHa KOAJIUIIHS,
LEJIBI0 KOTOPOT SIBJIsieTCs Clesiarh JJIsi aKTUBHOIO 3jleMeHTa 00J1ee IIPUBJIEKATE/IbHbIM
peaI3aIuio TAKOrO UCXOa, TPU KOTOPOM JIOXO/IBI OTKJIOHSIONIErocs TMeHTPpa ObLIN ObI
3HAYUTEJ]HHO MEeHBIIe, YeM DaHbIIIe.

Urak, 6ysem paccMaTpuBaTh JBYXYPOBHEBYIO akTuBHYI0 cucremy (AC), cocTosimyo
u3 n > 1 neHTpoB n m > 1 aKTUBHBIX 371eMeHTOB (AD).

O6osznaunm uepes H,(z) : X — R dyskmuo noxoma p-ro menrpa, p = 1,n, B
3aBUCUMOCTH OT JiefictBus © € X, peajlu30BAaHHOIO BCell cucremoil B 1ejiom, rje X
— MHOYKECTBO BO3MOXKHBIX JIeficTBHil cucTeMbl, ¢;(x;) — dyukuus 3arpar i-ro AD B
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3aBHCHMOCTH OT BBIOpAHHOTO UM AeiicTBus x; € X;, e X; — MHOXKECTBO BO3MOYKHBIX
neitctBmit i-ro AD, i = 1, m.

JeficTBue Bceil cucTeMbl 3ajlaeTcsd Kak HekoTopad ¢yHkius G or JeicTBuil Beex
AD X; x Xy x ... x X, = X (3amernm, 9T0 B OOIIEM CIy9dae MOYKHO TOJOKATH:
X =X, x Xy x...x X, u G(-) — ToxkmecTBeHHas (DYHKIHS).

Bagadeil KaxKA0ro U3 MEHTPOB SIBJASETCI MaKCHMU3AIUs CBOeH mesieBoil (hyHKIUN

Hy(G(x1, 29, ..., 2)) — Zapi(:ci)

myTeM BBIGOpa BekTopa byHkmmil (0,1 (1), ..., 0pm(Tm)), Tae 0, : X; — R — crumy-
aupoBanud i-ro AD mpu BLIGOpe UM JeiicTBHd X, p = 1,n, i = 1, m.

[Tpumewm cieayrommii mopsiiok dpyuknuonuporanust AC. Cuavasia p-it eHTp, 3HasK
byukmun ¢;(x;), i = 1,m, n Hy(z), no me 3mas, Kakme QyHKIUH CTUMYJIAPOBaA-
HUsI BBIOEDYT Jpyrue IEHTPHI (T.e. HEHTPbI BBIOMpArOT cBOUM (DYHKIUH CTUMYJIHPO-
BAHHUs OHOBPEMEHHO), 3373€T BEKTOP-(DYHKIUIO CTHMYIHPOBAHUS 0py(T1, ..., Tm) =
(0 (21)s- -+ Ty ().

[Tocte coobmenust byHKIUH CTUMYTHPOBAaHUSA (-t AD Ha OCHOBAHUU (DYHKIIHH CTH-
MyJTHPOBAaHUS 0y (x;) n dbynknun 3arpar ¢;(;) BEIOIpaeT HeKOTOpOe JeiicTBHe (HCXO0)
X; W3 MHOXKECTBA, CBOMX BO3MOKHBIX jeiicTBuit X;. Cantaem, 9o AD npu n3BECTHBIX
(pyHKIUIX CTUMYIUPOBAHNS [TOCPEICTBOM BHIOOPA JAefiCTBUSI X; MAKCUMHU3UPYET CBOIO
1eIeBYIO (DYHKIINIO

T

(1.47) Zapi(mi) —¢i(x;)) = max, 1=1m
p=1

U KayKJIblil U3 MEHTPOB 3HAET O IIPABWJIAX MOBeJeHUs Beex AD.

B cayuae, ecau makcumywm (1.47) 1ocTUraeTcst B HECKOJIBKUX TOYKAX, OYIEM TIpe/I-
noJiarath, 9To AD BbIOMpaeT JelicTBHE B COOTBETCTBHH ¢ HeKOTOpoil dyHKmmei W, :
2Xi — Xz .

) (Argmax (i 0 (1) — ci(xi))) e

T, €X; p=1
U, (A) e A VA C X;.
EcrectBenno npeionoxKuTh, 4ro p-it nenTp Oyjer Boibupars Takue PyHKIUU CTU-
MYJIAPOBAHUS, YTOOBI IPYU PANMOHATHLHOM BBIOOpEe AD cBOUX JEHCTBHIL TOCTABUTH MaK-
CUMYM CBO€H 1e1eBoit bYHKITUN

Hp(G<$1,IE2,---,$m)) _Zapi(ﬂji)a p= 17”'
i=1

Obobmas cka3zaHHOe, 3amuiieM Mopsaok dyHKnuorupopanus AC ciexyronmm
obpazom:

1) menTphl BHIOMpAIOT DYHKIUE CTUMYJIHPOBAHMUS;
2) AD na ocHoBaHWE (DYHKIMH CTUMYIHPOBAHUS BEIOUPAIOT JIEHCTBYS;
3) B AC 0JJHOBPEMEHHO TPOUCXO/ISAT BCE BBIMLIATHI.

HeobxoauMo 0TMeTUTD, 9TO B JIAHHON MOJE/IN MPEJIINOIaraeTCs, YTO BCe yYaCTHUKA

AC co06maoT Apyr APYry TOJLKO IPABJLY U BCEIJA BBIIOJHIIOT cBou obemanus (110
BBIILIATAM ).
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J1st manbHeRIero u3aoKeHust OTpaHnIuMcs ciydaeM m = 1 (B cucTeMe mpucyT-
CTBYeT TOJIbKO OfuH AD) U BBeIeM CJIeIYIONINe MPeIITOI0KEHHS.

Al. X = X, ecTb KOMIAKTHOE NOAMHOXKecTBO MHOXKecTBa R, (I > 1), a G(11) —
TOXKJIEeCTBEHHaA beHKL[I/IHZ

G(z) = x.

A2. Oyuknug 3aTpaT HEOTPUIIATE/IbHA U BCIOILY HEIPEPbIBHA.

A3. OyHKINK J0X01a MEHTPOB HEOTPUIATEIbLHBI M BCIOLY HEIpPepPbIBHEI.

Bwmecto npeanosoxkeruss A1l moxkuHO norpebosath (Hapsiiy ¢ A2 u A3) 3aMKHY-

TocTh MHOKecTBa X = X U cyIecTBOBaHHe TaKoil TOUKH ¥, 9TO

ZHp(x) —c(z) <0 mpu x> 2°.
p=1

Beenem muOkecTBO M’ HeoTpUIATETIHHBIX BCIOLY ONpejeeHHbIX Ha X (YyHKIU
crumynupoanust (QYHKIHH CTHMYIHPOBAHNSI, IPH KOTOPHIX TIEHTPHI HE MOI'YT HHYErO
3abuparsb y AD):

M ={o(z): X — [0,400)}.
BBegem Takzke MHOKecTBO M moJiyHENPEepbIBHBIX CBEPXY (hyHKITHi:
M'={o(z): X = R:
Vo, € X,x; — z,0(xj) > 0(z) = o(z;) — o(2)}

(ISt MHOTHX CJIy4aeB MPOCTO HENPEPBIBHOCTH SIBJISIETCS CJIUITKOM YKeCTKUM TpeGoBa-
HUEM, KOTOPOe He TO3BOJIUT JOKa3aTh MHOTHE pe3yJbTaThl, B TO BpeMs KaK IMOJIyHe-
MPEPHIBHOCTH CBePXY OyneT moctatodHo. K Tomy »Ke 9acTo MCrmonap3yeMble KBa3HKOM-
HeHCcATOpHbIe (DYHKITUH CTHMYIHPOBAHUSI TIOJIyHEPEPBIBHBI CBEPXY ).

Bynem cuuTarh, 9T0O KJIaCC BO3SMOKHBIX (DYHKIUIT CTUMYJINPOBAHUS OIDAHUYEH IIe-

pecedenneMm MHoxKects M’ u M":
M= MM,

T.e. IEHTPBI HUUero He 3abupator y AD (mrrpadbl 3amperieHsl ), a TOJIbKO MOIYT IPe]-
JIOKUTH €My CTUMYJIUPOBaHKE 38 BHIOOD HeiicTBUs, 1 PYHKIUN CTUMYJINPOBAHNS STBIIS-
FOTCS IOy HEIIPEPBIBHBIMHU CBEPXY.

Bynaem cunrarh, uro y AD ecTh mpaBo ydacTus: eCJad HpU JI000M AefiCTBHU €ro
resieBast (DYHKIHS MeHbIIe HyJIs (CTUMYJIAPOBAHUS 3a/IaHbI), TO OH MOYXKET OTKA3aThCs
ot yaactus B AC. B sTom cirygae GymeM mostaraTh BRIMCPHIIIN IEHTPOB PABHBIMH HYJIIO
(meitcTBue Beeit cucTeMbl He ompeiesieHo). s 9Toro MOKHO MPEJIIIOIO0KUATh HATH IS
0co6oii (BO3MOXKHO, M30MpoBannoil) Toukn &: H,(#) = 0, p = 1,n, ¢(2) = 0. Bribpas
9Ty TOUKy, AD HHUYEro He TepsieT (ero 3aTpaThl HyJEeBbIE), U CTHMYJAUPOBAHUSA B ITON
TOYKE DaBHBI HYJIO (IOCKOJBKY IEHTPBI HEe MOTYT MpPeJIOKHTH OOJIbIIe, YeM CaMu
MOJIYYaT B 3TOM TOUKe, a (DyHKIUA CTUMYINPOBAHUS HE MOTYT ObITH OTPUIATETHLHBIMH ).
YacTo B MOJIeJIIX B POJIM TAKON BBIJIEJEHHON TOYKM I BBICTYIaeT TouKa x = 0.

B nanpreiimem BMecTo ¢yHKIun ¥V Beibopa AD OymeM yKa3blBaThb OJMH 3J€MEHT
x* MHOZKEeCTBa X, KOTOPHIH Oy/IeT BRIOMPATHCA KaK HAWIYUIIANA C TOYKH 3peHus AD

Ipu IpoOYrUX paBHBIX BO3MOZKHOCTAX: €CJIM OH BXOAUT B MHOZKECTBO

Argmax Z oi(z) — c(x)

zeX i1
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ONTUMAJBHBIX BEIOOPOB AD, To AD BHIGEpET UMEHHO T*. DTOro OyIeT TOCTATOYHO, TO-
CKOJIBKY B JIAHHOH cTaThe MbI OYIEM pacCMaTpPUBATL TOJHKO PABHOBECHBIE CTPATErHU
(1s1 KOTOPBIX W BasKeH JIAHHBIH T*), & IPU OTKJIOHEHHH OT PABHOBECHOH CTpATErwH,
ecan AD MOXKeT MOJYyYUTh HEHYJIEBYIO BBITOLY, TO OH, YBEJIHYHBAsT CTUMYJIHPOBAHNE,
MOZKET CJIeJIATh TaK, 9T0 MHOXKECTBO JIyqIuX i AD Touek OyaeT TpUBHAILHBIM (CO-
CTOSATDH U3 OJHOIO 3JIEMEHTA).

3aMeTuM, UTO B JAHHONH MoJenaun OOJIbINee KOJUIECTBO MEHTPOB He O3HAYAEeT
GO KOHTPOIL 32 AD (6osiee TOUHOE 3HAHUE MCXOJA), KAK ITO OBIBAET B YKU3HU,
IIOCKOJIBKY MBI IPEIIOJIOKIIIN, ITO HeHTP (IeHTPhI) TOTHO OCBEJIOMJIEHBI O JeHCTBUN
AD.

B nanpueitimem GymeM mpenoaraTh, 9T0 COOTBETCTBYIOIINE MHOXKECTBa Argmax
HEIyCThl, MUHEMYMbI ¥ MAKCHMYMbI, KOTOPBIE BCTPETATCSI, JOCTHXKUMBI. DTH TPedo-
BAHUSI MOYKHO ODOCHOBATH ¢ MOMOIIBIO HENPEPHIBHOCTH (MOJIYHEIPEPBIBHOCTH CBEPXY )
COOTBETCTBYIOMHUX (PYHKIUI 3aTpaT U JTOXOJ0B U 3aMKHYTOCTH MHOXKeCTBa X .

WTak, KpaTKO TO/IBE/IEM UTOTH MEPBOii TJIaBbI.

B paznene 1.1 paccmorpersl BO3MOXKHBIE 3a1a49n yirpapienns: coctaBom AC u mpo-
AHAJM3UPOBAHO MECTO 3a7a4u yupasaeHus coctraBoM AC B COBOKYMHOCTH 33729 yIpa-
Biiernst AC. PaceMoTpeHbl TpH pasjaumdHbIX HOAX0a K PEIIeHno 3a1a9n (DOPMUPOBa-
uHus coctapa AC. Ilokasamo, 4To 115 pemrenus 3a1a4un yupapiaenusa cocraBom AC He-
00XOIUMO YMeTh pellaTh 3a1a49y yupaBiaeHus (pukcupoBaHHbM coctaBoM AC, KoTopas
dakTHIeCKHU ABJISETCA 3a1a9eil 00 ONTUMAIBHOM CTUMYJIHPOBAHUE AD.

B pasnene 1.2 onmcaHbl OCHOBHBIE MOJEIN AKTUBHBIX CUCTEM, IJsI KOTOPBHIX Oy-
JIeT B JIAJbHERIIIEM PeIaThCcs 3a1a49a yIpaBaIeHns coctaBoM. Kak ObIIO CKa3aHO, HAMA
anasunsupyorcs ape AC: nepas — AC, cocrosiast U3 OJIHOIO IEHTPA U HECKOJIbKHX
AD (g perieHust 3a7a9n YIPABAEHUS COCTABOM HCIOJHUTENBHOTO 3BEHA) W BTOPAsI
— AC, cocrosmias u3 o1HOro AD M HECKOJIBKUX HEHTPOB (J1J1sI PeIleHns 3a7a9u ypa-
BJIEHHsI COCTaBOM ympasiisitoriero 3sera). Cpeau AC ¢ oJHUM IEHTPOM U HECKOJIbKUMU
AD BeIZENAIOTCS JBa KJacca, KOTOpbie B majbHeiimem oyaem anann3upoarh — AC ¢
koHeuHbIM dmucaoM AD um AC ¢ GeckoHeIHBIM YucaoM A, nmpudeM B 000UX CIydasx
HEHTP BBIHYZK/IEH HCIOJIb30BaTh YHI(DUIIMPOBAHHYIO CUCTEMY CTUMYJIADOBAHUSI.

[Ipurnunuansaoe oranure naaabix AC coctout B ToM, 9To B oranunn oT AC ¢ ox-
HuM 11eHTPpoM B AC ¢ HECKOJIBKUMH YIPABJISIONIMME IEHTPAMHI BOSHUKAET UI'PA MEKITY
HEeHTPaMU, U IO0ITOMY, KPOMe OTBICKAHUS ONTHUMAIbHBIX (DYHKIHE CTUMYJIHUPOBAHNA, B
nanaoit AC HeoOXoanMMO ere yMeTh HaXOAuTh paBHOBecHBbIe cocTostaus AC, T.e. Takne
crpareruy eHTPoB (DYyHKIMH CTUMYJIHPOBAHNST ), IPH KOTOPBIX HU OJHOMY W3 IIEHTPOB
He Oy/IeT BBIFOJHO MEHATDH CBOIO CTPATErHIO ¢ PABHOBECHOI Ha KAKYIO-I100 APYTYIO IpH
VCJOBHUH, UTO APYTHE MEHTPHI UCHIOIb3YIOT PABHOBECHYIO CTPATErHIO.
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I'masa 2

YHNOUIINPOBAHHBIE CUCTEMBI
CTUMVYJINPOBAHUN

KaK 651.710 IIOKa3aHO, JJid pEHICHUA 3aJa4u yIIpaBJIeHWd MWCIIOJIHUTEJbHBIM COCTa-
BOM HEOOXOIMMO PemaTh 3aja4dy yIpaBaeHus (hUKCHPOBAHHBIM COCTABOM, T.e. YMETh
HAXOIUTh HAWIYUIIYIO (DYyHKIMIO CTUMYJIUPOBAHUSA JIJIsT 33JAHHOTO COCTABA.

B namuoit riaBe paccMaTpuBaeTcs 3aja4a CHHTE3a ONTHMAIBHON (DYyHKIIMYA CTHMY-
aupoBanust 1 AC (Kak JHCKPETHBIX, TaK W HENPEPBIBHBIX), B KOTOPOW IEHTD WC-
0JIb3yeT YHU(PUIMPOBAHHYIO CHCTEMY CTUMYyJupoBaHus. Haxomsarcs cBoiicTBa omnTH-
MaJIBHBIX beHK].[HfI CTUMYJINPOBAHUA U OIINCBIBACTCA B3aUMOCBA3b ,ZLGI'?'ICTBI/H'?‘I AKTHUBHBIX
9JIEMEHTOB € PA3JTHIHBIMU TUTIAMHE. [[PUBOAATCS aIrOpuTMBI HAXOXKIEHUS OMTUMATh-
HoM (byHKIMH cTUMYIUpOBaHus Kak i caydas AC ¢ KOHEIHBIM YUCJIOM JEMEHTOB,
TaK U i Caydas ¢ 6eCKOHETHBIM IHCIOM AD.

2.1. OyHKNUU 3aTPAT AKTUBHBIX JJIEMEHTOB

B ngamHOM pasjesie paccMaTpUBAETCS B3aUMOCBsI3b (DYHKIIHH 3aTPaT W MPOU3-
BOJICTBEHHO (DYHKITHU aKTHUBHBIX 371eMeHTOB. VICX0oms u3 CBOWCTB MPOM3BOICTBEHHOMN
dyHKIUN BbIBOJIATCH cBOcTBA (pyHKiuu 3arpar. [lokaspiBaercs, 4To cBOiCTBA, KOTO-
pble HAM MTOTPeOYIOTCs B JaJbHeRIeM OT (DyHKIUK 3aTPaT I PACCMOTPEHUS 3aa9H
yipasieruss bUKCHPOBAHHBIM COCTABOM, MOXKHO BBIBECTH HUCXOJs U3 PA3YMHBIX MPE/I-
MOJIOYKEHU O CBOMCTBAX MPOU3BOJICTBEHHBIX (DYHKIIHIA.

O6o3Haunm 3a y > 0 BbIMycK (JeficTBhe) aKTUBHOTO 3jeMeHTa, 3a 1 > 0 — He-
KOTODYIO er0 XapaKTepHCTUKY (THUII), TOBOPSIIYIO, HAPHMED, O MPOH3BOAUTEIbHOCTH
B ciaydae dbupmbl win obpazoBanuu (Tasante) B ciaydae desoBeka. O6o3HAYMM 3a €
3aTpaThl AKTUBHOTO JeMeHTa. [IycTh BBIYCK Y 3aBUCUT OT 3aTpaT W THUIA aKTHBHO-
ro aJeMeHTa cieyommM obpasom: y = F(c,r), e F' — HeKoTOpast ABazKIbl -
dbepennupyemast npousBojcreennast dyuknusa. [Ipeanonoxum, uro dyukmusa F(c,r)
00J1a/1aeT CJIeIYIONUMI CBOMCTBAMMU:

P 1.1. 3arparsl Ha peasu3anuio HyJIeBOro jgefictus (T.e. Ge3/eiicTBIE) PABHBI HY-
JIIO:

F(0,7) =0;
P 1.2. Ilpu nomo/iHUTEIbHBIX 3aTPAaTaX BBINYCK YBEJIUMUHBACTCS:

F
Fer) =200 Ly,

P 1.3. /lononHuTe IbHBINA BBHIIYCK HA €IUHUIY JOIOJHUTEIbHBIX 32TPAT YMEHbIa-

€TCA IIpHU YBECJINYECHUN CaMUX 3aTpaT (BOFHYTOCTB II0 C)Z

O*F(c,r)

F.(e,r) = 52

< 0;
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P 1.4. Boinyck yBenmunBaeTcs TpU yBeJIUUYEHUN TUIA aKTUBHOTO 3JI€MEHTA!

F(e,rT
F.(c,r) = % > 0;

P 1.5. [Ipn ynyumenun tumna aKTHBHOIO dJI€MEHTa KOJUYECTBO TMPOLYKIIWH, MTPO-
U3BOAUMOIN HA OJHY JOINOJHUTENbHYI €IUHHUIY CTUMYJIUPOBAHUS, YBEININBACTCS:

O*F(c,r)
F.,(c,r) = ———~ > 0.
(c;7) Ocor
ITpumep 1. Bcemu nepeuuncienHbIME cBoiicTBaMu ob1aaaior pyuknun Kobba-lyr-
jJaca
(2.1) F(c,r) = Fyc*r'™*,

rie a € (0;1), Fy > 0.
Onpe/ieJuM MEUHHMAJIBHO HEOOXOIMMBbIE 3aTPATHI Ha PEATU3AIMIO JEHCTBHSI Y KaK

c(ryy) = min{c > 0|F(c,r) > y}.

Hasosem dbyukImio ¢+, -) hyHKIHeH 3aTpaT AaKTHBHOTO 3JeMeHTa. B CHTy TOoJI0KHuTe b
noctu F.(c,r) momyuaaem, aro ¢(r,y) oupenensercsa mo F(c,r) kak obpaTHas byHKIHsI
10 apryMeHTy C.

ITpumep 2. /Ina dyunknuun Kobda-/lyrinaca 3aTparsl ¢ Kak (pyHKIHS OT 7" U i €CThb

a—1\ (1/a)
yr
) = (V)

1/
I e VO N
Fy !

rie ¢y = Fo_l/a, B=1/a>0.e

Besne B pmasmbeitiiem OygeM mpeamosiaraTh, 9TO MPOU3BOJICTBEHHAS (QYHKIUS
F(c,r) obmangaer cpoiicreavu P 1.1-P 1.5.

Jlemma 2.1.1. Oyukius 3aTpaT yAOBJIETBOPSIET CJAEIYIONIUM CBOWCTBAM:

P 2.1. Crumynuposanue fjsi BoIOOpa HYJIEBOTO JMEHCTBHS PABHO HYJIIO:

c(r,0) = 0;

P 2.2. [Ipu yBesmm4yenun kKeaaeMoro JeiicTBud HeoOXOIUMOe CTUMYIUPOBAHNE YBe-
JINYUBAETCS:
cy(ryy) >0
(KaK JICrKO BUJETD, JAHHOE CBOMCTBO dAB/gercs caeacrsueM ceojicrsa P 2.4 1 ¢, (r,0) >
0);
P 2.3. Ilpu yayurrenun TUna aKTHBHOTO 3JIEMEHTa HeOOXOJIUMOe CTHMYINPOBAHUE
YMEHBIIACTCS:
Cr (T’ y) < 0;
P 2.4. Tlpu yBesimdenun jeficTBus 3aTpaThl HA JOTOJHUTE/IHLHOE yBeJUYeHue efi-
CTBUS BO3PACTAIOT:

Ccyy(r,y) > 0.
IIpy JOIOJHATEILHOM YCJIOBAM HOCTOAHCTBA OTIa9H OT MacIITaba cMellaHHad Ipo-
M3BO/THAS
Cyr(r,y) <0
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(HazoBem 310 cBoiicTBo P 2.5).
3aMeTHM Tenepb, YTO CMEIIAHHAsT TIPOM3BOIHAS [0 Y U T €CTh

Gy (r,y)Fer(c, T) 4 Fee(c,m)ci(r, y)
F.(c,r)

cyr(r,y) =

1, BOOOIIE TOBOPs, HE UMEET TOCTOAHHOTO 3HaKa (OJIHAKO MOCTOSHHBIA 3HAK TAPAHTH-
PYeTCs YCJIOBHEM MOCTOSHCTBA OTJAMH OT MACIITaba).
IIpumep 3. Paccmorpum dyuxuuio F(r,c) = y/rc. Toraa c(r,y) = y?/r, a upous-

BOAHBIE, COOTBETCTBEHHO, PaBHBI!
Cr(h y) = _yQ/TQ; Cr(r7 y) = 2y/7’,

. _ 2
ny(ra y) = 2/7”, Cry(r7 y) - —2y/7" -®
3ameuaHme. EcTecTBEHHO IIPEJNONOKHUTD, YTO IPOU3BOJCTBEHHAsS (DYHKIUA
F(c,r) ynosaersopsier ycaosusam VHamo:

F.(0,7) = oo, F.(c0,7) =0,

F(c,r) — Boruyras mo ¢ dbyukiwmsi. Torna ¢(r, y) yIoBaeTBopsieT, COOTBETCTBEHHO, YCJI0-
BuaM ¢, (r,0) = 0, ¢, (r, 00) = 00, ¢(r, y) — Binykias oo y dynknusa. Dymnkus Ko6ba-
Jlyrjiaca 1mOJIHOCTBIO YI0BIETBOPSET 3THM YCJIOBUSIM.

PaceMOTpEM BOIIPOC O TOM, KaK M3MEHSIOTCA CBOHCTBa (DYHKIME 3aTpaT IPU MO-
HOTOHHOM IPe00Pa30BaHUHM TUIIOB AKTHBHBIX 3jeMeHTOB. OTBET Ha TOT BOLIPOC JAeT
CJTEJIYIONIAsL JIeMMa.

Jlemma 2.1.2. Eciin dynknus 3arpar c(r, z) obranaer ceoiicrBavu P 2.1-P 2.5,
TO TUMH ke CBoiicTBamu objajgaer u dyuknuga zarpar ¢(r*,x) = (F71(r*),z), rue
r* = F(r), a F: Q — Q; — neupepbiBao-uddepeniupyemMast MOHOTOHHO BO3pacTao-
mast GyHKIus (Ipe/inoaaraeM, 9To u 00JI1aCTh BO3MOYKHBIX THIIOB AKTHBHBIX 9JIEMEHTOB
M3MEHSIeTCs COOTBETCTBYIONMM 00pasoM, 2 = F(Q)).

Sameuanue. /luckpernsie anasnoru cpoiicts P 2.3. u P 2.5. (upu auckperaom
HA0OPEe THIOB) BBITJISAT CJAELYIONTIM 06pa3oM (OCTaIbHBIE CBOMCTBA HE H3MEHSIIOTCH ):

P 2.3.

c(r1,y) — c(ra,y) < 0 mpm ry > ry;
P 2.5.
cy(r1,y) — ¢cy(re,y) < 0 mpm ry > 7o

Takum oOpa3oM, Mbl BbIBe/IM HEOOXOJAUMbIE HAM B JlaJibHENIIEeM yCJ0BUS Ha (DYHK-
IIUU 3aTPAT AKTUBHBLIX 3JIEMEHTOB UCXO/Id U3 PA3yMHBIX TPeOOBaHUN HA TPOU3BOICTBEH-
Hble GYHKIMYM U B JaJbHeITeM OyaeM MpenoaraTh UX BbIIIOJHEHNE.

2.2. CsoiicTBa dyukIiuii cruMmyanpoBanuda u yHKOU aelfictBusa

B 1aHHOM pasjiesie pacCMaTPHBAIOTCs CBOUCTBA (M B3AUMOCBsI3b) (DYHKIIUH CTHMY-
JaupoBaHus U MYHKIMK JeHCTBHsI B 00IIeM caydae (Jake Mpu HEONTHMATHHON (ByHK-
muu cTuMysupoBanust). [1oApOOHBI aHAIN3 JAHHBIX CBOHCTB MO3BOJINT HAM DEIIATH
3a/ia4y ylpaB/eHus (pUKCUPOBAHHBIM COCTABOM, YTO B UTOrE IIOHAI00UTCH JIJIsd Pelie-
HHAA 3aJa91 YIIPABJCHAS COCTABOM.
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Oyukiwms JeiicTBust 1 DYHKIUS CTUMYTHPOBAHUS CBSI3aHBI MEXKIY CODOI0 depes3
yCJIOBHE PAIlMOHAIBHOIO BhIOOpa AD:
(2.2) f(r) € Argmax(o(x) — c(r,z)) Vr e Q.

rzeX

[TockoabKy 3agada AD gBIsSeTCs 9aCThIO 33291 MOMCKA ONTHMAJbHON CHCTEMbI
CTUMY/THPOBAHMUSI, TO MOIPOOHOE UCCJIETOBAHUS PeIleHust 3a1a4u (2.2) U yCTAHOBICHUS
COBMECTHBIX CBOHCTB (hYHKITMU JefcTBHS U (DYHKIMA CTUMYIHPOBAHUS HEOOXOTHUMBI
JUT TaJbHeiTero uceaeoBanns. JJaniplit pa3mes1 MeuKoM IMOCBSIIeH N3y YeHHIO B3a-
UMOCBA3U ME2KAY 9TUMU beHK]_H/IHMI/I KaK B JUCKPETHOM, TaK 1 B HEIPEPBIBHOM CJIy4ac.

QakTuuecku (HYHKIUA JAEHCTBUS €CTh 3aBUCHUMOCTL DPEAJU3yeMOoro JeiCTBHSA OT
THUIIa aKTUBHOI'O JJIEMCHTA: BCEI'Zla MO2KHO IIPpEAINIOYTEeHUd HEeHTPa OIIpeAe/INTh TaKUM
00pa30M, YTO TPH BHIMOIHEHHH ['MIoTe3sl BiaroKegaTebHOCTH AKTHBHBI 9J€MEHT
TUna 7 OyJIeT Peann30BeBATE jAeiicTBre f(r) (IpH HEKOTOPHIX OrPAHUYCHHUSIX Ha DYHK-
nuio f(r)). Mbl mocTapaeMcsi y3HaTh 0OJibIIee: KaKUMHU CBOHcTBaMu 001aaer DyHK-
ust f(r), kKak oHa cBsizaHa ¢ QyHKIHEH cTuMynanpoBanus o(x) (He cauras onpesese-
Hust (2.2)), KakuMu cBoiicTBaMu 00s1aaer (DYHKIMSA CTUMYIHPOBAHUS, KOTOPO# COOT-
BETCTBYeT 3aJlaHHast PyHKIU jeiicTBus.

Haunem mccseoBanme ¢ caMbIX MPOCTHIX CBOIHCTB (DYHKIUH IeiiCTBUS.

Ilpexkme Beero 3amernm, 4to ecau f(r) — pemnrenne 3agaun (2.2) 1711 HEKOTOPOI
o(z) € M, ro st 1106010 7 € ) BBIIOIHAETCA HEPABEHCTBO

(2.3) o(f(r)) —clr, f(r)) 20,

T.e. CTUMYJMPOBAHUE NeHCTBUs, BHIGMPAEMOTrO0 HEKOTOPBHIM AKTHUBHBIM 3JIEMEHTOM CH-
CTeMbI, BCErJa He MEHbIIe 3aTPAT ITOTO JEMEHTA HA PeaJU3AIUI0 JAHHOTO JIeHCTBUSL.
HeficTBurenpro, mockoabky B cuiy cpoiicra P 2.1. ¢(r,0) = 0 u (0) > 0, 10
soinosasiercs o(0) — ¢(r,0) > 0. Kpowme Toro,
f(r) € Argmax(o(z) — c(r, x)),
reX

cJIeJOBaTEeJIbHO CIIpaBeIJINBO

o(f(r)) —c(r, £(r))

sup(o(z) — c(r, z)) =
rzeX
> 0(0) —¢(r,0) > 0.

Crienytomast ieMMa rOBOPUT O CBOWCTBE, KOTOPOE MBI OyeM YacTo B JlajabHERIIeM
HCII0/Ib30BATh.

Jlemma 2.2.1. [ng mo6oit dyHKIUH CTUMYIAPOBaHNAA (DYHKIU TeHCTBASA ABJIsI-
eTcs HeyObIBatomeit dpyHkiue.

CneoBaTeIbHO, BHE 3aBUCHMOCTH OT CHCTEMbI CTUMY/INPOBAHNUsI, BHE 3aBUCHMOCTHI
or 3arpar (HeobXomMMa JIMITh OTPUIATEIhbHAsT CMeNlaHHas TPOU3BOJHAs) JeficTBIe,
peajm3yeMoe aKTHBHBIM JJEMEHTOM C OOJIBIUM THUIIOM BCEr/Ja He MEeHBINe JTeHCTBHUSI,
peaim3yeMoro aKTHBHBIM 3JIEMEHTOM C MEHBIITHM THIIOM.

JlemMma 2.2.2. as 1060ii (DyHKIME CTUMYIXPOBAHUS TiesieBast (pyHKImS AD

a(f(r)) = e(r, f(r))

SIBJISETCS Bo3pacTarolieil pyHkmuei tuma r AD.
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JlanHast J1eMMa HMeeT BaKHYIO SKOHOMHUYECKYIO MHTepIpeTanuio. Mbl TOBOPUIH,
9TO HOJIBIIEMY 3HAYEHHIO 1" COOTBETCTBYET JIVUIINM THII aKTHBHOI'O dJ1eMenTa. B manHoi
TeopeMe yTBEp:KIAaeTCsd, 9TO IPH BO3PACTAHUHU THIIA AKTHBHOIO DJIEMEHTa 3HAYEHHE
1eJ1eBoi (DYHKIMK CTPOrO BO3PACTAET. DTO O3HATAET, YTO YeM OOJIBITHI THI HMeeT aK-
TUBHBI 371eMeHT, TeM 001y t0 "pubbris" o moydaeT mOMUMO KOMITEHCAIITUHA CBOUX
3aTpar.

2Kuznennass He0OXOAMMOCTD JTAHHOTO YCJIOBHUS 00YCJIOBICHA CIACAYIONIAM (DaKTOM:
HOJIyYeHHe JTyUIIero Tumna (HanpuMep, Yepes JTOMOTHATETbHOe 00pa30BaHue U T.01.) Tpe-
OyeT OOJIBIIUX 3aTPAT, U, €CJIX Obl IPUOBLIL IIPU Yy YIIEHUN THIIA He H3MEHSIaCh, TO He
OBLIO OBl HUKAKUX CTUMYJIOB 3TO JIONOJHUTEILHOE 00pa3oBaHue MoJIydaTh — 3aTPaThl
BBIDACTYT, & MPHOBLIDL (1esteBast (DYHKIHsI) He U3MEHUTCS.

Onpenennm oneparop ¢ : M — M ciaenyomum 00pa3om:

(2.4) ®(0)(x) = i (0(/(1)) = {1, () + c(r,2)),

rie f(r) — pemenue 3aga4an (2.2) ¢ dynkmueit o(z). OueBuano, aro ®(o) Moxket, BOOO-
II[e TOBODs, 3aBUCETH OT KOHKPETHOro BbhIbopa hyHKImu f(r) (MOCKOJBKY OmpeeieHne
f(r) ¢ momompio (2.2) gomyckaer B 00IIEM CJlydae HEOJIHO3HAYHOCTh), OMHAKO B J1aJlb-
Heifiem (yrBepkaenne 2.2.8) OymeT 10Ka3aHO, 9TO BHe 3aBHCHMOCTH OT f(r) dyHKIH
®(0)(z) 3aBucut TONBKO OT 0(T).

Mot mokazkem, aro ®(o)(-) obmamaer Bcemu HEOOXOMUMBIME CBOHCTBAMU (DYHKIIUH
CTUMYJIMPOBAHUS M €€ MOXKHO HCIOJH30BATh BMECTO (BYHKIWMU o(-), HO, HAPAIY CO
cBoiictBamu byHKIHH 0 (-), OHA 00JaaeT MHOIMME JPYTUMH JTOCTOMHCTBAMH, HAIIPH-
Mep abCOTIOTHON HEMPepBIBHOCTHIO, W PabOTaTh ¢ Hell HECOMHEHHO Jierde, geM ¢ o(-).
Ucnonssys dyunknnio $(0)(-) (Bmecto o(-)) MOXKHO 3HAYHTENHLHO CYy3HTL KJIACC BCEX
JOMYCTUMBIX DYHKIUI CTHMYJINPOBAHUS (T.K. OT 9TON 3aMEHbI He H3MEHSIOTCS 3aTPAThI
u pyHKIHUSA JefcTBYS ).

[IpuBenem nexoropbie cBoiicTBa omeparopa ®(o)(+).

[Ipexkme Becero ormeruM caenyionmit dbakt. Ilycrs f(r) — pemenne 3azaqu (2.2)
st o(x) n o(x) = ®(o)(x). Torna dyuKIws 0(x) ABAAETCA CTPOTO BO3pPACTAIOIIEH
dyHKITHE:

Ve,op € X, o <x=d(x) <a(x).

HeiicrBurensho, mpu Ax > 0 numeem:
5o+ Ax) = inf (o () = e(r, () + (.7 + Aw))
= inf (o(f(r)) — e(r, () + e, 2)+
c(r,z+ Ax) — c(r,z))
)

inf (o(f(r)) = e(r, f(r)) + c(r, )

reQ)
+ ri,rég(c(r’, x+ Ax) —c(r, 93)))
= inf (o (f(r)) — c(r, f(r)) + c(r, )+

reQ
+ ing(c(r’, r+ Az) —c(r', x))
r'e

Vv

=ao(x)+c(r,z + Azx) — c(r,z) > 6(x),
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YTO U TPeDOBATIOCH MOKA3AT.

Crenyromee BazkHON ¢BoiicTBO — omepartop P(-) aBasercsa meyObiBaonmm. Bouee
dbopmanbHo, ycTh f(r) — perenne 3agaun (2.2) aist HekoTopoit o (x) € M u dbyHKImst
o(x) = ®(o)(x). Torna

o(z) >o(r) VrelX.

leficTBUTETBHO, MTOCKOIBKY

f(r) e Arxgegax(a(x) —c(r, ),

a(f(r)) —c(r, f(r)) > o(x) —c(r,x) Ve e X

1, CJIeJI0BATeIhHO,

9TO U TPeDOBAJIOCH MOKA3ATh.

Crenyroree BaykHOE CBOMCTBO TOBOPUT O TOM, YTO HPH Hepexone K & (r) Bo3HA-
rpaxenns AD He m3Mensiorcs. A umenno, mycrs f(r) — pemrenne 3amaqau (2.2) s
nekoropoit o(x) € M u dbyukuusg 6(x) = ®(o)(x). Toraa

a(f(r)) =o(f(r)) Vre.

JelicTBUTETHLHO, TIO ONMPEIETCHUIO,

o(x) = inf(a(f(r)) —c(r, f(r)) + c(r, z)).

ref)

CuteroBaresibuo, st jaoboro r* € ) dyuknus

5(£) = inf (o(£(7) — clr, (1)) + e(r, £ )
(f(r")) = elr™, f(r")) 4 c(r™, f(r7))
(f(r)).

C mpyroii ctoponbl, yaurbiBas aHeyobiBanne oneparopa ®(-), a(f(r*)) > o(f(r*)), uro

<o
=0

f
f

1 3aKaHINBAELT JTOKA3ATEIbCTBO.
Cpe/in BazKHBIX CBOWCTB MOYKHO YHOMSIHYTh U TOT (pakT, 4r0 hyHKIUA §(T) ABJisi-
eTcst abCOTIOTHO HempepbIBHOM (hyHKImeit Ha orpeske [0; a] ams moboro a > 0.
JleficTBUTEIHLHO, MOCKOJIBKY MHOXKecTBO () IpejicTaBisgeT coboit oTpe30K JeilcTBuU-
TeJILHOU MHpsIMOii, To Jjs joboro € > 0 cymectByer 0 > 0 Takoe, 9TO [JIsd JIOOBIX
x1,x9 > 0 |xy — 29| < §, maa moboro r € € BHIMOTHSIETCSI

le(r, ) — c(r, x2)| < &,
IpHyYeM € MOXKHO BBIOpaTh Kak

= sup c(r,x)d.
reQ,z€(0;a)
Januoe onpenesenue KOPPEKTHO T.K. JiIst JIOOOrO KOHEYHOro a Muozkectso 2 X [0;al
KOMIIaKTHO H IIOTOMY CYIIpEMYM KOHE€YCH.
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Takum obpaszom,
o(w1) = mf(a(f(r)) —c(r, f(r)) + c(r, 1))

< inf(a(f(r)) —c(r, f(r)) + c(r,xs) + €)

reQ
=0 (xq) +e.

AHajornaso,

0 (w2) = inf(o(f(r)) — clr, f(r)) + c(r, 22))

ref)

< inf(a(f(r)) —c(r, f(r)) + c(r,x1) + €)

reQ
= 5‘($1) + .

CrenoBaresibHO,
|6(22) —o(21)| <e,

U TIPH s JTI00BIX xf, 7 =1,2,1=1,1, B cuny BbIOOpa €

l l
Yo 1a() @) <Y lof — il swp e (ra)
i=1 i=1

reQ,ze(0;a]

l
= sup Cw(T7I)Z|I'} _xz2|7
} i=1

reQ,z€(0;a
9TO Jijist AOCOTIOTHON HENPEePBhIBHOCTH U TPEOOBAIOCH TTOKA3ATD.

U3 Toro, uro dyukrus () aBaseTcsa abCOMOTHO HEMPEPBIBHON HA JTIOOOM KOHEU-
HOM OTpe3Ke Cpa3y CJAeIyeT, 9TO OHA SBJIAETCHA BCIOAY HEIPepbIBHOW M JIjIs JI0O0r0
r cymecTByer = (KOHEYHbIH WM GECKOHEUHBIH), Ha KOTOPOM JIOCTHIAETCS MAKCUMYM
BBIDAYKEHUST

g(x) —c(r,x).
Takum 06pazom, 3anuch (KoTopas OyJer HaAMU B JIAJbHEIIIeM HCIOIb30BATHCS )

max(6(z) — e(r,z))

KOPPEKTHA (MUHUMYM JOCTHTAETCS).

BasKHBIM /1151 HAC CBOWCTBOM SIBJISIETCS TO, 9TO B Pe3yJbTaTe MPUMEHEHUsT Olepa-
topa ®(-) momyuaercss QyHKIH CTUMYJIUPOBAHUS, [IPH KOTOPOH (DYHKIUS JefiCTBHSI
He m3MeHsieTcs, T.e. 1 yuknun (x) = $(o)(r) BEIMOTHIETCS

f(r) e Armger?(ax(&(x) —c(r, z)),

T.e f(r) saBasercs TakKe pelleHHeM 3aJadd aKTUBHOrO 3sjiemeHTa (2.2) ¢ dyHKmei
CTUMYTUPOBaHUS & ().
HeiicTBuTeIBHO, TTOCKONIBKY &(x) > 0(x), TO

(2.5) rgleag?((&(x) —c(r,z)) > glgz_((a(a:) —c(r,x)).

Jlokazkem obpaTHOe HepaBeHCTBO. /leficTBUTEIbHO, TaK Kak

o(x) = nf(o(f(r)) = c(r, f(r)) + c(r, ),
o(x) <a(f(r)) —clr, f(r)) + c(r, ©);
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o(x) = c(r,x) < a(f(r)) —clr, f(r)) = max(o(z) — c(r, v));

zeX

(2.6) max(o(x) - ¢(r,2)) < max(o(x) - c(r, 2))

st moboro r. Cremosarensbro, u3 (2.5) u (2.6) moaywaem, uto,
max(o(x) — ¢(r,2)) = max(o(x) — c(r, v)).
Termepb, HOCKOJIBKY nggc(&(x) —c(r,x)) u ma}gc(a(x) —¢(r,x)) copnagatwr, u 7(x) >
Te €
o(x), T0o BepHa NEmoYKa

f(r) e Ar:]cger)%ax(a(x) —c(r,x)) C Arir?(ax(ﬁ(x) —c(r,z)),

4TO U JOKA3BIBACT YTBEPZKICHHE.

ITockoNbKy (DYHKIMA JefCTBEA NpH U3MeHeHHHM (DYHKIHMH CTUMYJIUPOBAHUA HA
®(0)(x) He M3MEHsIeTCsI, TO COXPAHSIOTCS BCe CBOWCTBA (DYHKIMH CTHUMYTHDOBAHMUSI,
M CBOMCTBO MaKCHMAJBHOTO BBIMTDHIINA 1IPU BbIOOpe meiicrBus f(r), T.e. s Jo0bIx

r € Qux € X BBINOJHIETCS

o(f(r)) —clr, f(r)) =2 o(x) — c(r, ).

Bce Boiie ykasanubie csoiicrsa oneparopa $(o) Mbl MOxKeM 0ObEUMHATL B CJELY-
IOITYIO JIEMMY:

JIlemma 2.2.3. Ilycrs dyukIum cruMyupoBanus o(x) COOTBETCTBYET (DYHKIIHS
neiicrust f(r). Torma cymecTByer Takas (hyHKIUSA CTUMYIApoBaHus 0(x), QyHKIHA
JefcTBIsT KOTOPOii coBmagaer ¢ dyHKImeil geficTBus GyHKIuN o(x), 1 3HAYCHUST KOTO-
poit B J11000i1 TOYKe He MeHbIe 3HAYEeHU 000 DYHKIUN CTUMYIUPOBAHUA C (DYHK-
nueii neficreust f(r). Boaee Toro, mias s060ro bUKCHPOBAHHOrO 3Ha4YeHHs THA AD
pasMep BO3HATDAKIEHUs IPU WCIOIb30BaHUN 0(x) U G (x) COBIAIAET.

OIHUM W3 OCHOBHBIX pe3YJbTaTOB JAHHOTO pasfiesa sBJIAeTCs YCTAHOBJIEHUE pa-
BEHCTBA (PYHKIUN AefICTBUA MOYTH BCIOMLY, 38 UCKIIOUEHWEM CUYETHOTO YHCJIa TOYEK.

Jlemma 2.2.4. Eciin 119 HEKOTOPOil (PYHKIIMU CTUMYJIUPOBAHUS OIIPEIeCHbI J[Be
pazinvHble QYHKIUE JICHCTBHASA, TO OHU OTJIUYAIOTCH TOJHKO B CBOUX TOYKAX Pa3pbiBa
(koropsie 1o Jlemme 2.2.1 sBASIFOTCS TOYKAMU Pa3pbiBa IEPBOIO POJIA).

[Tpu HenpepbiBHON DYHKIUU JeilcTBUs (KOTOPasi, HAIOMHUM, SIBJISIETCS HeyObIBa-
[01Ieil) MOYKHO BBIHCATH TuddepeHuaibable ypaBHeHus Ha (DYHKIMIO CTHMYIHPOBa-
Hud. B caydae Hanm4usg pa3pbiBoB B (hyHKIUU JeficTBUA DYHKIIWMIO CTUMYJIHPOBAHUS
MOYKHO BOCCTAHOBUTH Ha MHOYKECTBE pa3phbiBa.

Vreepxkaenune 2.2.5. [lycrs dbyukuus f(r) numeer paspblB B HEKOTOPOH TOUYKe
T Tlir? f(r) = f(r—=) # f(r+) = Tli)rgrf(r) Torna dbyukuus crumyaupoBanus o(x)

v

nenpepoisaa Ha [f(7—), f(7+)] u 6omnee Toro,

() = c(P, x) + o (f(7)) — (7, f(7))
npn x € [f(r=), f(7+)].
Omnepartop ®(-) obasaer TeM CBOHCTBOM, YTO ONpe/IeIseMas ¢ ero MOMOIIbI0 QyHK-
[Usi CTUMY/TUPOBAHUS SIBJISIETCS ' MAKCHMAJIBHOM", a8 MMEHHO,
VrBepxkaenune 2.2.6. [lycrs f(r) — dyunus geficrBust st QyHKINA CTHMY-
supoBatust o(x) u o(x), upuuem o(f(r)) = o(f(r)) misa awdoro r. Torpa &(x) =
U(o)(x) > o(x), T.e. byuknuio 6(xr) HEAB3sT YBEJIUIUTH HA B OJHOW TOUYKE, ITOOBI
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OHa ocTanach (GYHKIUHA CTUMYIHpOBAHUS st (DYHKIWMA jJeiicTBus f(r) ¢ TAKUME Ke
BBIILJIATAMHA.

Bamernm, uro onpejenenue dbyukiuonana O (-) gepes murumym (a He MHGUHYM)
KOPPEKTHO, O 9eM TOBOPUT CJIeLYIOMIAs JeMMA.

Jlemma 2.2.7. Ilycrs o(z) menpepsisua u 6(z) = ®(o)(z). Toraa ana moboro
x € X cymecrByer ¥, Ha koropoMm nubuHYM B (2.4) mocruraercs, T.e.

)
o(x) = o(f(r7)) —c(r™, f(r")) + c(r", 2).

Takum ob6paszom, mo gokazanHoii Jlemme onpenenenne dbyskimun P(o) Mbl MoKeM
3anncaTh CJAEYIONUIM 00pa30M:

®(0)(z) = min(o(f(r)) — c(r, f(r)) + c(r,2)).

Kak yxe 6bu10 ckazano npu onpeneaenun $(o)(x), pesyabrar, BoobIme roBops,
MOXKET 3aBHUCETb OT TOI'0, KaKylo U3 BO3MO2KHbIX beHK]_[I/IIU/I ,ZLGIU/ICTBI/IH HNCIIOJIb30BATD.
O6 nHBapHAHTHOCTH pe3yIbTaTa OT HCIOAb3YeMoil byHKINN CTUMYIHPOBAHUS FOBOPUT
caIeyromee

Vreepxkaenue 2.2.8. Oyukiys P(0)(-) He 3aBUCAT OT TOTO, KAKYIO U3 DyHKIHI

f(r) e ArTgergaX(a(x) —c(r,x))

HCIOJIBL30BATE B onpeaestennn (2.4).

B caenytomeit siemMe 060011aeTcst CBOMCTBO MOHOTOHHON 3aBUCHMOCTH PeaJin3ye-
MOT'0 JIeHCTBUAS OT TUIA AKTUBHOIO JIEMEHTA.

Jlemma 2.2.9. IlycTb 1, 79 — THIIBI AKTHBHBIX 3JIEMEHTOB, IIPH KOTOPBIX PeaIn3y-
eTcs MUHUMYM 1pu onpejenenun dyukiuu 7(x) = ®(o)(x) ay1st 1 1 9 COOTBETCTBEH-

HO:

(2.7) (i) — c(ri, ;) = o(f(ri)) — c(ri, f(r4)),

u ry < Ty. Torma TUIB aKTUBHBIX 3JIEMEHTOB YVIOPSIO0YEHBl COOTBETCTBYIOIINM 0Opa-
30M, T.e. 71 < T

B namnom paszjese Mbl pACCMOTPESN CBA3b (DYHKIMSA CTUMYIUPOBaHUA U (DYHKIUIT
neiicrBusg. [lokazano, 9To nNpu pacCMOTPEHUN 3334 CUHTE3a ONTUMAJIbHBIX (PYHKITHT
CTUMYJUPOBAHUA MO2KHO OI'DaHUYIUTBLCA a6COJHOTHO HElIpEepbIBHBIMY BO3pPaCTalOIUMU
GYHKIUAMEA CTUMYJIHPOBaHus. JloKa3aHo, YTO HelpepbiBHbIE (DYHKIIMH CTUMYIAPOBa-
HUH, /I KOTOPBIX (DYHKIMH JIeHCTBHUS OJMHAKOBBI, OTJIHYAIOTCS Ha KoHcTaHTy. [Ipen-
JIO?)KEH MEXaHU3M, ¢ IIOMOIIHIO KOTOPOI'O MOYKHO U3MEHHUTH (DYHKITUIO CTUMYIUPOBAHUS
Ha, aDCOJIOTHO HEIPEPHIBHYIO, HE U3MeHSsT (DYHKINIO JIefICTBIS U BBHITLIATH aKTHBHBIM
sjeMenTaM. B 0b1ieM cirydae noKa3aHo, YTo JIyUInil aKTHBHBIH 3JIeMeHT Oy/1eT BbITIOJI-
HATb O6JIbIIee JeficTBue, a 1eseBas PyHKIMS JIyYlIero ak THBHOT'O 3JIEMEHTa [PUHUMa-
€T CTPOro OOJIbIINE 3HAYECHHS, YeM IejieBad (PYHKIUS XYyAMero akTUBHOTO JJ1eMeHTa
(maxke TpU HEONTHUMATBHBIX (DYHKIMSIX CTUMYTUpOBaHus). Jl0Ka3aHo, 4To (DYHKIUN
JIeiCcTBHS JIJId OJIHON M TOM Ke (DYHKIUH CTUMY/JIUPOBAHUA OTJIUYAIOTCS TOJIHKO B CBO-
UX TOYKaX Pa3pbiBa (a, YUIUTBHIBaS HeyObIBaHNe (DYHKIUI AefICTBUS, MHOYKECTBO TOYEK
pa3puiBa quTHo). B 3aBucumocTu oT nosejienns (PyHKIUKA JIEHCTBHS B TOYKE (Henpe—
PBIBHOCTB, Pa3PbIBHOCTD, y6bIBaHI/Ie/BO3paCTaHI/Ie) OIMCAHO 1oBejleHne (DYHKIUU CTH-
MYJINPOBAHUSI.
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2.3. YuudunupoBaHHbie CHCTEMbI CTUMYJIMPOBAHUS B aKTUBHBIX CHCTEMAX
C KOHEYHBIM YNCJIO0M AKTUBHBIX JIEMEHTOB

B nmannom paszjesie pemaercsd 3ajada CHHTE3a ONTHMAILHOW (DYHKIHH CTHMYJIH-
poanust ayist AC ¢ KOHEYHBIM YUCJIOM 3JIeMEHTORB. [[PUBOINTCS aarOpUTM HAXOZKIe-
HUs ONTUMATLHON (DYHKIMU cTuMyaupoBaHus. Vccmeayores CBOWCTBA pPeaTn3yeMbIxX
PA3/IMYHBIMEA AKTUBHBIMU d/IeMEHTaMu JeficTBuii. Pe3ybrarsl JaHHOTO passesia OyayT
UCTIOTb30BAHBI B JIATbHEHIIIEM TP PEITIeHUH 3a/1a40 YIIPABICHUSI UCTOTHUTETHHBIM CO-
craBom AC.

B nmannom paziesie Mbl OyaeM HCCIEI0BATH JIUCKPETHBIN caydail ¢ HenHdOOpMUpO-
BaHHOCTHIO [leHTpa 0 THmax, T.e. MHOYKECTBO BCEX THUIIOB aKTHBHBIX 9JIEMEHTOB U3BECT-
HO TIEHTPY, HO OH HE 3HAET, KAKOW THUIl COOTBETCTBYET KAKOMY AKTHBHOMY 3JIEMEHTY.
Cucrema CTUMYJIMPOBAHUS MIPEIIOIATACTCA yHU(DUIUPOBAHHON, T.€. TIEHTP 331aeT O/
HY QYHKIUIO CTUMYIAPOBAHUS 175 BeeX uMeromuxcst B AC aKTUBHBIX 3JIEMEHTOB.

Byner naiineno muddepennuaabaoe COOTHOIIEHUE, CBA3BIBAIOIIECE TeHCTBUS pas-
JUYIHBIX AD OpH ONTUMAJIHHON CUCTEMe CTUMYIMPOBAHUS U HPUBEJCH AJITOPHTM HAXO-
JKJIEHUsT ONTUMAJIBHONW (DYHKIMEU CTUMYInpoBanus. JIs caydass onTuMaabHON ByHK-
[UU CTUMYJTHPOBAaHUs Oy1eT o ApOOHO W3yYeH BOIPOC O TOM, B KAKHUX CJIyJasiX Pa3HbIe
AD OyayT BeIOUpaTH pasnbie geiicTBus. B ¢Bow odepenb, OyieT NOKA3aHO, 9TO [IPU pPe-
AJTN3AIAN PA3HBIME AD PA3HBIX JEHCTBUI MOXKHO TOBOPUTH O BHITTYKJIOCTH CyMMAapHOi
dbyHKIME 3aTpaT, WK, YTO TO ¥Ke caMoe, O HeBBITOJHOCTH JIJIsl TIEHTPA UCIOJIH30BaTh
CMEIAHHbIe CTPATETUN.

Taxum obpazoM, MBI peraeM 3a1a49y

(2.8) Za(xi)e min ;

0‘7{1‘1'}?:1

IIPpX BBIIIOJIHEHN N YCIIOBI/Iﬁ

i=1

(2.10) x; € Arxger?(ax(o(x) —¢i(x));
(2.11) X =1[0,+00] Vi=1...n.

O6o3naunM 3HaUeHne MakcuMyMa Bbipazkenus (2.8) 3a S(7).
Juist ciiydass BEpOATHOCTHON HEONPEJIEJEHHOCTH ¢ KOHEYHBIM MHOYXKECTBOM THIIOB
HEOOXOIMMO BMECTO YpaBHEHUs 2.8 MUHUMHU3UPOBATH

n
(2.12) g pio(z;) — min
i=1 o{ziting
PesybraThl IpU 9TOM M3MEHSTCsI HE3HAYMTEIBHO (C ITONPABKON Ha HAJUYUE COOT-
BETCTBYIOLIUX MHOXKHUTE/IEHl BO BCEX yDABHEHUSIX).

1t TPOCTOTH W3JIOYKEHUS TMOJIOXKAM Jajee x, = 0.
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Boabimas 9acTh pe3yabTaTOB 9TOH YaCTH OCHOBBIBACTCS Ha (OPMYJIE, OIMUCHIBAIO-
el ONTUMATBHY0 YHUGDUIUPOBAHHYIO CHCTEMY CTUMYJIMPOBAHUS, TIPUBEIEHHYTO B [5]:
g(x;) = o(wim1) + ci(x;) — ci(wimg) =

(2.13)

I
Ms

(cx(zr) — cr(r-1))

e
Il

1

(momaraem o(0) = 0, o(z) = 0 upu = # x;). B dopmyre 2.13 npeamonaraercs, 41o &(+)
€CTb ONTUMAJIbHAS CUCTEMA CTUMYJIUPOBAHUs, T; — JAeiicTBue, BoiOupaemoe i-M AD.

Ykazannasi GopmyJia BEpHA HE TOJIbKO JIJIs OIITUMAJIbHBIX CUCTEM CTUMYJIUPOBAHUS
(MEHEMH3UPYIOMIX 3aTPAThl TP (DUKCHPOBAHHOM CPETHEM WM CYMMADPHOM JIefiCTBH-
AX), HO M JIJIsl CHCTEM CTHMYJUPOBAHUS, B KOTOPBIX MHHUMH3UPOBAHBI 3aTPATHI IPH
dbukcupopagHoM Habope geiicTBuil 1 < Ty ... < Xy,

[Ipexke Bcero HaiijieM HEOOXOAMMOE YCJOBHUE JIjIs ONTHUMAJILHON (DYHKIIUN CTHMY-
JIMPOBAHUS.

B cuity panuonanbHoro Boi6opa ak tuBHOIO 3j1emMenta (2.10) 10/12KHO BbIIOJIHATHCS
o(x;) — ci(x;) > o(xim1) — ¢i(zi-1),
CJ1eJI0BATE/IbHO
(2.14) o(x;) > o(xi—1) + ci(z;) — ci(ximq) Vi=1...n.

[Tokazkem, 9TO B CJIy4ae CHCTEMbBI CTUMYJIHPOBAHUS 0 (), sl KOTOPOii BBITIOJTHSI-
eTcsl B Ka4eCTBe paBeHCTBa yeaosue (2.14), ak THBHBII 97IEMEHT ¢ HOMEPOM i Peajn3yer
JOefcTBUE T;.

[Tokaxkem o WHAYKIMH, YTO AKTUBHBINA JIEMEHT ¢ HOMEPOM % He Oy/IeT peasn30-
BBIBATH JielicTBHE ¢ HOMepOoM k < i. eficTBUTETbHO, MTOCKOTBKY

(2.15) o(x1) = ci(z1),

TO TIEPBOMY 3JIEMEHTY HEBBITOJHO OTKJIOHATHCS ¢ JedcTBUS 11 Ha xg = 0.
[IycTh yTBepkKIeHNe TOKA3aHO I dJeMeHTa ¢ HoMepoM ¢ — 1. Torma i1 smemeHTa
C HOMEPOM 1%

o(x;) —ci(x;) = o(ximy) + ci(z;) — ci(wim) — ci(xy)
0(%‘—1) - Ci(l’z‘—l),
T.€. AKTUBHOMY 3/IEMEHTY C HOMEPOM 7 0e3pas3/imdHO, KaKoe JIefACTBUe Pean30BblBaTh

— x; WM x;_1. Ho MOCKOMBKY O TPeIToOKEeHNT0 WHAYKITUN JIEMEHTY ¢ HOMEPOM ¢ — 1
HeT BBHITOABI PeaJIn30BBIBATHL IeficTBHA MeHBIIle, YeM I;_1, TO

o(zic1) —ci(wrim) = o(wig) —cioa(ziog) +
i1 (zio1) — ci(zio1)
> o(xik) — cia(wiog) +
+cioi(Tiok) — ci(Tiy)
= 0<$i7k) - Ci(xzek)

1 aKTUBHOMY 3JIECMEHTY C HOMEPOM 1 HET BbII'OJAbl P€aJIN30BblBATb ,ZLefICTBI/IH MeHblIe,

qeM T;_1, U, CJIeT0BATENbHO, MEHBIE YeM T;.
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[Tokaxkem Temepb MO MHAYKIUU, UYTO AKTUBHBIA JEMEHT C HOMEPOM i He OyIeT
DPeaIM30BBIBATD JIeHiCTBIE ¢ HOMEPOM k > i. DJIeMEeHTY ¢ HOMEPOM 1 HeT BBITOJIBI Pea-
JIN30BBIBATH JeficTBHE, OOBINE YeM X,.

[IycTh yTBEpXKIeHWE T0KA3aHO JJIS 3jeMeHTa ¢ HomMepoM i+ 1. Torma Ja7s s1emenTa
C HOMEPOM 1

(2.16) o(xi) = ¢i(2i) = 0(i1) — Cipr(@iv1) +
+civ1(x;) — cix;) =
= 0(vi1) — ci(Tir1) + ci(Tig1) —
—Cip1(Tip1) + cipa () — ci(z;) =
Ti+1 Tit1
=o(xip1) — ci(wip1) + Cra(Ty ) dx dr >
T g
> 0(zit1) — ci(Tigr),
T.€e. aKTI/IBHOMy SJIeMeHTy C HOMEpOM ’l HET BBLIT'OJbI peaJIu30BbIBaThb ,D;eIL/'ICTBI/Ie Tit+1
BMeCTO x;. HO MOCKOJIBKY 10 MPEANOJIOKEHUI0 HHYKIUKA 3JEMEHTY ¢ HOMepoM i + 1

HET BBLITOJbI PEAIM30BBIBATD JICHCTBUA 0OJIBIIE, YeM T;y1, TO TOCKOJIbKY
0(zit1) — ci(Tiy1) 2 o(Tipk) — cipa(Tivr) +
+Civ1(Tir1) — ci(Tiy1)
> 0(@igk) — Cip1(Tivr) +
+Cip1(Tigr) — ci(Tigr)
= o(Tiyk) — ci(Tirr),
AKTUBHOMY 3JIEMEHTY C HOMEPOM ¢ HET BBITO/IBl PEAJTN30BBIBATH JeiicTBIe OOJIBIIIe, TeM
Z;.
Taxum 06pa3oM MbI TTOKa3a/Ii, YTO MPU ONpeeTeHHON ypaBHeHueM (2.13) cucreme
CTUMYJ/IUPOBaHUs ¢-fi aKTUBHBIN 3j1eMeHT peasusyer Jjeiicrsue x;. llokaxkem renepb,
YTO JIAaHHA CACTEeMa CTUMYJIUPOBAHUSA ONTHMAJIbHA.

I[Tycthb 9T0 He Tak, Torga mo dopmyJe (2.14) cylecTByOT Takine KOHCTAHTHI oy > 0,

(2.17) o(x;) = o(xi—1) + ci(2i) — ci(zim1) + oy Vi=1...n.
Ho Torna
(2.18) ZU(%) = Z Z(Ck(xk) —cp(Tp1) + ) =
=1 i=1 k=1
— Z Z(ck(xk) —cp(rp_1)) + Z Z@k =
= Z > (enlar) = crlze)) + Z(n — i+ 1)a; >

= Z Z(Ck(xk) - Ck(xk—l)) = Z 5(%‘)7

i=1 k=1 i=1
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IpHYeM PaBEHCTBO BO3MOMKHO TOJIBKO ecau Bee ; = 0. Ho mocnennee BuIpaskeHue ecTh
3arparhl [[eHTpa Ha CTUMYJIUPOBAHWUE IPU CHCTEMEe CTUMYJIUPOBAHUS 0 (+), YIOBIETBO-
pstromeit (2.13), T.e. 9Ta cECTEMA ONTUMAJIBHA.

Kaxk MOKHO JIerKO NOHSATh, HenmpepbIBHBI anagor dyrkimn 7 () u3 dopmyss (2.13)
BBILVISIIAT CJIEAYIONMMM 06pasoM (T € [z;_1, x;]):

i—1

(2.19) o(x) = ci(w) = ci(wia) + Y (erle) — eulwn1)) =
k=1
i—1
ci(@) + > (er(wn) = crpa(an) |
k=1
Ucnosnb3ys npeicrasiaenue (2.13) mist GyHKIUA CTUMYJIHPOBAHUS, MOKHO HAWTH
nucpdepennuaabHoe ypaBHEeHUEe, CBA3LIBAIONIEE JEHCTBUSA Ty U Tjy TPUA ONTHMAJTb-
HO¥i (DYHKIMU CTUMYJUPOBAHUSA (€CaN Tj_1 < Tf < Tpr1 < Tgiz2), O 9EM H TOBOPUT
CJIeJIyIo1Iee
YrBepxkaernue 2.3.1. [Iycts npu HeKOTOPO# ONTUMAIBHON (DYHKIINKE CTUMYIAPO-
Banus k-t AD peanusyer jelicTBHE Ty, U JJId BeeX ¢ = 1, n — 1 BBITOJHACTCS T; < Tjiq-
Tora Bepro cienymotiee quddepeHInajIbHoe ypaBHeHHE:

(2.20) (n —i = 1)(cipa(®ir1) = iy (Tig1)) — iy (Tig1) =

(n —d)(ci1 () — (i) — ci(@),

rae ¢;(x;) ecth QyHKIHA 3aTpaT B TOUKe T; AD THIA T;.

JlanHoe yTBepK/IeHHE JaeT BO3MOYKHOCTH JIJISI UTEPATUBHOTO OIPE/IeJICHUs] OITH-
MaJbHO PeaJM3yeMbIX JeHCTBHIl IpKU ONTUMAIbHON (DYHKIUU CTUMYJIHUPOBAHUS: 3HAS
OJTHO W3 HUX, MOYKHO HAWTH MeHCTBUS COCEITHUX aKTHUBHBIX 9JIeMEeHTOB U T.71. B gacTHO-
CTH, 3Had JICHCTBHE, peaJu3yeMoe N-M aKTUBHBIM JIEMEHTOM IIPU ONTUMAIbHON (DYHK-
W CTUMYJINPOBAHUSI, MOYKHO ONPEIEINTh JIeficTBre, peaan3yemMoe 1 — 1-M 3J1eMeHTOM,
Jajmee — n — 2-M 3JeMEHTOM, U TaK Jajblle 10 HePBOr0 aKTHBHOTO 3jgeMmeHTa. OIHAKO
XOT€eJIOCH Obl 30aBUTHCsI OT UTEPATUBHOIO MEXaHU3Ma, U TAKYI0 BO3MOXKHOCTH IIPE/10-
CTaBJISET CJIeAyIONee YTBepXKIeHUE.

YrBepxkaenue 2.3.2. [Iyctb npu HEKOTOPOU ONTUMAIBHON (DYHKIIUHE CTUMYJIAPO-
BaHus k-it AD peanusyer jeiicTBue Ty, U 1 BceX ¢ = 1,n — 1 BBIIOJHIETCS T; < Tjy1.
Torma mist a100bIX k 1 ¢ BepHO caeayioiee guddepeHiinaibHOe YypaBHEHHE:

(2.21) (n = i)(ciy () — ci(wi)) = i) =
(n = k) (chyr (r) = i) — A (x) = =y (an).

YcjioBre B HPEbILYIIEM YTBEPAKJICHUN SBJISETCH CYIIECTBEHHBIM JIj1sl HAXOZKICHU S
pellleHus1, TTOCKOIBKY perierust (2.21) He 06g3aTeIbHO MOHOTOHHO YIIOPSAI0IEHHO BO3-
pacraloT npu yaydireHud tana AD (4ro siBisieTcst HeOOXOMUMBIM JIJTsl DellleHwus ),
AMEHHO II03TOMY BO3MOKHA peasu3alud pa3InYHbIMA aKTUBHBIMHU 3JIEMEHTAaMU OJIH-
HAKOBBIX JICHCTBUHI, O 4YeM CBUJETEJAbCTBYET CJCAYVIONUN IIpUMep.

IIpumep 4. Paccmorpum xBagpatuunbe dyHKIuE 3atpar c(ry,z) = ry

2
AKTUBHbIX 3JleMeHTa ¢ Tuinamu 7 = 1, ro = 8/7 u r3 = 2. [lockosibky 11 < 19 <

U Tpu

r3, TO (DYHKIUN 3aTPAT y2Ke YIOPSAOUeHbl HYKHBIM oOpa3oM. Haiimem onTuMa bHyIo
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dbyHRIIIO CTUMYTHPOBAHUS IS pealu3aludl cyMMapHOTo fefictBua z. llycts zf —
JeicTBrEe, KOTOPOE TIPU 3TOM peasin3yeT i-ii aKTUBHBIN 3JIeMeHT.
Takum 06pa3oM, HEOOXOUMO PEIIUTDb 33124y :
3
(2.22) > o(z;) - min
i—1 x1,T2,T3

IIpU BBITOJIHEHUH YCJIOBI/II;'II

(2.23) 1 < 23 < 3
(2.24) Zx, = 7;

(2.25) o(z;) = (cr(zy) — cp(xp_1)) .
k=1

[peamonaras, 910 orpanuderust (2.23) SBISIIOTCS CTPOTUMHE, T.e. €CIU X1, Ty U T3
SIBJIAIOTCS PENIeHueM, TO T1 < Tg < X3, U3 (2.22)-(2.25) momyuaem:

ZU(%‘) = 3c1(z1) + 2(c2(22) — c2(21)) + (e3(x3) — c3(2))

i=1

3 7 71\ 22
o2 (3T (T o s
- x1(2 8)+x2(8 4)+4

= 2
D55 5, (T—m —1) :
8 8 4 1,72
Haxogum ycjioBug 1mepBoro nopsijika:
o rp : le—f—i-xg—kxl =0;
) _
10 T9 ZI2—$+$1+Z’2:0.
Buipaxkasg 3 3TUX PaBEHCTB X1 U To, MOJIYIaEM:
4
1 = Ty = —T;
1377
_ 5 _
T3 =T — X1 — Ty = <.
13

Taxum oOpa3zoM, Mbl HOJIYYUIU, YTO TEPBBIH U BTOPOH AKTUBHBIE 3JIEMEHTHI DU
JII00O0#T ONTUMAJILHO cHCTEeMe CTUMYJIHPOBAHUS U JIIOOOM CYyMMapHOM JICHCTBUU pea-
JAU3YIOT OJIHO M TO 2Ke JIecTBHE.

3aMeTnM, 9TO TPHU JPYTUX TUMAX AKTHBHBIX JIEMEHTOB B KAUeCTBe PelleHrs] ONTH-
MU3AIMMOHHON 33/Ta9H MOYKHO OBLJIO OBl IOy YU Th, YTO NEPBBIt AKTUBHBIN J1eMeHT J0JI-
JKeH Peam30BbIBaTh OOJIbIIee JeiicTBre, YeM BTOPOIi, 4ero He MOYKeT ObITh B CILITY JIeM-
Mbl 2.2.1, u, TakuM 00pa30M, MPU PEIIEHUH TMOA00HBIX 3a/a4 HEOOXOJMMO YUIUTHIBATD
orpanudenus (2.23).e

O HaKo, HECMOTPSI HA TO, YTO PA3JIUUHbIC AKTUBHBIE JIEMEHTHI MOI'YT PEaIU30BbI-

BaTh OJIMHAKOBBIE JIeHCTBUS, BEPHBI JiBe CJEIVIONINAE JeMMBI, TOBOPIIIHE O TOM, YTO
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JeiicTBHE CAMOTO JIYUIIEero M3 aKTUBHBIX 3/JeMEHTOB OTJINYHO OT APYTUX U AeiicTBue
€aMOT'0 XVJIIIEro U3 aKTHBHBIX 9JEMEHTOB CTPOTO IOJIOXKHUTENIBHO:

YrBepxkaenne 2.3.3. B mo6oit AC ontumasbHoe geiicrBue Jjydinero AD Oymer
OTIMIATRCS OT JIeHCTBUI Beex Apyrux AD.

Takum ke crmocoboM, KaKUM JIOKA3bIBACTCH OTJIUYNE JEHCTBUA, PEAJTU3YEMOTO MPH
ONTHMAJIHbHON CHCTEMBI CTUMYIHPOBAHUS JIYUIINM aKTHBHBIM JIEMEHTOM, OT JeHCTBHIA
JPYTUX 3JIEMEHTOB ([IPEIBIAYIINEe YTBEPKIEHNE) JOKA3BIBACTCA TOT (DAKT, YTO HAUXY/I-
IIMI AKTUBHBIA 3J€MEHT peaJiu3yeT HeHyJIeBoe JeiiCcTBHhe.

YrBepxkaenne 2.3.4. Xyamuit AD npu onTHMaIbHON cHCTeMe CTHMY/INPOBAHUS
OyaeT BHIOMpPATH HEHYJIEBOE JieficTBIeE.

NuTepuperaiinsg JaHHLIX YTBEPXKICHUNH CACYIONA: IPU HAJTUIUH JI0O0T0 HAbOpa
AKTHUBHBIX 3JIEMEHTOB IPH ONTHUMAJIbHON (DYHKIUN CTUMYIAPOBAHUS BCE U3 HUX OYIyT
peaIn30BLIBATH HEKOTOPHBIE JeHCTBHS, TO €CTh HI OJWH HUX TIPU PAIHOHAJILHOM ITEHTPE
He JIOJIZKeH OBITh MCKJII0YeH U3 cucTeMbl. [Ij1s Toro, 9Tobbl MOJTHOCTHIO HUCIOJIH30BATD
BO3MOKHOCTH HAMJIYUIIEr0 aKTUBHOTO JIEMEHTa, HeOOXOIUMO CIeJIaTh TaK, YTOOBI €ro
JIefiCTBHE OTJINYAJIOCHh OT JIEHCTBUIl JIPYTHX aKTUBHBIX JIEMEHTOB.

YuaunrwiBast yreepxkaenue Jlemmbr 2.2.1 u dopmyay 2.13, B obiem ciaydae 3aja4a
MOUCKA ONTUMAJIbHON CUCTEMbI CTUMYJIMPOBAHUA JI/Id JIMCKPETHOTO CJIy4das BbIITUCHIBa-

eTcsl CAeAYIONUM 00pa30M:

2.26 o(r;) — max ;
(2.26) > ofei) = max

%

(2.27) o(x;) = Z(ck(xk) — (1) Vi=1...m;

k=1

(2.28) T >w Yi=1...n—2;

(2.29) i v = 7.
=1

HepeHI/ICBIBaH 3aJJa9y MaKCUMHU3allu U UCHOJIb3yA BbIpazKeHue AJid beHKI_[I/II/I CTH-

MYJANPOBAHUS, MOJJLYdaeM

n

Za(x,-) = ZZ((Ck(xk)—Ck(ﬂfk—l))

- Z(n — i+ 1)((ci(xi) — ci(xi-1)) — max .

i—1 {ziti,
Jlarpankuan
L=>(n—i+1)(c(x;)—cl(xi1))+
i=1
n n—2
A (I — Z IZ) + Z [LACL’Z - xi—i—l)-
i=1

i=1
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HeobGxoaumbIM ycIoBHEM it TOTO, ITOOBI MHOXKECTBO MecTBHI {z; } | ObLIO pe-
menneM 3a7a4du (2.26)-(2.29), sBisieTcs CYNIECTBOBAHHE TAKUX KOHCTAHT A > 0 u

2% 2 07 qTo
oL
(9:1:1-

=0 Vi=1...n,

n
npuaeM » | x; =T, Tiyq > x; Vi=1...n—2 a pu; > 0 ToIbKO TOrJA, KOTJA Ti11 = T;.
i=1
Mcxons U3 9TUX YCJIOBHI, JOIZKHO BBIIOJIHATLCA

oL

_ oy —p
(2.30) 9z, a (xn) — A= 0;
oL ,
(231) axnfl - 2071—1(-%'7171) — Cn($n—1) — fp_g — )\ = 0’
oL , )
(2.32) Fra ncy(z1) — (n —1)cy(x1) — A+ 1 = 0;
I
(2.33) g = (=i 1)d(@) — (n = i)y (a)-

—A+ i — pi1 =0

npui=2...n—2.
Taxum oOpa3oM, ecJii T; TAKOBO, 9TO X;_1 < X; < Tjr1, TO MHOXKHTeIN Jlarpamka

pic1=p; =0mn

(2.34) (n—i+1)c(x;) — (n— i) 4 (z;) =, (zy).
Ecmm ke xp 1 < 2p = 231 = ... =1 < 2141, 1 <k <l <n—1, To KOHCTAHTHI
fr—1 = py = 0 u, Kak Bujano u3 (2.33) (obo3Havas r* =z, = ... = 1), UMeeM:

(2.35) :53

= 3 (= 4 ) — (= i)y () -
— A+ — phio1) =

((n =i+ Dei(a?) = (n—i)cip (27) = A) =

@MN

=(n k+Deg(z®) = (n = e (27) +

—g}j«n—¢+m_4n—@—¢»¢@ﬂ—

(I~ k+1)A=
= (n—k+1)c(z7) = (n = 1)y, (z7) —
~(—k+1A=
= (n—k+1c(z7) = (n = 1)y, (z7) =

—(l =k + 1)y (z7,),
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cJae10BaTeJIbHO

(2.36) (n—k+1)c,(z") — (n = e (2%) = (1 = k+ 1)c, (z},).

n

Kpome Toro, HeoOXomuMo, 9TOOB BBINOTHAIOCL [, > 0 mpu p = k...l — 1, nim,
BBIDAKasl (i, (AHAJOTHIHO TOMY, KaK 9TO ¢IeraHo B (2.35)),

tp = (n—k+1)c(z%)—
(2.37) —(n = p)c,(x*) = (p— k4 1)c,(x;,) <
< 0,

unn, 3amensis ¢, (zk) mo dbopmye (2.36),

(2.38) (n—k+1)c,(z*) — (n— p)c;H(x*) <
m((” —k+1)c(z7) = (n = ) (27)).
Takum obpazom, joka3aHa
Teopema 2.3.5. Ilycrs npu ontumaabHOl dyHKINKM cruMmyanpoBanns B AC u3 n
AD i-it AD peamusyer neiictsue xj. llpu xj_; < xj < xj,; BBIIOIHACTCA CJIeIyIOIIee

PaBEHCTBO:

(2.39) (n—i+1)c(x;) — (n— i) 4 (z;) = &, (zn).

[lppzp <ax* =z =x41=... =21 < 2111, 1 <k <l <n—1 BeoyHACTCS
(2.40) (n—k+1)ci(z") — (n = Dy (27) = (1= k + D)ey (a7,);

(2.41) (n—k+1)ci(z") — (n = p)cyq(z7) <

aast Beex p=k, ..., [ — 1.
Ha OCHOBaHUUA ,ZLaHHOIL/'I TeOpEMbI MOXKHO IIOCTPOUTDH aJJITOPUTM HaXOXKIEHNA OIITH-
MaJIbHOU (DYHKIIUU CTUMY/JIAPOBAHUS:

(1) Haxomum 3aBucumocTu AeiictBuii Bcex AD ot feiicTBust Hamaydero AD.

(2) HaxoauMm 3aBHCHMOCTH 3aTPAT HA CTHMYJIHPOBAHUE OT CyMMAPHOTO DeaTn3ye-
MOI'O AeHCTBU.

(3) Pemas muddepennuanbuyo 3aga4y (IpoU3BOIHASI OT PAZHOCTH JOXOJA OT ar-
PErupoOBAHHOIO JEHCTBUS W 3aTPAT HA €ro Pean3alliio), HAXOAUM ONTHMAIb-
HOe JeficTBre HAWIydero A u ONTUMAIbHYIO CHCTEMY CTHMY/JIAPOBAHHUS.

ITpumep 5. Paccmorpum KBagpaTudHble U3AEPKKA (1, T;) = n=3,r =1,

i
2r;?
ro M T3 HPOU3BOJIbHBL, 71 < T9 < r3. OIpenesnM, B KAaKUX CAy9asagX MOKET ObITb T =
To < 3 (IPYTUM BO3MOXKHBIM CIyYaeM SIBIsIeTCS Tp < Ty < 3, U 10 Jlemmam 2.2.1
u 2.3.3 UHBIX BapHaHTOB ObITh He MOxKeT). [Tomaraem k = 1, [ = 2.

113 yeoBus (2.36) (yuuTsiBag, 910 2% = 1 = T9)
(I =k +1)c(zn) = (n = k+ 1) (2") = (n = ey (27);

2c5(w3) = 3¢y (w1) — ch(21);
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(2.42) vy = (3 - l) .

2 T3

Kpowme Toro, B cuty (2.37) npu p = 1
pp = ((n —k+1)cp(2") = (n = p)cj 1 (27) — (p = k + 1), (20)) = 0;
3¢y (z1) — 2¢5(xq) — y(x3) > 0;

T T
31, — 22 — 22 >0
T2 3

2 1
T1 (3-—)-1’3—20
T2 T3

Bripaxast x3 gepe3 x1 (ncnosb3yst popmyrty (2.42)),

2\ 13 1\ 1
i 3—— | —=x1|3—— | — =0
T2 2 T3 T3

2 1 1
3———=(3——] =>20;
T2 2 T3
4 1
3——+—2>0.
T2 T3
TaxkumM 06pa3oM, Mbl HAIILIA YCJIOBUE HA I'| U Iy, IPU KOTOPOM (KaK MOJIyYaeTCsl U3
HaliIEHHOTO BBIPAYKEHUsI TIPU JIIOOOM T) T1 = To.
BameTuM, 9TO 1pHu 11 # 1 YCJI0BUE BBITJISIEI0 OBl CJIEIYIONUM 00PA30OM:
3 4 1
—— — 4+ —2>0.0
r T2 T3
Wceneqyem Bompoc 0 TOM, B KaKUX CJIyYadX MOYKHO TapaHTHPOBATH PeATH3AIUIO
AKTHBHBIME 3JIEMEHTAMH DPA3UIHbIX JeiicTBuit. st sToro BBegeM byHKUUA Tj(T,)

KaK peIHeHI/IH ypaBHeHI/IH
(2.43) (n—k+1)c,(Zr) — (0 — k)q (T1) = ¢ (Zn).

Bce Bazknble /1 Hac cBoiicTBA (DYHKIU ik(in) OIMCBHIBAIOTCA CJICYIONIeH JIeMMOIA:

JlemMma 2.3.6. OyHKIMA 3dBECUMOCTH JAefiCTBUA TPOU3BOIBHOIO AD 0T meiicTBus
HamIydIero AS onpeaenena e MHCTBEHHBIM 00pa3om npn ganaoMm coctape AC u cTpo-
r'0 BO3PACTaeT.

Taxum o0pa3oM, Ipu yBeJIUYEHUH COBOKYIHOTO JeiicrBust Beeit AC gelicTBug Beex
AD Bospacraror. Kpome Toro, mpu 0boM aeiicTBun Hamaydmero AD pelrenne 3a1adm
o nefictBugX Apyrux AD eIHHCTBEHHO.

Caenyiomas JieMMa OIpeJie/isgeT, B KaKUX CJIydasgX MOXKHO FOBOPUTH O TOM, UYTO
pa3aIndHble aKTUBHBIX 3JEMEHThl PeaNn3yIT pa3indHbie AeficTBHUSI, B TEpDMUHAX BBe-
JeHHbIX GYHKIM (2, ).

JIemma 2.3.7. B ciydae ¢Tporoif ynopsiioueHHOCTH Peain3yeMbiX JeficTBuii (Bbl-
YHUCEHHBIX 110 ypaBHeHu o (2.43)) aBa pasaudabix AD He GYIyT peaau30BBIBATH OJHO
H TO Ke OeHCTBHE.

Caemyioniasd JieMMa HOCHT TeXHHYECKHI XapakKTep M HYKHA JjIs HAXOXKJICHUS J0-
CTATOYHBIX YCJIOBUI BBITIOJTHEHUS TTPEITOMOKEHNN JTeMMbl jiemM 2.3.9.

Jlemma 2.3.8. /119 BbINOSTHEHUS YCJIOBUS

Gi(x) = i (2) > € (2) — o) Ve e X
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(1, kak caencrsue, JleMMmbl 2.3.9) 10CTATOYHO, ITOOHI CYIIECTBOBAIO Takoe A > 0, 4To

Ti+1—Ti:A VZzl’l’L—l nu
Corr(T,2) <0 VreQ,reX.

Tenepnb HaiijieM HEOOXOAUMbBIE YCJAOBUM JIjId TOrO, 4TOObI peaju3yeMble JIefCTBHS
OBLIN CTPOTO YIOPSIOUECHBI.

Jlemma 2.3.9. /locTaTOYHBIM YCJIOBHEM JJIsI TOTO, YTOOBI pa3Hblie AD peaTn30BbI-
BaJIU pa3Hble JeHCTBUS, SIBJISETCS BBIIOJHEHNE YCIOBHUS

(2.44) Gi(w) = cipa(2) > ¢y (2) = ().

Jtst JII0OBIX © € X i = 1,n — 2.

Bemomuanm Teneps, st ato6oit AC Mbl onpeesisn cyMmMapHbie 3aTparthl S(-) 1eH-
Tpa Ha Peain3aIiio HEKOTOPOT0 arperupoBaHHOTO JeiicTBusa. OUeBUIHO, 9TO B CIydae
BBIMTYKJIOCTH CyMMAaPHBIX 3aTPAT MEHTP Oy/eT MCIO0/IH30BaATh TOJBKO YUCTHIE CTPAaTe-
ruu, He TpHOerasg K CMENTaHHBIM (CMeIaHHAsl CTpATerus — KOTJa IMEeHTD Ha3HAYaerT
CUCTEMBI CTUMYJIMPOBAHUS B COOTBETCTBUU C HEKOTOPBIM BEPOSTHOCTHLIM pacIpejieie-
aueM). Crieyomas JeMMa MPUBOIUT JOCTATOYHbIE YCJIOBHUS JIJIsl TOTO, YTOOBI 3aTPATHI
OBLTN BHIYKJIOH (hDyHKIIHEI.

Jlemma 2.3.10. Boinojinenust ycjaoBus

(2.45) ci(r) = ¢y (2) > ¢y () — cipo().

Juist iooeix © € X u i = 1,n — 2 10cTaTovHO JjId TOro, YTOOBI CyMMapHbIe 3aTPaThI
HMEeHTpa ObLIM BLINYKJIOH (PyHKIMEl, Wi, 9T0 TO YKe CaMoe, NEHTPY ObLIO HEBBLITOIHO
CMELIUBATL CTPATEIUU.

B mannoM paszzerne Obl1a pacCMOTpEHA 3a/1a4a HAXOXKIEHWs ONMTUMATBHON yHUDH-
MMUPOBAHHON CHCTEeMbl CTHMYJIMPOBAHUS, PellleHne KOTOPOi HeoOXOMMMO s TaabHel-
IIer0 PellleHns 3a/Ia9i YIPaBJeHHs COCTaBOM. DbLIN HCCIe0BaHBl BOIPOCH, CBA3aH-
HbIE C OMMCaHueM BhIOOpa AD cBOWX MelCTBUI IPU ONTUMAIBHON CHCTEME CTHMYIHPO-
Banus. [IpuBeien ajropuTM HAXOXKJEHUS ONTUMAJIBHONU CHUCTEMBI CTHMYJIUDPOBAHUS C
UCLOJIb30BaHueM pelenus Juddepennualibibix ypapueuuii. Haitjienbl ycjioBus, npu
KOTOPBIX MOXKHO TapaHTHPOBATH BBHIOOD AD pasnumuubpix jaeiictuit. Onucana cBs3b
MeKIy BBIOOPOM AD paziudHbIX JefCTBUN M BBHIMYKIOCTHIO hyHKIMM 3arpar. Haii-
JIeHA CBA3b MEYKY BBITYKIOCTHIO (DYHKITUH 3aTPAT U HCIOIb30BAHUEM TEHTPOM TOJIb-
KO OJHOW CHUCTEeMBbl CTUMYJIHPOBAHUA (T.e. UCHOJB30BaHNA YUCTOW, & HEe CMENaHHON

CTpaTern).

2.4. YuundunupoBaHHbI€ CHICTEMbI CTUMY/JIUPOBAHUA B aKTUBHBIX CHCTEMAX
c 6eCKOHEYHBIM YHCJIOM AKTHUBHBIX 3JIEMEHTOB

B nanHOM pazjese paccMaTpUBAETCS 33/1a9a HAXOZXKIEHHS ONTHMAJIbHON (DyHKIII
crumynpoBainsg B AC ¢ KOHTHHYYMOM aKTHBHBIX 3JIEMEHTOB. Pe3ynbTaThl JaHHOTO
paszena CXOAHbI ¢ Pe3yIbTaTaMu MPEIbIAYIIEro pa3eia, B KOTOPOM PacCMaTPHBAIACDH
AC ¢ koneunbiM gmcaoMm AD. Perrenue maHHOR 331091 HEOOXOMMMO JIJIsI PEIIeHUs 3a-
nmadm yupapiaenus coctaBom AC.
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ITycTh THO AKTHBHOTO 3JEMEHTa MMEET HEKOTOpPOe HEIPEPLIBHOE paCIpeIe/IeHHe,
COCPEJIOTOUEHHOE Ha OTpe3Ke jeficTBuTebHON ocu ) = [rg, 1] ¢ dyHKUMEH pacmpe-
nenennst F(r), crporo Bospactatorieii u auddepennupyemoii Ha ). Torma r* = F(r)
Oy/ieT nMeTh paBHOMEPHOe pacipejienenue Ha orpeske [0, 1] T.x.

P{r <z} = P{F(r)<az}=P{r<Fl(2)}=
F(F(x)) =z, x € [0, 1].

Onpenemnm  dymkmuio satpar c(r*,z) = c(F~'(r*),z) (Mb Takmm obpazom
"mepeonpeeanan" THI akTHBHOrO 3yementa). Torma mo Jlemme 2.1.2 u dyHKIms
é(r*, z) obaamaer BceMu CBOHCTBAME, KOTOPBIM JIOJIZKHA YIOBIETBOPATH (DYHKIHs 3a-
tpar (P 2.1-P 2.5), nockosbky sTuM cBoiicTBaM ymoiaerBopsier dbyHKIms ¢(r,x).
Kpowme Toro o4eBmano, 4T0o MpOoU3BeAa OOPATHYIO 3aMEHy THUIOB B ONTUMAJLHON CH-
creme crumyupoanus st AC ¢ dynknueit 3arpar ¢(r*, ), Mbl IOJyYUM ONTHMAJb-
HYIO CHCTEMY CTUMYJIUpOBaHuUsS Jis byHKIMK 3aTpat ¢(r, ). $lcHo, 910 mpu cooTBeT-
CTBYIOIIMX 3aMeHAX THUIIOB BCE YCJIOBHs Ha BBIOOP JAeHCTBUII aKTUBHBIMHU 3JIEMEHTAMU
COXPAHATCS.

CaeoBaTeILHO MBI TTOKA3aIM BEPHOCTH CIEAYIOETO yTBEPIKICHUS:

VYrBepxkaenue 2.4.1. 3ajada HAXOXKICHUS ONTHMAIBLHON (DYHKIIMH CTUMYIHPO-
BaHUsI JIJIst CJIydast NPOU3BOJILHOIO paclpeejenns THIOB AD CBOAMTCA K 3aja4e Ha-
XOXKJICHUSI ONTUMAILHON (DYHKIMHE CTUMYJIHPOBAHUA IS CIYYasd PABHOMEPHOI'O pac-
npejgeneHuns THIOB AD. A UMeHHO, CyIIecTBYeT TaKkas MOHOTOHHAs (byHKIMS Ipeodpa-
3oBaHus TUNOB 17 = wu(r), uro Tumbl AD 1’ UMET paBHOMEpHOEe pachpe/lejeHne, u
onTuMaabHas GYyHKIUA CTUMYIUPOBAHUSA MPU TUNAX 1 ABIACTCS ONTUMAIBHOMN (DyHK-
el CTUMYIMPOBAHUS TIPH THUIIAX 7.

Vrak, Ha OCHOBAHUM NIPEJIbIAYIIEr0 YTBEPKJICHUA Mbl OyJeM B JajbHeHIIeM 11oJja-
raTh,4TO TUILI AKTUBHLIX JEMEHTOB UMEIOT OJUHAKOBOE IJIs BCEX SJIEMEHTOB PABHO-
MepHOe pacihpejie/ieHre Ha MHOKecTBe () = [rq, r1]:

r’=ro upu r € €Q;
P{re =9 ’
{r&lro.rl} 0 wunaue.

Kask/1plit 13 aKTUBHBIX 9J€MEHTOB 3HAET CBOIl THII B TO BPeMsl, KAK II€HTPY THUIIBI
MMEIOIIIXCH 9JIEMEHTOB HEN3BECTHBI, I OH BBIHYK/CH PYKOBOCTBOBATHCS BEPOSTHOCT-
HBIM DACIIPEIeICHIEM.

B coorsercrsuu ¢ (1.44)-(1.46) maTemaTHyecKy 3a/1a4a BBIIICHIBACTCS B BIJE ABYX

38,1
2.46 Eo(f(r)) — min - 3aga4a meHTpa
(2.46) (f(r)) —  min - sajada nentp
(2.47) f(r) € Argmax(o(z) — c(r,z)) Vre Q-3 AD
(2.48) E f(r) =2 (rpanuunoe yciaosue),

rie E ofo3madaer MaTeMaTHIeCKOe OKH/IAHNE 110 TUILY AaKTHBHOTO 3JICMEHTA.

Mst Gygem pemats 3amady (2.47)-(2.48), canras, 1ro 3a1a4a (2.46) MakcuMu3aun
1pUOLLIN HEHTPOM LPU PELICHHOIl 33/[ade areHTa sIB/IAeTcsd TPUBUAJIBHOI 33/adeil Ha
MaKCHEMH3IAIO (DYHKIUH OHOTO IEPEMEHHOTO (CPeIHero JeicTBHs).
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MozKHO OBLTO OBI TPETOMIOKUTD, UTO MO (PYHKIUU f () MOKHO BOCCTAHOBUTH HAU-
Jaydinyto o(z), Ipu KOTOpoii moaydaercs nanuas ¢ynkmus geiicrsus. [lokaykem sror
dakr. JIjist 5TOT0 BCHOMHUM, 9TO JIOJKHO BBITOJHATHCS (2.47), win

(249 )=l %) 2 1) 50
(2.50) a(f(r) = a(£(r) = (™, () = elr*, f(r).

[Iycts 7* > r. Paznenum obe wactu HepaBencTBa (2.50) HA MOJOKHUTETBHOE T — 7 U
BO3bMeM Tipesien mpu r — r*. [loxyanm:

o(f(r*)) = o(f(r))

NP ) = tim YD)
>t SN AT e )00,

Wi yauTsiBast, 9ro f'(r) > 0, nosydaem

(2.51) Fa)a' () =z f/(r)e(rt, f(rT).

[IpeamnosioKuB r* < r U TpojieJaB Te Ke BBIKJIAJIKH, MBI IIOJYIUM 0OpaTHOe Hepa-
BEHCTBO, T.€.

(2.52) Fr)a (f(r)) < fi(r) e, (™, f(rT),
410 BMecTe ¢ (2.51) HPUBOIUT K PABEHCTBY
(2.53) F(r)a’(f(r)) = f'(r)c,(r, f(r))

(B cydae CyIIeCTBOBAHUS COOTBETCTBYIOIIUX TPOM3BOIHBIX ).

HpI/I BBITIOJTHEHUN JOIIOJTHUTEJIBHOT'O YCJIOBUA
(254) min(o(f(r)) — c(r, f(r))) =0

(koTopoe HeobxoauMo Jiist periternst 3a/1a9 2.46-2.48, 41obbl cooTBeTCTBYIOMAs DYyHK-
must o(x) 6bLTA ONTUMATBHON) MbI [OJIyYaeM OJHO3HAYHOEe ompejenenue o(r) o f(r)
(oueBuIHO, UTO TO 0 (x) MBI MOXKeM HCmoIb3ys dhopmyay (2.47) onpenemuts f(r)). B
CUJTYy TOTO, 9TO C,(r,x) > 0, dyuKIms o(x) TOXKe MOIKHA MOHOTOHHO BO3pAcTaTh (B
TOYKAX BO3pacTaHus 3HadeHuit byukuuu f(r)).

BaMeTI/IM: ITOCKOJIBKY HeO6XO,ZLI/IMBIM ycjaoBueM JdJid TOIO, qTO6BI QJIEMEHT THIIa

r Beibupas aeiicrsue f(r) asasiercsa o' (f(r)) = c.(r, f(r)), 1o, paccmorpeB pasHu-
uy o(f(r)) — ¢(r, f(r)) u nponuddepernuposas ee mo r motynM, aro (o (f(r)) —
e(r, F(r) = S (FNF () — &, ) — e, (1) = —cl(r, £(7) > 0, 10 ecrn
JIYUIIHA 3JIEMEHT MOoJIy9aeT GOJIBINY0 TPUOBLIb (PA3HOCTh MKy CTHMYJIAPOBAHHEM
u 3arparamu). Mexozst u3 5T0ro MOKHO CKa3aTh, 9TO s BBITOTHEHUsT yCaoBus (2.54)
HeoOXxouMo u moctarodno, 4tobsl o(f(rg)) — c(ro, f(ro)) > 0 (mockonbky 11 > 719). B

HaCTHOCTU, MO2KHO I10JIO2KUTD

(2.55) o(f(ro)) = c(ro, f(ro))-

Takum obpaszom, o(x) oupejensiercs uo f(r) B coorsercrBuu ¢ auddepeHiuaibHbIM
ypasrenueM (2.53) u rpaHudIHBIM yesoBueM (2.55).
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IIpumep 6. IIycrs f(r) =7, c(r,z) = % Torna ¢, (r, ) = 2. llo dbopmyre (2.51)
a(f(r) = d(r) =d(r, f(r) = 2@ = 2 u, caenoBaressHo, o(z) = 2z + C. Kon-
cranta C nonbupaercst u3 yeaoBus (2.54), 1jisl BBIIOJIHEHAS KOTOPOrO HEOOXOIUMO U
JOCTATOYHO, ITO0bI ObLT0 BeIOMHEHO (2.55), T.e. o(f(ro)) = c(ro, f(r0)). B namnom
caydae 2rg + C = rg, To koucranta C = —rg.e

Paccmorpum 3azauy, pukcupyioniyio cpejHuii BoIyCcK Ha ypoBHe Z. Toria 3aa-
Ya 0 HAXOXKJIEHHH ONTHMATHHONH (DYHKIUHM CTUMYTHUPOBAHHS (KOTODAs ONPEIeIsIeTCs]

OJIHOBpeMeHHO ¢ byHKIwmed f(r)) BBIMISAIUT CAeIYOIIM 06pa3oM:

(2.56) Eo(f(r)) — Uéf){i}b)

IIpX BBIITOJIHEHU N YCIIOBI/Iﬁi

(2.57) E f(r) =1z,
(2.58) o' (f(r)) = cy(r, f(r)),
(2.59) o(f(ro)) = c(ro, f(ro)),
rie E obo3HadaeT MaTeMaTUIeCKOe OXKUIAHUE.
SameTum:
(2:60) [otrenar=rotsen| — [rotso)r ) dr =

T0 To

1

—/¢¢WJv»fwwm

T0

T1

=ra(f(r))

T0

T1

(2.61) /Tc;(r,f(r))f’(r) dr =

)

- ]17« <—dc<’”(’jf<r)) — f(r))) dr =

0

T1 T1

: - /rc;(r,f('r’))d'r’—/c(r,f(r))dr_

To To

Kpowme Toro,
53



T1

=r10(f(r))

To

T1

+ (r1 —ro)o(f(ro)) =

To

(2.62) ro(f(r))

1

—r / o (F(M)F (1) dr + (11 — ro)e(ro, f(ro)) =

To

T1

— / (—dc(rglf ) _ e, f(r))) dr +

+(r1 = 1o)e(ro, f(ro)) =
[l o) ar+
+(r1 = 1o)e(ro, f(ro)) =

T1

1

= 7"16(7’, f(T))

To

T1

-7 /c;(r, f(r))dr.

]

= re(r, f(r))

T0

O6beannsis (2.60)-(2.62), moaygaem:

(2.63) (r—ro) Eo(f(r)) = /TC'T(T, f(r) = ey (r, f(r)) + c(r, f(r)) dr =

To

1

- / ((r = r)e(r, f(r) + elr, £(r))) dr =

0

= / clr, (1) dr + / (r = ra)eir, £ () dr.

Moo 3aMeTUTbL, 4TO HepBbIﬁ HUHTEeTr'paJl B IOCJAEeJHEM BLIDAazKEHHUU OTBEYaeT 3a

CTUMYJINDOBaHKE IPU 1IePCOHNGPUIUPOBAHHON CUCTEME CTUMYJIUPOBaHUs ¢ (pyHKIIHe

neficteus f(r), a BO BTOpOM HHTErpaJse MOJABHTErPATHLHOE BBIPAKEHNe BCeria GObIe

Hyas T.K. 7 < 71, a ¢,.(r,x) < 0 ¥ paBHO BeJIMUMHE MEPEIUIaT AKTUBHBIM SJIEMEHTAM 33

HCIIOJb30BaHue HEeyHU(MUIUPOBAHHON CHUCTEMBI CTUMYJIUPOBAHUS Npu (DYHKIHUH Heii-

crus f(r).

Kak M0xKHO 3aMeTuTh, B MUHUMU3UPYEMOM BbIPDAYKEHUU Mbl H30aBUJINCH OT (DYHK-

mun o(x), u Ternepb MEHUMU3AIUIO MOXKHO IIPOBOJUTH TOJBKO HO OAHOM byHKIMH —

no f(z). Utak, HaM HajI0 MUHIMI3UPOBATH HHTerpas (2.63) npu orpanudenun (2.57).

CrenaeM 3T0, BOCHOJIb30BAaBIIACH METOJIOM MHOXKHUTeeit Jlarpanzxka:
(2.64) L=Eo(f(r)) —ME[f(r) —T) =

——— [~ el f0)

rn —To
T0

+e(r, f(r)) = Af(r)) dr + \z.
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HeoOXoquMbIM yCI0BUEM JTsT MUHUMUI3AIUE (2.64) SBISETCS BHIIOJHEHHE YCIOBHUS
Ditsepa (eMm. [72]):

(2.65) % (rev(r, f(r)) = rice(r, f(r)) + e(r, f(r)) = Af(r))) = 0,
(2.66) (r —r1)cer(r, f(r)) + culr, f(r)) = A

Koncranra \ maxoaurcs u3 yeaosus E f(r) = Z.
Bamerum, 4To Jyisi ciydas 3arpar Buja c(r,r) = @ + C ypasuenue (2.66) upu-
obpeTaeT BH

(2.67) —r1Ce (r, f(1)) = A

Tenepb aaropuT™M HaxXOXKJAEHUS ONTUMAIbHBIX (DYHKIUN CTHUMYJIAPOBaHUA U Jefi-

CTBUY MOXKHO 3allUCaTh B CJIEIYIONMIEM BHUJIE:

(1) Ucnompsys muddepennuanpioe ypapaenue (2.66) (wim B 9acTHOM ciydae
2.67), naxoaum dyHKuoo f(r) B 3aBUCHMOCTH OT KOHCTAHTHI A > () (Kak MHO-
Kuresb Jlarparzxa B 3agade MuHIMu3anun npu orpanndennn E f(r) —z > 0);

(2) Haxoaum snauenne A u3 yciosus E f(r) = z, tae E f(r) Bbraucasgercs mo
dbopmyte (2.63);

(3) Buas f(r), maxogum yHKIMIO cTEMyIupoBanus o(x), ucnob3ysa mudde-
penruagbHoe ypapuenne (2.66) u rpammunoe ycaosme (2.55) o(f(ro)) =
c(ro, f(ro)).

BameruMm, 4TO T DYHKIMH 3aTpar Buga c(r, ) = @ + C' cymMa IByX cjarae-
MBIX B (2.66) 7cy(r, f(1)) + co(r, f(r)) = 0 u HEOOXOMMMOE yeaoBue MuHEMYMa (2.56)
IIePENUCHIBACTCS B 60JIee TPOCTOM BHUJIE:

(2.68) —r1Cer (1, f(1)) — A = 0.
B sTom ciygae

(2.69) A= _Tlcm(T? f(?“))

1 MUHUMAaJIbHbIE CpEeAHNE 3aTPpaThl Ha CTUMYJIUPOBAHUE DaBHBI

(2.70) Bo(f(r) = —— /rlc;(r,f(r))dr.

™ —To
T0

TaxkumM 06pa3oM, MBI JTOKA3AJIH CJIeIYOIee YTBepK IeHue (B IpeanoaokeHun hyHK-
1y 3aTpar Buaa c(r, ) = @ + C):

Vreepxkaenue 2.4.2. Ecan dyukuusa f(r) asiasgerca dyukiueil geicrBus 1is
ONTUMAJIbHO PYHKIINYT CTUMYJIHPOBAHNA, TO HA BCEX yUIaCTKaxX Bo3pacTaHnsd (DyHKIUN

f(r) Beimonnsercs: caenyroree audbepeHnnaIbHOe COOTHOIEHNE:

(271) A= _CLI?’V‘(T7 f(’f’)),
b}



e A — HeKOTopas HeoTpHuiaTeabHad KoncranTa. [Ipu 3ToMm cpeanne 3aTpaThl Ha CTH-
MYJIMPpOBaHUE PABHBI

(2.72) Eo(f(r)=—— / P, £(r)) di,

Tmax — "min
To

TJE T'max U Tmin - COOTBETCTBEHHO HUYKHSAA U BePXHsd IPAHUIIBI MHTEPBaJa, Ha KOTOPOM
COCPEJIOTOUEHO PAaBHOMEDHOE pacipe/iesienne TUIoB AD.
2
IMpumep 7. Pacemorpum dynxmmio sarpat c(r, x) = “-. Nexona s (2.68), mveewm:

A= —rica(r, f(r) = 2r 5w f(r) = Ag-

2 2r1 "
Kosdbdunuent \ HaxoauTcss U3 yCJa0BUs

]1]”(7") dr = (ry —19)Z

u, cjaea0oBaTeJIbHO,

r? A3 (=N
A—dr = ——| =31 Y7 — (p, — 17,
/ o T2 3], T o (r = ro)a
o
TO €CTh
6r1z(r1 — 10)
A= —5 75
r? 3z(ry — o)
A 22 TT) s
1) 2ry rd—rd "

Tun akTHBHOrO 3J€MEHTa B 3aBUCUMOCTH OT peajansyemMoro um ,ZLefICTBI/IH eCTb

s _Jxr -

(2.73) r=IT0 = T
o xT o 3.@(7‘1 - 7’0)
(2.74) lr(e),2) =205 = 2 [ =

Ucnons3sys (2.53), nmeem:

T

o) — o (f(ro)) = / ea(rly), ) dy =

f(ro)
_ 2y2/3 ‘ _ 3(2’(7‘1 - 7”0)
3 f(ro) 7”:1)’ - 7”8

", IMOCKOJIbKY

e (r, f(r) = — (M) 1=

T —To
. 2 3@(7“1 — ’f’()) 2
I ™ D T
1 0
GYHKIUS CTUMYJIUPOBAHUS PaBHA
4 [3x(r;y —m
(2.75) () = clra, f(ro)) + 3| 2T (472 pr ).
1 0
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Cpemnne 3aTpaThl HA CTUMYJIAPOBAHUE PABHBI

T1

1
(2.76) Ci = Bolf(r) = /rlcr(r, £(r)) dr =
r —7To
eri(ri—ro) o, T
3(7) r3—rd - r?+rirg+ré

3aMeTnM, 9TO MPH rg — 77 MATEMATHIECKOe OXKUIAHHE 3aTpaT
72
Eo(f(r)) — —,
™
9ero M CJIeI0BAIO OKUIATH (BBIPOXKIEHHBIH CIyUail sBJIsSIeTCs TPeJIeIOM HEIPEPbIBHOTO
PABHOMEDPHOTO PACIIPEJIEICHHUS ).

Onenum morepio 3deKTUBHOCTH IIPH Iepexojie K YHUMPUIIMPOBAHHON CUCTEME CTH-
MyJIUPOBAaHUSA. A WMEHHO, MCIOJIB3Ys PE3yJbTaThl O MePCOHU(MUIUPOBAHHON CHCTEME
crumyaupoBanug (cMm. [33], sHauenue Cy 3aTpar sl peajn3ainui TOIO ¥Ke CpeHe-
1o JIefiCTBHS IPU UCIOJIH30BAHUU HEPCOHUDUIMPOBAHHON (DYHKIUHE CTUMYTHPOBAHIS )

IIoJIiydaeM, 4TO

Ci 3ri(r—ro)z®/(r{ =15) _ m3(ri +10)
C2 2%2/(71 + 7“0) 2(7’% + 7riro + 7"%)
14+ a—2a?
1+——"-—>1
* 20+ a+a2) = 7

rie a = ro/r1 € [0,1]. Iocnennee HepaBeHCTBO caeayeT U3 Toro, uto a? < a < 1.
3ameTnM, 9TO PABEHCTBO BO3MOXKHO TOJBKO TOT/IA, Korjma « = 1, T.e. rg = r1. OT™MeTnm,
(@51
4T0 G CTporo yomIBaer 1o o.e
Panee namu ObL1a JIOKa3aHO YTBEPZKJICHUE O BLIIIOJHEHUN PABEHCTBA

(2.77) fi(r)a'(f(r)) = f'(r)c,(r, ().
OueBuzHo, uro npu owiumaun f'(r) or Hyjas Mbl MOXKeM 00Oe JacTH pPa3/ejuThb Ha
f'(r) u moyunTh paBeHCTRO

(2.78) o' (f(r)) = c,(r, f(r)).
B cienyiomeM yTBepXKIEHAH TOBOPUTCS O TOM, UTO JAHHOE COOTHOIIEHHE BEPHO
JlayKe B TOM CJIydae, eCId Mpou3Bojanas f(r) paBHa HyJIo.

Vreepxkaenue 2.4.3. Eciau dbyukiun o(x) u f(r) gBISIOTCS PEIIEHASME 3a/a-
un (2.46)-(2.48), u cymiecTByeT mMocae0BaTeIbHOCTD 1; > 1,

lim r; =7r*,  lim f(r;) = f(r"),

1—00
To dhyuKnus 0(xr) UMeeT MPaByio TPOU3BOAHYIO B Touke f(r*) n ona paBHa
o' (f(r)+) = & (r", f(r"))

Ecan ke cyniecTByeT mocae0BaTebHOCTD 1; < 777,

lim 7; = r*, lim f(r;) = f(r"),

1—00
To dbyHKIHs 0(x) UMeeT JeBYI0 TPOU3BOIHYIO B TouKe f(r*) n oHa paBHA

o' (f(r)+) = & (r", f(r")).
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MTax, KpaTKO MO/BE/IEM UTOTH BTOPOM IJIaBbI.

B nanHoit raBe perraeTcs 3a7ada CHHTe3a ONTUMAJIBHBIX YHUDUITMPOBAHHBIX CH-
CTeM CTUMYJIHPOBAHUS.

B pazaene 2.1 paccMaTpuBaIOTCS CBOWCTBA BO3MOYKHBIX TTPOU3BOJICTBEHHBIX (DYHK-
muit AD, mo KOTOPBIME MOHIUMAETCS 3aBUCHMOCTH BRIODAHHOTO fAeficTBust OT Tumna A
U 3aTpart.

B pazgene 2.2 nig caydas YHUMDUITPOBAHHBIX CUCTEM CTUMYJIUPOBAHUS BBEICHA
byHKIHS AeiicTBUS, KOTOpasi CONOCTABIACT KaXKJIoMy Ty AD meficTBrHe, KOTOPOe OH
BBIOMpPAaET TPH HUCIOJb30BAHUHM JAaHHON (DYHKIUU CTUMYJIUDOBAHWdA, W HailJleHA B3a-
UMOCBSI3h MEXKy (DYHKIUSIMU JIEHCTBUS U (DYHKIUSIMA CTUMYIApOBaHus. OMHCAHBI
OCHOBHbBIE CBOWCTBA (PYHKIMU JIeHCTBUS.

B pazgene 2.3 npuBosuMTCcs pelieHue 3aJaqd CUHTe3a ONTHUMAJIbHON yHUDUIUDO-
BaHHOI cHuCTeMbl cTHMYyIHpoBaHus A1 auckpeTHoit AC. OnrtumaabHONR HA3BIBAETCS
(hDYHKIIAS CTUMYIUPOBAHUS, MPU KOTOPOH 3aTpaThl HA Peau3aluio HeKOTOPOro (puk-
CUPOBAHHOTO JIeHicTBYs (MU CpejiHee JefiCTBIe B HEIPEPIBHOM CJIydae) MUHUMAIbHBI.

[IpuBeen u 0OOCHOBAH aJrOPUTM TOWCKA OIMTUMAJIHHOW CUCTEMBI CTUMYJIUPOBa-
aug g AC ¢ koneanbiM amcaoMm AD. Mceenenyercss BOIpoc UCHIOIB30BAHUS TEHTPOM
pachpe/ie/ieHust BEPOSITHOCTEH HA MHOYXKeCTBe yHUMDUIHUPOBAHHBIX (DYHKIIHI CTUMY/IU-
DOBaAHHUS.

Haiinensl cBoiicTBa ONTUMATBHBIX (DYHKIUN CTUMYIUPOBaHUS: TuddepeHIaib-
Hble YDaBHEHUs, ONMMCAHNE PeaJu3yeMbIX JefcTBUl, NX BO3pacTaHue W yObIBaHUE.

B pazuese 2.4 paccmaTpuBaeTcd 3ajada MOUCKA, ONTUMAJIBHON YHUMDUATITPOBAHHOM
CHCTEeMBI CTHUMYJIUPOBAHUS [IJisl HeMpepbiBHOTO ciaydast (Korga AC cocTouT M3 KOHTH-
HyyMa pasandnbix AD). [IpuBesen anroputm cuHTe3a ONTHMATBHON (DYHKIUHA CTHMY-
JINPOBaHWsI, OCHOBAHHBIN Ha HaiigeHHOM Aud depeHnrnaTbHOM COOTHOIIECHIH.

ANropuTMbI CHHTE3a ONTUMAJIBHON (DYHKIHHA CTUMYJIUPOBAHUS JIJIsI IBYX PACCMO-
tperupix AC paznugaiorcs tem, uro it AC ¢ KoHedHBIM duciaioM AD i HAXOXK/1e-
HUS ONTUMAIBHON (DYHKIUU CTUMYJIMPOBAHUSA HEOOXOMMO peniath Juddepeninuaib-
HbIE YPABHEHHS, CBA3BIBAIONINE JAeiicTBus Haurydrero AD ¢ aeficrusavu apyrux A,
a i cirydas 6eCKOHEeIHOro Yucjaa AD HeoOXoauMo penuTh OnHO AuddepeHimaibHoe
ypABHEHHE HA ONTUMAJTbHYIO (DYHKIUIO JeidcTBus (M TOTOM UCXOMs U3 3TOH (DYHKIUN
JeHCTBHST HAWTH ONTHMATBHYIO (DYHKIHIO CTUMYJIHPOBAHHUS ).

JlanHoe rcciaegoBaHne OBLIO HEOOXOIUMO JJIsl PellleHns 3a1a91 (pOpMUPOBAHHE CO-
crapa ucrnoaunreneinr AC.
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T'masa 3

MOJIEJIN I METOJIBI ®OPMUPOBAHIA COCTABA
NCIIOJIHUTEJIEN

B nacrosmeil riaaBe Ha OCHOBaHUHU IIPOBEAEHHOIO BO BTOPOI IJiaBe MCC/IeI0BAHUIL
ONTUMATBHBIX (DYHKIMI CTUMYJIUPOBAaHUS (33a9a yIpaBieHus nNpu (GUKCHPOBAHHOM
COCTaBe) PacCMATPUBAIOTCS BOMPOCH YIIpaBIeHus (HCIOJTHATETbHBIM) coctaBoM AC —
MHOZKeCTBOM AD.

3.1. JIunamuueckoe (popMUPOBAHUE COCTABA MCIIOJTHUTENEH

B nmacrogdmiem paszesie paccMaTpuBaeTcd 3ajada JUHAMUYECKOro (popMupoBaHUs
cocraBa. B punamuke 60/1bIIYI0 POJIb UTPAIOT OKUJAHUA O OYIyIIUX U3MEHEHUSX B CO-
craBe AC n K03pUIUeHT TUCKOHTUPOBaHuA. VIMEHHO, CeronHsIIHee peleHne o IpHu-
eMe Ha paboTy MM YBOJBHEHUU 3aBUCUT OT OKUJAAHUA OYIVIIUX TPUObLIeH, HIH OT
OKUJIAHWA yBeIUIeHUs MPUOBLTH 3a cueT u3MeHeHusa cocraBa AC.

Obo3uaunM 3a [ BpeMeHHO# KO3(hMUINEHT TUCKOHTUPOBAHWS CUCTEMbI. Tora,
eca B KaxKJblii u3 meprnogoB BpeMeHnu dbupma mnoaydaer npubblab m;(S;), rae i =
0,1,... — Bpems, u S; — cocraB GUPMBI B HEPHOJ| BPEMEHH i (COCTAB SIBJISIETCS CJIy-
JailHOil BeJMYNHOM, 3HAUYEHHE KOTOPOH 3aBUCHUT OT IIPOBOIUMON (UPMOH MOJTUTUKA
dbopmupoBanus cocraBa), To 3a1aueii bDUPMbI ABJISIETCST MAKCUMH3AIUsT (DYHKITHOHATA

L=E Zﬁiﬂi(si) ;
i=0

rie E obo3Hadaer MareMaTudeckoe OKUJIaHue 110 BCEM BO3MOXKHbBIM COCTaBaM M 110CJIe-
JIOBATEJIbHOCTD COCTABOB S; coryiacoBana. OyHKIUA pacipeeseHusl COCTABOB Olpe/ie-
JIsleTcsl OJUTUKON (bOpMHUPOBaHKS COCTABA:

P(S]si1) = F(si—1,u)(S),

rie F(-,-) — Hekoropast (BeposiTHOCTHAsT) (DYHKIMsI, & U — YIPABJISIONIAs epeMeH-
Hasl, KOTOPYIO BbIOMpaeT (pupMa Ipu pelieHnr 3aJa9u yIIPaBIeHus cocTaBoM. bByiem
npejmnoaaraTh, 9To F He 3aBUCHT OT cOCTaBa J0 MOMEHTa BpeMeHu i — 1.

Mpui 6ymemM ncmoabp30BaTh MPH HCCAeT0BaHIE MOae b dyHKInornposarus AC, pac-
CMOTPEHHYIO BO BTOPOIi 1yiaBe. Byjiem mpejiosiararb, 9T0 B Kax/[blil MOMEHT BpeMEeHU
dbupMa UCIOIB3YeT ONTUMAIBHYIO (DYHKIMIO CTUMY/JIAPOBAHU, KOTOPas MOXKeT 3aBH-
CeTh OT BpeMeHHU U OT TeKYIIero cocTaBa UCHoJIHUTe /e, ByaeMm caurars, 4To PyHKIUNA
CTUMYJIUPOBAHUSA MEXKIY CODOK HUKAK He CBA3aHbl (KpoMe TOro (hakra, 4ro sBJsIiOT-
cst onTuMaabHbIMA). OUeBHIHO, YTO HAMIYUIIEH MOAUTHKON GUPMBI OyIeT B KarKIblil
MOMEHT BPEMEHH HCIOJIb30BATh HAWIYUIIY0 (DYHKIHIO CTUMYJIUDOBAHUs (T.€. ONTH-
MAaJIbHYIO ), H3MEHsIsl €€ B 3aBUCHMOCTH OT UMEIOIIErocst CocTaBa. Tak yKe 04eBH/HO, YTO
€CJIM COCTaB CO BpeMeHeM He M3MEHSeTCs, TO TOYHO TaK Ke He 3MeHsieTcss U (DyHKIII
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CTUMYJIUPOBAHUS, MOCKOJIBKY OHA (B CBSI3U C PE3YJILTATAMH TJIABBI 2) 3aBUCHT UCKITIOYH-
TEJIbHO OT COCTaBa UCHOJHUTEeH, T.e. OT UX HPOU3BOICTBEHHBIX XapaKTEPUCTUK.

OcHOBHOE yTBepzKJIeHNEe, HA KOTOPOM OCHOBBIBAIOTCS PE3YJIHTATHI JAHHOTO pa3iesa
TJ1aBbI, (POPMYJTUPYETCS CIEAYIOMUM 00Pa3oM.

YrBep:kaenue 3.1.1. [Ipu yayuamennn tuma 100010 n3 AD He MOKET MPOU30iTH
YBEJIUYIEHUs ONTUMAJIBHBIX 3aTPAT MEHTPA HA CTUMYJIUPOBAHUE WU yMEHBIIEHUE €0
IPHUOBLIN.

Ha camom jieste (94T0 BHIHO U3 JIOKA3ATEIbCTBA), €Cau JdeilcTBrue AD coBIagaeT ¢ co-
ceiHUMHE (CJIETYIOIIUM U TIPEIBIIYIIAM ), TO TIPA HEGOJIBIIIOM YTy UIIeHUI THIIA TAHHOTO
AD He mpouzoiiieT yMEHbIEHNsT ONTUMAJIBHBIX 3aTpart. 11 HaobopoT, mpu yIydineHnn
tutia AD, neficTBrIe KOTOPOTO He COBIAIAET IO KpaiiHel Mepe ¢ OJTHUM u3 cocemHnX A,
MPOM30IeT YMEHbIIEHNEe 3aTPAT HA Peaan3annio (PUKCHPOBAHHOTO ATrPErHPOBAHHOTO
JOeCTBUS.

B coorBeTcTBUU ¢ yTBepkKIAeHUeM 3.1.1 MBI MOKeM 3aKJIOYUTH, YTO HAWIyUIIei
cTpaTerueil Mo ympaBIeHHIO COCTABOM SIBJISETCS CJEAYIONIAs: MPH HAJHYME AD, TUI
KOTOPOTO TPEBOCXOINT TUT HAUXY/AIero A, mpou3sectn 3aMeny Hamxyamero AD Ha
naHHbl. B ciaydae e, ecim ecTh BO3MOXKHOCTH HMPUHSITH HA PAbOTY HOBOTO COTPY/I-
HUKa 0e3 yBOJBHEHUSI CTapbIX, HEOOXOIMMO, OCTAB/IsIS MPEKHWI COCTAB, MPUHUMATH
HOBBIX COTPYIHUKOB, MOCKOJIbKY (B COOTBETCTBUY C YyTBepKIeHUeM 2.3.4) HAUXYIITHi
AD mpu onTUMaIbHON cHCTEeMe CTUMYIMPOBaHUs OyIeT BRHIOMpPATh HEHYJIEBOe JeficTBue,
YTO TOBOPUT OT TOM, 9TO OH B cucTeMe He Oyzaer "smmuuMm'", T.e. ero He HAJIO YBOJIb-
HATH (MHAYE TPH ONTHUMAJBHON CHCTeMe CTHMYJIHPOBAHUS OH Obl BHIOMDAJ HYJIEBOE
neifctBue, T.e. Ge3aeificTBOBA).

Eciu ke MBI NPEANOIOKIM, 9TO KOJUIECTBO COTPYIHIKOB OTPAHIMIEHO, TO HAOOP
OyIeT MPOXOIUTD CJEAYVIONNIM 00PA30M: B CIydae, eCJIu TUII HOBOT'O COTPYIHUKA, JIy UIlle,
qeM THI Hauxyamero corpynanka B AC, To oH Oyaer 3aMeHeH.

Ecim dupma Oyner cocToATh TOMBKO U3 areHTOB ¢ HAWIYYIIUME BO3MOXKHBIMH TH-
MAMU, TO MPOIECC TOI00PA MEPCOHATA OCTAHOBUTCSI, MHAYE YK€ OH OYIeT PO I0I7KATHCST
(ecau TOMBKO HeT IJIATH 32 W3MEHEHHE COCTaBa COTPY/HUKOB).

YCI0KHAM MOJEIB: TPEAIOI0KAM TeePh, YTO KOJUIECTBO COTPYIHUKOB OTDAHM-
YeHO U JJIsl IpUeMa HOBBIX COTPYJIHUKOB MECTA JOJKHBI ObITH BAKAHTHBI, T.€. HEIb3S
cHAYa/Ia Y3HATDH TUIBI HOBBIX COTPYAHUKOB, M IIOTOM IPUHUMATDL pelierue 06 yBoJIbHe-
HUH CTapbIX COTPYIHUKOB. Kpome Toro, OyeM paccMarpuBaTh JUHAMHYICCKHE MOJICIIH,
B KOTOPBIX Oy/IyTast TpuOBLIb JTUCKOHTUPYETCS ¢ KOIMMUIUeHToM (3, T.€. yMHOKAETCSI
HA [ B CTEIIEHW BPEMEHH JI0 MOMEHTA MOJIYUeHUs TPHOBLIN.

JlocTaTouHO OYEBUIHBIM TPEICTABIAETCS CJIEYIONEe YTBePK IeHUE:

Yreepxkaeune 3.1.2. dna mo6oit AC ¢ neckonbkumu AD cymecTByer Takoe 1/,
3aBHcsIee or Tekyimero coctaBa AC u KoydpdunmeHTa TUCKOHTHPOBAHHUA [J, 9TO B
TeKYIIHid MOMEHT BPEMEHH YBOJIBHSAIOTCA Bee AD ¢ TuoM Mmenee 1’ .

OueBWIHO, 9TO B KayKJbIil KOHKPETHBII MOMEHT BPEMEHU HEOOXOIWMO yBOJIBHSITH

HAMXY/ILIAX COTPYIHUKOB, OCTaBJIAd TOJILKO HAWIYYIINX, TAKUM 00pa3oM napamerp r’
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BBICTYIIa€T B POJIH nepeMeHHoﬁ VIIpaBJeHuA ACu HaXOOAUTCA UCXOOsd U3 MaKCHUMU3a-
H‘I/IOHHOIL/'I 3aJa4i JUHAMHIYIECKOro IIporpaMMHPOBaHudA C OECKOHEUHBIM TOPpHU30HTOM

o0
E g B'mi(S;) | — max,

, ’(S)

=0
vie 7'(S) — yHKIus 3aBUCUMOCTH KPUTHUECKOIO THUIA 77 B 3aBUCUMOCTH OT TEKY-
MEro COCTaBa, M IOCIEI0BATEILHOCTD S; coracoBana Beibopom dyukmun 77/(S). [ox
COTJTACOBAHHOCTBIO MOJIPA3yMEBAETCS TO, YTO BEPOSITHOCTHAs Mepa OYIVIIUX COCTABOB
ompe/ieisieTcsa TeM, Kakue u3 AD B HacTosIee BpeMs UCKJIH0YAlOTCd U3 cocraBa AD.

Acuo, aro 1/(S) yaoBierBopsier ciaeayoeMy cBORCTBY:

(3.1) r'(S1) = r'(Ss)

ecan MHOxKecTBa {1 € S 117 > 1r'(S1)} u {r € Sy :r > 1'(S1)} coBuamaror (npu usme-

HeHuH THIOB AD MHOXKecTBa S; HHUKe TPaHuIsl 1’ (S) He U3MEHsIeT CAMOil TDAHUIID).
Jast naxoxkmenust r(S) MCIOAB3yeTCs MPUHIUI THHAMUICCKOTO TPOrPAMMUPOBa-

nug. Haxomures takasg dyuxmusa G(S) (okumaemas npuObLIb IPH HAYATBHOM COCTABE

S), aro
G(S) = max (7 (5) + GE(G(S)/r',5)),

rje S’ — ciydaiiHbIil cOCTaB MPY YCJIOBHUH, YTO B MPEIbILAYIIUI MOMEHT ObLITH YBOJIEHBI
Bce AD ¢ tunom menee 1. Torma

r'(9) € argmax (7(5) + SE(G(S") /1, 5)),
,r,/
npudeM yukius 77 (S) T0MKHA YIOBIETBOPATH yeaoBuio (3.1).
TakuM 06pa3oM, B PACCMATPUBACMBIX MOJIEISAX 337294 0 3aMeHe COCTaBa B KazK IbIi
KOHKDETHBIHi MOMEHT BPEMEHHU PEIIACTCs CJIeTYIONM 06pa3oM:

(1) Omnpezenenne KpUTHIECKOTO 3HAYEHUS IS THIIOB COTPYHUKOB U YBOJbHEHHE
COTPYJAHUKOB, THUII KOTOPbIX MEHbIIE JIJAHHOI'O KPUTUIECKOI'O 3HAYEHHUS.

(2) AHasiu3 UPHIIEIITUX COTPY/HUKOB M OLPEJIEJICHHE TeX JIyUIIUX U3 HUX, KOTO-
pble TIPUHUMAIOTCS Ha PabOTY.

(3) Ecsin HE OIMH W3 COTPYJIHUKOB He MPHHST HAa PabOTy, HOBTOPEHWE MYHKTA 2 B
HOBBIY IIEPUOJT BPEMECHMU.

(4) Ecim KTO-TO MPUHAT - HOBTOPEHHE 11. 1 JJIs Ompe/ieJieHis] HOBOTO KPHTEPHsI
JUIA yBOJIbHEHUs. [NC/IM yBOJBHATDH HEKOT'O - MPOIECC 3aKaHINBACTCS.

[Ipu pemrenuun 33184 0 GOPMUPOBAHUE COCTABA JEHCTBYET TOT K€ AJTOPUTM C TEM
U3MeHeHHeM, YTO Ha Ha9aJbHOM 3Tale YBOJIbHATH HEKOro, U (hOPMHUPYETCS cpa3y Bech
COCTaB, BO3MOXKHO 332 HECKOJIBKO IIMaroB.

OrmeTuM HecKOIBbKO cBoiicTB dyHkimu 77(S), KoTopble OYIyT XapaKTepu30BaTh
HallJleHHOe pellleHue.

Bo-uepsbix, gyust AC S, cocrogmux u3 "xopomux" A, Gyqer sepuo r'(S) = 0, T.e.
CYIIECTBYET TaKOe T, CTPOI0 MEHbIIEe MAKCUMAJIbHO BO3MOXKHOIO TUIA AD, 4TO

(3.2) VS:(VreS=r>7)=1r(S)=0.
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Bo-sropeix, aaa AC S, coctogamux Toabko n3 "mroxux" AD. 6yner Bepuo 7/ (S) =
bl 7 b)
Tmax, T.€. CYIIECTBYET TAKOE I, CTPOro GOJIbIIee HYJIsl, YTO JIJIs

(3.3) VS:(VreS=r<r)=1r(S) = rma

B-tperbux, dbyukmus 1'(S) He Bo3pacTaer 10 3JeMeHTAM MHOMKeCTBa S, T.e. st

a06bix S, S BomosHgercs

(3.4) ("= (SU{ri})\{r2}),r1 > ra) = r'(5") <+'(5).

3.2. YnpasJjieHne COCTaBOM IIyTeM OOyYeHUS

B mannoMm paszene Ha ocHoBaHHE paccMorperHoit Mogean AC ¢ HeckoabkuMu A
AHAJIM3UPYIOTCS BOIPOCH U3MeHeHust cocTaBa AD myrem o0ydeHusl (M3MEHEHUsI THIA
AD). Haxomarest HeOOXOMMBIE U JIOCTATOYHBIE YCIOBHSI TOTO, YTO PA3JIUIHBIM areHTaM
AC BpITOTHO W3MeHATH T AD.

[Tycthb g(r) ectb cTonmocTh 06ydenns AD ¢ THIIOM T, T.e. JJist W3MeHeHust THima AD
C 71 JI0 Ty HEODXOJIMMO 3aTPATHTh CYMMY

(3.5) / o(r) dr.

T1

[Ipexx e Bcero, OrMeTuM, 9T0 HEHTP PACCMATPUBACT UPUHATHE TEKYIIUX (He CTpa-
TErmYeCKUX) PeIeHuil, T.e. Mbl TOBOPHM O MAaJIOM BO3MOXKHOM YJIYUII€HUH THUIIA CO-
TPYIHUKOB, KOIJIA IEHTP ABJSeTCd A0CTATOIHO "Oam30pyKuM'" U HEe MOXKET OIEeHUTh
00J1bIIOr0 M3MeHeHus THIIOB. OH OIEeHHBaeT TOJBKO KPATKOCPOIHYIO BBHITOY OT CBOHUX
neficreuii. Kak JIerko MOHATH, TaKas MOJUTUKA MOYKET He IIPHBECTH K JeiCTBATEHHO
ONTUMAILHOMY MCXOJY, OJHAKO B JAHHOH pabore Mbl OyIeM PacCMaTpUBaTbh TOJBKO
TAKYI0 CUTYALHUIO.

Kak MBI y2Ke oTMedasiu, eciu geficTBue AD mpu OOTHMAIBHON (DYHKIIMH CTHMY-
JUPOBaHUsI OTJIMYALTCA OT JieficTBuii Apyrux AD (Ha caMoM jiesie I0CTaTOYHO, YTOOBI
JeiicrBue AD oTIMYANOCh OT JeHCTBUs IPeablIynero AY), 1o yuydlleHne ero THIA
00s3aTeIbHO CKaKeTCd Ha, yMEHBLIIEHUN OOIMMX 3aTPAT HA PeaIu3aliio HEKOTOPOIO
arperupoBanHOTO JACHCTBUA.

Bynem mpenmosnarath, uto gefictue AD oTimyaercs or jeictBuii npyr AD B cu-
creMe.

3ameTnM, 9TO MPOM3BOJHAS OOIIUX 3aTpaT IO AeHCTBHIO KOHKPETHOI'O 3JIeMeH-
Ta paBHA HYJIO (MOCKOJBKY HCHOJIB3YETCs ONTHMAJbHAs (DYHKIINA CTUMYJIAPOBAHNUA).
CaenosarenbHo, ecm Tun AD yaydrmaercs, To obiiue 3aTparThl (Ipn GUKCHPOBAHHBIX
neiicrBusix AD) ymenbinarorces (B coorpercrsun ¢ (opmysnoii (2.13) na

(ci(x;) — di(xiq))(n — i+ 1)Ar; + o(Ary)

TaK KaK [P 9TOM YMEHBIIAIOTCA 3aTPAThl HA CTHMYJIHpOBAHHE JAHHOrO A H Beex
JIEMEHTOB C JIYIHIMMH THIAMH. 3aMETHM, 9TO B HpeabLayIneit (popmysie mompasyme-
BAJACH TPOM3BOJHAS MO THIY. B masbHeiinieM B JaHHOM pa3sfesie BCe IPOM3BOJHBIE
dyukIuit 3aTpar OyayT paccMaTpUBATHLCH O THUILY.

O6o3HaunB, KaK U paHee, 3aTPaThl HA PEAM3ANUI0 CYMMApPHOIo JeHCcTBUS Y 34
S(y), Mbl mosrydaeM (HCIOIB3Ysl B KaUeCTBe BhIpazKeHHs /s 3aTpar dhopmyrty (2.13))
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MEMOoYKY:

as(y)  _ y) dzj
dr; - 872 +Z &’E] dr;

= (ci(z;) = cj(wi1))(n —i+ 1) + Z axj ‘Zi =
= (c(z;) — d(xim1))(n—i+1),

88
IIOCKOJIbKY 4YaCTHbIC IIPOU3BOJHbLIE ( ) PaBHBI HYJIIO.
Zj

Tenepb 3aMeTuM, 4TO HaI/I6OJI€e BbII‘O,ILHO VAydIinaTh TUIT TOTO 3JIEMEHTa, JAJAd KOTO-
pPoro oTHomeHue BBITOALI OT YyJAYYIIEHUA THUIla K 3aTpaTaM Ha YBE€JINYCeHUNEC MaKCHMAJIb-
HO, CJIeJIOBATeJIbHO, MBI JJOKa3aJ/l TeopeMy

Teopema 3.2.1. B akTuBHOII cucTemMe Hanbo./1€€ BHINOIHO VY UIIATH THII aKTHBHOTO
37IeMeHTa, JI7Isl KOTOPOTO 3HadeHHe BhIpaKeHnsd

(ci(xi) — cj(xi1))(n —i+1)
g(r:)

(3.6)

MaKCHAMAJIbHO.

Ecaun mbr yayammuv tun AD 6e3 uzmeHenunss (GYHKIWE CTUMYJIAPOBAHWS, TO TPH
9TOM (CUmTast, 9TO W3MeHeHHs THUIa ObLIH MaJbl) TPUOBLIL caMoro AD yBeJUInTCsl, a
npudbLIb KAK MEHTPA, TaK u Apyrux AD He uzmenurcs. Ecym ke moc/ie m3MeHeHns TUIa
MBI TaK U3MEHUM (DYHKIHIO CTUMYTHPOBAHUS, 9TO AD OyaAyT BHIOMpPATH Te YKe caMble
JIeHCTBUsI, HO IIPH 9TOM OT'PAHHYEHUN (DYHKIUS CTHMYIXPOBAHUS OyIeT ONTHMAJIbHON
(3aTparhl eHTpa OY/IyT MUHUMAJIBHBI), TO MPUOLLIbL caMoro AD u AD ¢ Xy/IIuMu TH-
NaM¥ He U3MEHUTCSI, & TTPUOBLIL JIyannx AD yMEHBITUTCS HA OJHY U TY YKe BEeJIUINHY.

3aMeTHM Ternepb, UTO eCJM COOTHOIIeHne B ypaBHeHuHu (3.6) Gosble e TMHUIIbI, TO
yBejmdenne tuna AD npuHeceT HpUObLIb, €CJU MEHbIIe eUHUIBI — OyIeT YOBITOTHO,
MOCKOJIBbKY (3.6) €CTh OTHOIIEeHHE TPUObLIH K 3aTPATaM.

Taxum 06pa3zoM, MBI MOKeM C(HOPMYIUPOBATH

Yreepxkaeune 3.2.2. Eciu 8 AC g1a 1106010 AD ¢ HOMEPOM ¢ BBIIOJIHSIETCS

(i) — ci(wi—1))(n —i+ 1) <
9(7” i)
TO TEHTPY SKOHOMHUIECKH HE BBITOIHO YBEJIHYMBATHL THUI HUKakoro m3 AD. Haobopor,

€CJIU CYTIECTBYET %, JIJAsi KOTOPOTO BBLITTOJTHEHO
/ / -
(cj(z:) — ci(xi1))(n —i+1)
9(72‘)
TO IEHTPY BBITOJHO YBEJWUMBATEH THI AD ¢ HOMEpPOM 1.

> 1,

CaencrBue 3.2.3. OuruMaabHBIM MOXKET OBITH TOJBKO Takoe coctosinne AC, Ko-
ra I a1000ro u3 AD BBIIOJIHSIETCS

(c(xi) — i(xicn))(n —i + 1)
g(rs)
W LEHTP HE H3MEHslI THIBL TeX AD, JUI KOTOPBIX JAHHOE HEPABCHCTBO SBJIACTCS CTPO-

<1

— I

THAM.
JlokazaTebCTBO JIAHHOIO CJAEJCTBUS CPA3y YKe BLITEKAET U3 YTBEPKJICHUA.
OrmeTuM, 9TO ec/i NEeHTD MOYKeT W3BJIEKATH MPUOBLIb U3 YMEHBITEHUs THIIOB AD,
TO BEPHbI PE3YJIbTAThI, AHAJIOIIYHbIE JJOKa3aHHbIM paHee. [Ipu 3rom Oyjier cupase iinBo
caeytoriee (JI0Ka3bBAEMOe AHAJOTUIHO TP TBITY M)
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YrBepxkaenune 3.2.4. OnruMaJIbHBIM MOYKET OBITh TOIBKO Takoe cocTosaue AC,
Koraa st JIIo0oro u3 AD BBIIOIHIETCS

(ci(xi) — ci(xi1))(n —i+1)
9(7“ z‘)
" IIEeHTp He U3MEeHAJT TUIILI TeX A97 JJIgd KOTOPBIX JaHHOE HEPaBEHCTBO ABJIACTCA CTPO-

=1,

TUM.

3ameTnM, 9TO, IpuMeHdas "0JIH30PYKY0" MOJTUTHKY, IEHTP MOXKET IPUATH K TAKOMY
COCTaBY, KOT/1a JIOKAJIHHO OYIET He BHITOIHO YBEJIUINBATEH THIT HA OJHOTO U3 AD, OHAKO
9TO paBHOBecHe Oy/1eT He ONTHMAJIbHO.

Paccmorpum terepsr AC, B KOTOPBIX CymEeCTBYIOT AD, KOTOPBIE MPH ONTHMAJIb-
HOM (DYHKIINK CTUMYJIMPOBAHUS BBHIOMPAIOT OIMHAKOBBIE NeiicTBUs. Pe3ynbrarhl daH-
HOI TJIABBI PACIHPOCTPAHSIIOTCS Ha AD, YbM IefCTBUS OTINYAIOTCS OT JeHCTBHH APYTrux
9JIeMEeHTOB, U Ha AD, 4bH JeHCTBHUA COBNAIAIOT C AeficTBUAME APYTHX AD, HO OT/IMYA-
I0TCST OT JIeRCTBUI Xy QmuX (MM Tpeablaymux 1mo mopsaaky) AD. Kpome toro, MoxkHO
MOKA3aTh, YTO PE3yJIbTAThl JAHHON IJIABbI ¢ HEKOTOPHIME OIPAHUYEHUSIMA TPUMEHIMbI
K AD, ybu JeficTBUg oTMUYaloTes oT gefictBuil jyumux AD (npu srom GyayT Apyrue
dbopmysbr). OgHako HEGOIbINNE U3MEHEHHs] TUTIOB AD, UbH JeHCTBUS COBIAJAIOT KAk
¢ JeACTBUSAME HAMJIYUIINX, TaK U C JAeHCTBUIMHA HauXyqmux AD, He NPUBEIYT K M3-
MEHEHHUIO ONTHMAJIbHONH (DYHKIUH CTUMYJUPOBAHHUS U, KAK CJEICTBHE, K H3MEHEHHIO
npubbL nentTpa. OHAKO TPU YIYUNIeHUH THTA, JAHHOTO AD npuObLIL TOJYYUT caM
AD. Tlpurom npubsLib Oymer paBHA PA3HOCTH MEZKIy ero 3arparaMu. [[0CKOJIBKY TIPo-
U3BOJIHASI OT 3aTPAT COCTABJSET ¢ (1;, x;), a dyHKuueil g(r) onpenessrorcs 3aTparsl
Ha yBeJIHYEHUe THUIA, TO BEPHO CJEIVIOIee YTBep:KIeHHUE.

Vreepxkaeuue 3.2.5. Eciu geiicreue AD coBnagaer ¢ jefictBrueM (HEKOTOPOIO)
ayqmiero AD u (HekoToporo) xyamrero A, to ganHOMY AD BBITOJHO YBEJIUYUTH THIT
myTeM OOy4YeHUsT €C/In

¢ (i, i)
g(rs)

Nrak, KpaTKko MOABEIeM UTOTH TPEThEeH TJIaBhI.

B paszene 3.1 paccMaTpHBAJINCh BOMPOCH (hOPMUPOBAHUS COCTABA MCIIOJTHUTEIEH
Ha OCHOBAHHHU IPOBEIEHHOIO B TJIaBe 2 HCCAeI0BAHUS CBOMCTB ONTUMATIBHBIX (DyHKIHI
CTUMYJIHPOBaHUs. BbLIa paccMoTpeHa IUHAMHYECKas MOJeIb (hOPMUPOBAHUs COCTABA,
UCTIOJIHUTE e, TTPUBEeH aJrOPUTM HAXOXKIEHUS TMOCAeI0BATEIHHOCTH ONTHMAIBHBIX
COCTaBOB (B pa3/IMYHble MHTEPBAJIbl BDEMEHH) HAa OCHOBAHWUHU DEIeHUs 3aJadu JIHHA-
MHYECKOro mnporpamvupoBanus. [lokazano, 4T0 ONTHMAaJIBHON CTpaTerneil siBjisieTcs
YBOJIbHEHUE COTPYIHUKOB C THIIOM MEHBIIEe KPUTUIECKOTO, IPX 3TOM JAHHOE KPUTHIe-
CKOe 3HaYeHHe THIIOB ompeessercs 1Mo TekymeMmy cocraBy AC u He 3aBucuT or AD,
THIIBI KOTOPBIX MEHbIIe JAHHOTO KPUTHIECKOTO 3HATECHUS.

B paszzgerne 3.2 Gblna paccMOTpeHa W IPOAHATM3MPOBAHA MOJETh W3MEHeHUs (32
miary) Tana AD u HalijieH MexaHu3M onpenesnerns AD (HeOOXOIUMbIE U TOCTATOIHBIE
ycJioBust), 4eil Tun HamboJsiee BBHITOJAHO U3MeHsITh Ipu 3a1anaoM coctase AC. Uccaemo-
BaH BOIIPOC BBITOJIHOCTH M3MEHEHMs THIa camMuM AD.
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I'nmasa 4

SAJAYA ®OPMUNPOBAHUA YVIIPABJIAIOIIEI'O
COCTABA AKTUBHOI CUCTEMBI C OJJHUM
AKTUBHBIM 2JIEMEHTOM 1N HECKOJIBKMN
NEHTPAMU

B namuoit rmaBe uccaenyiorcs cBoiictBa AC, COCTOSINUX U3 HECKOJIHKHX TEHTPOB
1 oHOr0 AD B JOCTATOYHO OOUIUX MPEIIOJOKEHUAX (HAKJIAIBIBAIOTCS TOJIBKO YCJIO-
BUs HEMPEePBIBHOCTH U HEOTPHUIATETBHOCTH BCeX (PYHKINN, KOMIAKTHOCTH MHOYKECTBA
neiicreuit AD). B kagecTBe 0HOr0 AD MOKET BHICTYTIAThH arpernpOBAHHBIN KOJIEKTHB
AD. Tpobrema 3ak09aeTCsS B UCCAEIOBAHIE POJN KAZKJIOTO U3 MEHTPOB B yIIPaBJie-
Hun AD, B U3yYeHWN MOJTYyJIAONUXCS PABHOBECUI U PACIPeIeIeHIH TPUOBLIH MKy
pazanIHbIME yuacTHuKaMu ganmnoi AC.

4.1. XapakTepu3anusd paBHOBeCHil

st pernenust 3a1a49u GOPMAPOBAHEST COCTABA HEOBXOIMMO YMETh OMHCHIBATH PAB-
HOBECHsI, KOTODPBIE MOJTYyYAlOTCs TPH UIPe MEHTPOB. B JamHoM pasfiese TPHBOIATCS
OCHOBHBIE Ompejiesienns (paBHOBeCHe, ONTHMAJIBHOCTD, yTPo3a). B KadecTBe paBHOBe-
CHUsl UCTIOJIb3YETCS KOHIIETIINS COBEPIIEHHBIX K To/birpaM paBHoBecuit Hama. [Togbirpa
B JAHHOM cJiydae - BbiOOp AD ero geiicrBus. T.K. B JaHHOM pa3jese Mbl OIPaHHIH-
BAaEeMCsl PACCMOTPEHHEM CTAaTHIeCKUX Urp, 70 AD Oyaer BbIOMPATH ONTUMAIBHOE JIJIst
cebsi jieficTBHe, MOCKONBKY HH OJMH M3 IEHTPOB HE CMOXKET B CJICIYIONIHNX TePUOIAX
(KOTOpBIX HET) HAKA3ATH €ro 3a HeOJArONPUSATHBIH JIJIA MeHTPa BHIOOD.

Hasosem crparermn nentpos (0,(7))p_; donycmumvimu, eI OHI yIOBIETBOPAIOT
CJAETYIONM CBONCTBAM:

1) dbyHKIMI CTUMYJIHPOBAHUS HEOTPUIATEIBHBI U MIPUHAIEXKAT OTPEIeJTeHHOMY
panee KJjaccy (pyHKIMHE cTuMmyIunpoBanud M:

o(xyeM  Vp=1,n;

2) orcyrcryer "Gied", T.e. MEHTPHI 00EIIAIOT CTOJIHKO, CKOJBKO OHH PEAThHO
MOT'YT 3aILIaTUTh:

H,(z) > o,(x) Vp =1,n.

Bynem rosoputh, uro ((03(z)), z*) — dukcnpoBaHHbBIe CTpATETHH MEHTPOB MTPH 3a-

p
nanHOM geiictun A x* — obpasyoT pasnosecue Hawa, ecan:

1) crparernn o (x) JOMYCTHMEL;
2) AD Boibupaer neiicTBre

n

r* € Argmax ZU;(x) —c(z) | ;

zeX =1
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3) mpH OJHOCTOPOHHEM H3MEHEHNH JTIOOBIM U3 IEHTPOB CBOEi CTpaTernu Ha o,(x)
OH He CMOXKET YBEIUYUThH 3HAYEHHE CBOei 1eeBoil (hYHKIMH BHE 3aBUCHMOCTH
oT npeanodTeHuit AD:

Vp=1,n, Yo,(x) € M, o,(z) < Hy(z),
n

Vo € Argmax | Y. of(x) +op(z) —c(z) | =
reX i=1,i#p

Hy(x) = op() < Hy(a") — oy (7).

Suauenne ¥ npu 3ToM OyaeM Ha3bIBaTh ucrodom paBHoBecusa Hama, peasusyemvim
AC npm pamHbIX paBHOBeCHBIX cTparerusix. He Oymem pasiumuars paBHoBecus Harra,
KOTOPBIE PEAJU3YIOT OJIUH U TOT YKe MUCXOJ ¥ MPU KOTOPHIX BBIUTPHIIIHN (3HAYCHUS IIe-
JeBbIX bYHKIHUIT) eHTPOB U AD OIUHAKOBHI.

Bynem rosoputh, uro x* ectb Ilapemo-sfiexmuenniti dan eceti AC ucxod (conn-
anbHBI [Tapero-onrumym), ecian

n
*
" € Argmax E H,(z) — c(z)
zeX =1
SamernuMm, 9T0, BOOOIIE TOBOPs, W3 OMpeIeIeHn He caemyeT, uTo jboit [Tapero-
3 ek TUBHBIN HCXOJ] MOZKET OBITH pean30BaH Kak paBHoBecue Harma.

B cuiy komunakTHOCTH MHOXKECTBA, X MHOKECTBO
n
{reX: ZHP(:(:) —c(z) > 0}
p=1

OrpaHIveHo (I3 HEIPEPBIBHOCTHU U MIOJTyHEIPephIBHOCTH cBepxy dyukuuit c(z) u H,(z)
cJleflyeT 3aMKHYTOCTh). B CHIy NPEeANoIoKeHusi O TpaBe yqacTus (CyIecTBOBAHWN
Takoit Touxku I, uro H;(Z) = 0 ans moboro i = 1,n) AD 310 MHOKECTBO HEIyCTO.

[Ipexkje Bcero, ycranoBuM (hakT, ABJIAIONIMIICA OCHOBHBIM JIJIsl JAHHOI'O pa3jesa u
KOTOPBIif OyIeT MCIOIb30BATHCS JIIs I0KA3aTe/IhCTBA JAILHEHIINX Pe3yIbTaToB.

JlemMma 4.1.1. Ilycth nMmeeTcss HeKOTOpoe paBHOBecre Hama UTpbl HEHTPOB, B KO-
TopoM AD BeIGUpaeT feiictue T. Torma mad 1060ro p = 1, n cymecTByeT TaKad TOUKa
T, YTO

n n
(4.1) o oiay) —clay) =D o) — ().
i=1isp i=1

JlanHag JiemMa TOBOPHT O cjejyioneM. IlycTts nMeercd paBHOBecue U IIyCTh aKTHB-
HBIl 5JIEMEHT [OJIy4YaeT B PABHOBECHH HEKOTOPYIO MPHOBLIH (B ciaydae, ecan AD mnpu-
ObLJIb HE MOJIyYaeT, yTBEPKICHNE JEeMMbI SB/IsSeTCs 0deBuAHBIM ). Torma s aroboro u3
AD cymecrByer Koasmnust (He BKJIIOYAIONIAs JAHHBIA [EHTD) U JeHCTBHE, B KOTOPOM
KOAJIHUIA TIperaraeT AD Takyio Ke IpHOLLIL. T.e. IpM YMEHbIIeHHH CTHMYJIAPOBA-
HUsI IeHTPoM AD pemuTh BHIOpaTh AeificTBe, B KOTOPOM KOAJIHUIUS IPEIIAraeT Ty 7Ke
caMmyto mpuobLIb. T.e. Koannnusa Kak Obl MpOTHBOOOPCTBYET cMeHe AD cBoeil (hyHKIII
CTUMYJINUPOBAHUA.

Kaxk ciejcTBue npeapiayiieii TeOpeMbl BEPEH CJIY IOl pe3y/IbTaT:

Jlemma 4.1.2.. Ilycrs ((0y(x)),z*) — mnekoropoe pasnosecue Hsma. Torua
JUlst JIF0O0TO P CyIIECTBYeT TaKas N-IHMKOBasl (PYHKIUs CTUMYJIUPOBAHUS G,(T), UTO
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((oi(x))izp, Op(x),2*) — paBHOBecue Hsmra, mpr KOTOPOM BBIMIDBHIIIM IEHTPOB U AD
TaKue Ke, KaK U B UCXOJTHOM PaBHOBECHH.

[Ipumensisa JaHHYIO JIeMMY HECKOJIBKO pas3, MOJIyIaeM, 9TO KazKJIblil U3 MEeHTPOB MO-
JKeT ONPAHIYUTCS N-ITMKOBO# (DYHKIHEi cTHMYIMpOBaHus (MTHKK BeeX DYHKIHHA CTHMY-
JMPOBAHUSI PACIIONOKEHB! B .+ 1 TouKe MHOXKecTBa X ) W, CJIeIOBATEIBHO, TIPH MOUCKE
paBHoBecuii Hamma MOXKHO OrpaHUYUTHCS TOJBKO TAKUMU (DYHKIHSIMHA CTHMYJIAPOBA-
nust. Takxke B [19] Bce BO3MOMKHBIE PABHOBECHs KIACCHMHUIUPYIOTCS HA PABHOBECHSI
tuna "corpynaudectBo" u "kKoukypenmus'". Pasimume MexKIy HHMH COCTOUT B TOM,
9TO B IEpBOM cjydae AD moaydaer TOJBKO KOMIIEHCAIUIO CBOUX 3aTpAT Ha BLIOOD
neiicreust x*. [lpw peanmzanuu paBHOBecusi T "KOHKypeHmus' AD mogydaer or
IIEHTPOB JIOMOJHUTENIBHO K 3aTPATAM CYyMMY

s = Zap(x*) —c(z*) > 0,

KOTOpast HA3BIBAETCs Yzpo3ot. HazBamue cBI3aHO ¢ TeM, 9TO, HECMOTPs HA HEKOTOPBIi
"samac" cymmbl byHKIHI cTUMYIHpoBaHus B Touke x* (AD mosydaer Goiblire, yeM emy
HAaJ10 /I BBIOOpA jieficTBus £*), HH OJMH U3 IEHTPOB He YMEHbIIAeT CTUMYTHPOBAHUSI
B 9TOil TOYKe, MOCKOJbKY JAPYTHe MEHTPHI YIPOKAIOT €My BBIOOPOM HEBBITOHOTO JJIsI
Hero jeiictBus. Benuauny s Oyjem B jajibHeiliiieM Ha3bIBaTh Y2po30t WIn 8eAUNUHOU
Y2po3o.

He Bce ucxofpl MOryT GBITH peau30BaHbl KakK paBHOBecus 6e3 yrpos ("corpyaau-
dectBo" ), BoJiee TOro, MpUBEIEM IPUMEP, B KOTOPOM MOTYT OBITh TOJIBKO DABHOBECHSI
Tuna "KoHKyperrus".

ITpumep 8. Paccmorpum curyanuio, NIpuBeJeHHYIO HA PHC. 3.

Puc. 3. Omnpenenenne MHOXKeCTBA BO3MOXKHBIX PaBHOBECHIt

[Ipu Jirobom paBHOBeCUU T* U OTCYTCTBHM yI'PO3 -MY HEHTPY OYJET BBIIOJIHO OT-
KJOHUTBCSH, €CIIA

" ¢ {x: Hy(x) > 0},

MOCKOJIbKY B 9TOM CJydae OH He Tojydaer Hudero — H;(x*) = 0, npudem B cuiy
OTCYTCTBHS YTPO3 JIOCTATOYHO HA3HAYNTH (PYHKINIO CTUMYJIHPOBAHUS
c(x) +¢e, € Argmax(H;(x) — c(z));

g; (3;‘) = rzeX
0, nHave.
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3aMeTuM, 4TO MOCKOIbKY
{z: Hi(z) >0} N{z: Hy(xz) >0} =0,

IpH JII0OOM =¥ KAKOMY-THGO 13 IEHTPOB 00SI3aTEILHO BBHITOIHO OTKJIOHUTHCS. TakuM
00pa3oM, B JAHHOM HPHMEPE CYIIECTBYIOT TOJBKO PABHOBECHS C YIPO30ii.e
PasnoBecue ¢ yrpo3oii B cIydae ¢ IPOU3BOJBHBIM YHCIOM [EHTPOB ONUCHIBACT CJIC-
Iy IOTIAst
Vreepxkaenne 4.1.3. Ilycts n > 1 u ((0;(z)),2*) — pasuosecme Hsma. B
TOM CJlydae, eci 910 paBHoBecue Hamma apisiercs paBHOBecueM ¢ yrposoif (T.e. eciiu

n
> oi(x*) — c(x*) > 0), o maa moboro p = 1,n cymecrByer Takasg Touka & € X, 9T0
i=1

(42) i=1,i#p i=1 .
= max Z:Z:lai(x)—c(x)

Takum 06pa3oM, IPOTHB KAZkK/IOI0 U3 IEHTPOB OCTAIbHBIE NEHTDHI (MM X YacTh)
B TOYKe T 00pa3yioT KOAJUIMIO. DTa KOAIUIMS YIPOXKAET TeM, YTO IIPU U3MEHEHUH
IEHTPOM CBOeil cTpaTeruu u3-3a HAJIHYHA YIpo3bl AD Oymer BHIOMpATH HEOIarOIpHUsIT-
HOe JI/Isi OTKJIOHUBIIIETOCs IIeHTPa PaBHOBECHE, UTO B HTOTE YAEPXKHUT €ro OT U3MEHEHHS
cBoeit ctparerun. /lanHoe paBHOBecUe, He TMO3BOJISIONIEE HU OJTHOMY W3 TIEHTPOB H3Me-
HUTH CBOIO CTPATErHi0, HEYCTOWINBO K N3MEHEHWIO CTPATEruil HECKOJIBKUME MEHTPAMHI
OJIHOBPEMEHHO (IIPU CrOBODE), T.€. HECKOJIBKO IEHTPOB, CTOBOPHUBIIHCH, MOIYT TaK W3-
MEHHTDb CBOM CTPATErdHd, YTO HOBBIA MCXOJ JjI HUX MOXKET OBITH Oojiee BBITOJIEH, UeM
CTapbI.

[Io ananoruu ¢ yrBepzkiaenueM 4.1.3 MOKHO J0Ka3aTh, YTO JJIs TOI'O, YTOOBI JIBYM
MEHTPaM OBILJIO HEBBITOIHO OTKJIOHATHCS, HEOOXOIMMO W JIOCTATOYHO, YTOOBI MPOTHR
KasK/IBIX JIBYX MEHTPOB CYIIECTBOBAJIA KOAIUINS, KOTOPas Obl yIPOXKAIA B CJIyIae UX
oTKJIOHeHUs. Pazymeercst, 910 B JAHHOM CJIy9ae MHOYKECTBO HCXOJ/I0B, KOTOPBIE MOI'YT
OBITH PeaTn30BaHbl, CY3UTCsI, TIOCKOJIbKY PaBHOBECHE ¢ HEBO3ZMOXKHOCTBHIO OTKJIOHEHHSI
JIBYX HEHTPOB SBJISIETCS PABHOBECUEM C HEBO3MOXKHOCTBIO OTKJIOHEHHS OJIHOIO IEHTPA.

TpuBnaJIbHBIME CJICJICTBUSMUA U3 YTBep:KieHusd 4.1.3 aBidioTcs:

CaencrBue 4.1.4. B paBHoBecMH MaKCUMajbHO BO3MOXKHAs yIrpo3a HE MOYKET

ObITEH DOJBIIE

min | max Z H(x) — c(z)

P reX
i=1,i#p

Caenctsue 4.1.5. Ilycrs ((0,(x)),2*) — paBroBecue Hama. Torna cymecrsyer
Takoe KoHeuHoe MHOKecTBO Y C X, |Y| <n+1, 2" € Y, uro:

VeeY ) op(x)—clx) =) op(x”) — c(z”);
p=1
Vpel,n xeY: o,(z)=0;
VeeY dpeln: oy(r)=0
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Kpowme toro, nabop ((6,(x)),z*), rue

obpasyer pasHoBecue H»aia.

Cnaencreue 4.1.5 roBopur 0 cBOWCTBaX paBHOBECHBIX (N + 1)-MUKOBBIX DYHKITHI
crumyaupoBanug. MHozxKecTBO yrpo3 Y (a HMEHHO 5TO MHOXKECTBO U SBJSETCST MHOZKe-
CTBOM YI'DO3, U €CJId Mbl OOHYJIMM BCe (PYHKIMH CTUMYJIUPOBAHMUS, a B TOYKAX MHO-
JKecTBa Y OCTaBHM WX MPEKHUMHU, TO MOJYUYUBINHecS (DYHKIWU OYIyT PaBHOBECHBI-
mu (n + 1)-nuoBeIME DYHKIUSMEA, TPHYEM TTHKH OYIyT B OJHAX M TeX Ke TOYKAX y
pasuIHbIX (BYHKIUH CTUMYTHPOBaHUS) 00Ia1a€T CIeYIONUM CBOCTBOM: B KaZK IO
TOYKE MHOXKECTBa Y COCPeI0TOYeHa yrpo3a MPOTHUB KAKOTO-TO IEHTPA, MPUYEM JIIs
JIIOOOTO TIEHTPa HAlIeTCs TOYKA U3 MHOZXKECTBA Y, B KOTOPOil MIPOTUB HErO COCPEJIOTO-
4yeHa yrposa. B Touke yrposbl POTUB HEHTPA ¢ HOMEPOM P (PYHKIUS CTUMYJIUPOBAHUSA
CaMOTO TeHTPa, TPOTUB KOTOPOT'O HANPAaBJIeHA yIPo3a, PABHO HYJIO, U pa3Mep YIPO3bI
paBen neperiare AD B paBHOBECHOH TOUKE.

4.2. OnTuMaJbHOCTb PAaBHOBECHIL

B nmaHHOM paszesne uccaeayercsa CIeIyoNTiii BOMPOC: BCErJa JIU B aKTUBHON CH-
creMe CyIIECTBYET DaBHOBECHE, MCXO KOTOPOro onrumasen? Vliu, ecim Mbl roBOpUM
0 GOPMHPOBAHIHI COCTABA EHTPOB, JJIsl BCSIKOIO JIM COCTABA CYIIECTBYET DABHOBECHE,
HCXOJ] KOTOporo ontuMasien? Tak ke X0Tesoch Obl 3HATH, KAK CBSI3aHbI BLIUTDBIIIN B
PABHOBECHH ¢ BO3MOYKHBIMH BhIHTIDBITIaMu B [lapero-sddekTuBnoM pasrosecuu.

s cnydas nByx AD gaHHbIi BOIPOC UMEET MOJIOKUTEIBHDINA OTBET, O IeM TOBOPHT
CJIEJIYOTIAsT TEOPeMa.

Teopema 4.2.1. B AC ¢ aByms nmenrpamu u ogauM AD 11000e HEONTHMAJIBHOE
paBHOBECHUE HapeTO—rHOMI/IHpreTCH OIITUMAJIBHBIM.

Wi, roopst Gostee (bopMaIbHBIM SI3BIKOM, TIyCTh B AC ¢ IBYMsI IIEHTPAMU U OJIHAM
AD umeercs (01(x), 09(x),T) — Hekoropoe pasHoBecue Homra,

(4.3) T ¢ Argmax Z H;(x) — c(x)

zeX i—1

Torna mig gaoboro

2
(4.4) r* € Argmax Z Hi(x) — ¢(x)
zeX i1
cymiecTByioT Takue o5 (x) u o5(z), aro (o](x),05(x),2*) — pasrobecue Homa, npuiem
PU [EePeXo/ie OT OJHOIO PABHOBECHUSI K JAPYTOMY BBIMIPBIIIN [EHTPOB HE YMEHbBIIATCS
(1 o kpaiiHeil Mepe OJIHOTO MEHTPA YBEJIUIUTCS ), & BBIUTPHIIT AD OCTAHETCS TPEZKHIM.
Takum 06pazom, 1 TI000T0 PABHOBECHS B CUCTEME C IBYMS IIEHTPAMU CYIIIECTBYeT
[Tapero-abdexTuBHOE paBHOBECHE, B KOTOPOM BLIUTPHIIT AD He U3MEHHUTCS, & BBIUTDBI-
M TIEHTPOB He YMEHbIATCst (IIPU COOTBETCTBYIONIEM JleJIeKe CTPOTO YBEJINIaTcs).
JlanHblit pe3yabraT Urpaer orpoMHyo poJib. Pakrudecku Teopema 4.2.1 roBopur
o Tom, 4ro ecsim B AC peanusyercs HesbdekruHoe paBroBecue, T0 (HanpumMep) me-
TAIIEHTP MOXKeT YKAa3aTh TaKoe M3MEHEeHWe cTpaTeruii (Ha caMoM jiejie, 4TO BUJIHO U3
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JI0KA3aTe/IbCTBA TEOPEMbI, H3MEHEHUsT MOTYT KOCHYThCsI TOTBKO CTUMY/INPOBAHUS OIITH-
MAaJIbHOTO JIEHCTBHSA, T.€. OJHOU TOUYKH), 9T0 06a AD OT TAKOrO U3MEHEHHs TOJIBKO BbI-
urpatoT. VLM, IpyruMu cJI0BaMu, IpU peaan3anun HeaddekTupHoro papaosecus B AC
¢ IByMsi meHTpaMu HeadhEeKTUBHOCTH 3aKII0IaeTCsl B TPOOIeMe KOOPIHHAINNA.

K coxkanenuto, JanHoe yTBepzK/eHue (B 4acTH TOMUHUDPOBAHWs) He JeHCTBYeT st
npou3Bo ibHON AC ¢ Tpemst neaTpamu u 6osiee. [lpuBegem ciemyromnuii mpocToil npu-
Mep.

IIpumep 9. [Iycrb MHOKecTBO X cocrouT u3 Tpex aeiictsuii: X = {0, z1, x2}. Bee
bDYHKIIUN TPUBEICHBI B TaOIUIE 3.

Tabauna 3. IIpumep HegOMUHUPOBaAHUA HeONTUMAJbHOTrO aeitictBug B AC
C TpeMsd IeHTPpaMu

EN DIENEN
clxz) [[0]2 |4

012 (0
02 (4
0(0 |4

PaccmorpuMm citemytoniee HeONTUMAIbHOE PaBHOBecHe: T = X1,

1, ==
Oa fE?é.Tl,
os(z) = 0.

Hentpol 1 U 2 B paBHOBECHH TOJIYYAIOT NPHOLLIL 1 Kaxkiablit. 1 mamHoe paBHOBe-
cre HeJIOMUHUPYETCd PaBHOBECHEM C ONTUMAJIbHIBHBIM UCXOJIOM Ty T.K. IIEPBBIil EHTP
MOJIyYaT HYJIeBOi J0X0/ npu BeiOOpe AD neiicTBus xo.0

BaMeTI/IM OJHaKO, 9TO B IpeAblAyIIeM IIpuMepe OJHO U3 HEOIITUMAJIbHBIX DaBHOBE-
cuit (C HUCXOJI0M 1* = xl) BCE-TAKHN JIOMHHUPOBAJIOCH ONTUMAJBHBIM, W BOIIPOC O TOM,
€CTb JIM TaKOi MpuMep, KOTJIa HU OJTHO U3 HEONTUMAJIbHBIX PAaBHOBECHl C TAHHBIM WC-
XOJIOM He JJOMUHUPYETCS OMTHUMAJIBHBIM OCTAETCs OTKPBITHIM.

4.3. CymiecTBOBaHUE paBHOBeCUii

B sannom pazjiesie Oyjier paccMOTPEH BOLPOC CYIIECTBOBAHUS PABHOBECUN B I10JIY-
Jaoleica urpe meHTpoB. HeoGXxomuMo 3aMeTHTh, YTO HPH PACCMOTPEHUH ITOJTOOHBIX
urp OBLIO 3aMeYeHO, YTO BOIPOC CYIIECTBOBAHUSI 3a4aCTYIO TPYIHO TOKA3yeM, H II0-
9TOMY IIPH J0KA3aTeIbCTBE CYIIEeCTBOBAHUS J€IAI0TCI HEKOTOPBIE YIIPOIIAIOININAE IPE/I-
nosioxkeHnst. B pamHOM pasziese Oymer mokaszano, 9ro B AC, cocrosimeii n3 apyx AD
BCEIIa CYIECTBYET PABHOBECHE.

Paccmorpum 1ojpoduee pasuoBecue H»aima ¢ yrposoit s B ciydae JByX II€H-
TpoB. EcTecTBeHHO, YTO KaxKIOMY H3 IEHTPOB BBITOJHO YIPOKATH IPOTUBHHKY B
TOH TOYKe, B KOTOPOi ero (IPOTUBHHKA) BBIUTPHINI MUHWMAJEH, T.e. B TOYKAX MHO-

xkectBa  Argmin  H_;(z), 9706bl NPOTHBHUK HE COIVIACHJICS HA PEAIU3AIUI0 HCXO-
z:H;(x)—c(x)>s
na yrposol, rae H_;(x) = Y Hj(zr). 3amMeTuM, 4T0 B CBSA3H C MPEANOIOXKEHHEM O
J#i
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HenpepbiBHOCTH yHKImMiE H,(r) TaHHBI MUHAMYM TOCTHTAeTCs (€CJTH MHOMKECTBO
{z : Hy(x) — c¢(x) > s} e mycro). Ucxoss u3 310ro, BBejieM (DYHKIHN

fi(s) = Y min H(z) n
z:Ha(z)—c(x)>s
(4:5) fa(s) = min  Hy(x).

x:Hi(z)—c(x)>s

Beenennsie byskmun f;(s) ecTh MUHUMATIbHBIE 3HAYEHHsI JOXOIA -IO NMEHTPa HA
nonMuozkecTBe X, rie (—i)-it menTp MoxkeT obecrednth yrpo3y s. llyers z7(s) u z5(s)
— permrenus (1100ble) MIHIMH3AIMMOHHBIX 33024 (4.5) 1/ cOOTBETCTBEHHO (DYHKIIHMIT
fa(s) m fi(s). Torna BeImOTHSIETCS

Hy(@}(s)) — c(a(s)) = s u  Hi(a®y(s)) = fils).

K3 -1

Omnpegenum a; = m%?c(Hi(x) —c(x)), a x; = z}(a;). Torga
TE

a; = max(Hi(x) — c(z)) = Hi(z:) — c(zy),
u 1o caencTsuio 4.1.5 B paBHOBECHH yIrpo3a He MOYKET MPEBOCXOIUTH 3HATCHUS
min(ay, as).

3HaveHne a; eCTh MAKCHMAIBHO BO3MOMKHBIN BBIUTPHIII (3HAUCHUE T1eIeBOH (hyHK-
un) B urpe i-ro mertpa ¢ AD, ecanm B AC orcyTcTByer Apyroii MeHTp, a x; — WCXO,
IIPH KOTOPOM 3TOT BBIMIPHIII JOCTHTALTCSA. 3aMeTuM, 910 GyHKuu f;(s) onpemnenens
upu s € [0, a_;], ABAAIOTCS HEYOBIBAIOIMME ¥ HEIIPEPBIBHBIMU CJIEBA.

Hasee Gyaem mpeanosnarath, 4to xj(s) u x5(s) HE IpU KaKOM s He COBIAIAIOT (BO
MHOTHX CJIyYasx, BIPOUEM, 9TO YCJIOBHE MOKHO OCJIAOHUTD).

IIycTh MBI XOTHM ONIPEIe/IUTh, MOKET JIH HEKOTOpasd TOUKa = MHOKecTBa X OBITH
peanm3oBaHa Kak pasHoBecwe Hsrra (Bo3amMoxkHO, ¢ yrposoii). Pacemorpum HeoOxom-
Mble M JOCTATOYHBIE YCJIOBHUS JIJIS 3TOTO B TEDMUHAX BBEJECHHBIX (DYHKIHIL.

[Ipex e Bcero, KazxJOMY W3 IEHTPOB JOJKHO OBITH HEBBITOJHO IOJHOCTBIO OTKa-
3BIBATBCS OT CBOETO CTHUMYJIUPOBaHUs (mpemaarath AD BO BCEX TOYKAX HYJIEBOE CTH-
MYJHPOBAHAE) U COIVIAIIATHCS HA TO, YTOOBI PeaTn30BbIBAJIACH YIPO3a MPOTHBHUKA,
T.€.

Hy(23(s)) < Hi(z7) — o(27);
Hy(z1(s)) < Hy(z7) — 0a(x7).

Jlajiee, HUKAKOMY U3 IEHTPOB HE JIOJKHO OBITH BBINOJIHO OTKJIOHATHCS HA PEATH3a-
LUIO CBOCH Haujyudlleid crpareruu x;, T.e.

Hi(x1) — c(zq) — s < Hi(x*) — o1(x¥),
Hy(x9) — c(xg) — s < Ho(x*) — o9(x*).

*
Ob6beunsisa YeTbipe IPUBEICHHBIC BBIIE HePABEHCTBA U 3aMeHss B Hux H;(x*,(s))
na f;(s), moaywaem, 9To

max(f1(s),a; — s) < Hy(z*) — oq1(z*);
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Takum 006pazoM, JJist TOTO YTOOBI CYTIECTBOBAIN PABHOBECHBIE 0;(X), IPU KOTOPHIX
€ YI'PO30# S peaJu30BBIBAIOCH JecTBHE ¥, HEOOXOIUMO U JOCTATOTHO, YTOOBI BHIIOJI-
HSIINCh HepaBeHCTBA

max(fi1(s),a; — s) < Hy(z¥)
max(fa(s),ap — s) < Ha(")

max(fa(s), az — s) + max(fi(s), a1 — s)
< Hy(x*) + Hy(x*) — c(x*) — s.

I
Y

(4.6)

[TocJieiHee HEPABEHCTBO TOBOPUT O CjejytomeM. Jljig Toro 4robbl, HAIPUMED, HEPBOMY
MEHTPY He CTaJa BBITOTHBIM PEAJU3AIMs UCXOA0B X1 Win *(s), HaJI0, IYTOObI IPU UC-
xoJie ¥ oH moJiydan Oosibine. TakuM oOpa3oM, HEOOXOAUMO, YTOOBI OH IPHU T IOJIyYal
kak MuHUMYM max(fa(s),a; — s). To ke camoe BepHO U Jjisl BTOPOTO TieHTpa. B coBo-
Kynnoct B ¢ onn nosnyuator Hy(2*)+ Hy(x*) —c(2*) —s. Tperbe HepaBeHCTBO TOBOPHT
0 TOM, YTO TEHTPbI UMEIOT YTO JEJAUTH, MPUYEM CyYMMa JIjIsd Je/ezKa PaBHA PA3HOCTH
MezKJly TIPaBO U JIEBOW YacTsIMM HEPABEHCTBA, TaK Kak o(x*) + o9(x*) = ¢(z*) + s.

[Ipu 5TOM CTHUMYJIUPOBAHUS B PABHOBECHH (M COOTBETCTBEHHO BBIILIATHI MEHTPAM )
ONPEJIEJISIOTCS CIICIYIONIIM 00pa30M:

o1(21(s)) = c(x1(s)) + s;
a2(w5(s)) = c(w3(s)) + s;
(4.7) o1(z*) + oo(z*) = c(x*) + s;
Hy(2") — o1(2") = max(fi(s), a1 — s);
Hy(x*) — oa(x*) > max(fa(s),az — ).

CymecrBoBanne takux o1(x(s)), o2(x3(s)), o1(2*) n o9(z*) obecnieunBaercs cucre-
Moit HepaBeHCTB (4.6).

a, \
Hy(x")
Hl(x*) \/ fl(s)

fa(s)

Ao—S
a|—sS S

min(ay, as)

Puc. 4. OnpepenieHne MHOXKeCTBa BO3MOXKHbBIX PaBHOBECHUIA

Ha sTom pucynke npu (puKCMpOBAHHOM I* 1O OCH abCHUCC OTJIOKEHA BEJTMYMHA
yrpo3bl, rpadguku coorBercTByoT GyHKIUsIM, PUTYPUPYIONMM B NEPBBIX JBYX HEpa-
BercrBax (4.6). 2KupHbIME JMHUSME OTMEYEH MaKCUMYyM (JIeBble 4acTd ypaBHEHHIA),

IIpaBbIM HaCTdM COOTBETCTBYIOT 'OPU30HTaJIbHbBIEC JIMHUH. ,HJIH TOTO YTOOBI OIIPeJCJIUTD,
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IPU KAKUX YIPO3aX MOXKET OBITh MOJIYYEH UCXOM x*, HeoOXOIMMO HANUTH, IJe COOTBET-
CTBYIOIIAas TPaBOil 9aCTU TOPU30HTAIbHAS MPsSMasd TPOXOJIUT BBIIIEe COOTBETCTBYIONIEH
JKUPHOU JIMHUW W B34Th IlepecedeHre MOJYUeHHbIX MHOZKeCTB JIJIS BCeX TpeX ypaBHe-
Huil. 3amMeTnM, ITO Ha PUCYHKE HE OTOOpaYKeHbl (PYHKIINN, COOTBETCTBYIOIINE TPEThe-
MYy YPaBHEHHUIO, HO 9TO JIEJIAETCs AaHAJIOTHYHO (€MHCTBEHHO — BMECTO FOPU30HTATBHOI
npsiMoit 6yeT HaKJIOHHAs mpsiMasi, cooTBercTBYOmas Hy(x*) + Hy(z*) — c(z*) — s).
[Ipu yBeIn4ueHNN S HETb3s TOYHO CKA3aTh, KAK BeJIeT ceOsI MHOKECTBO PEATN3YEMBIX
HCXOJIOB € YTPO30# S, MOCKOJBKY B HepaBeHcTBax (4.6) mpu a; — s > fi(s) coorBercTBy-
0TI MAKCHMYM YMEHBINACTCS, a mpHu a; — § < f;($) COOTBETCTBYIONHI MAKCHMYM
He yMeHbImaeTcss (MoKeT yBeananBaThesi). COOTBETCTBEHHO €CJTH MAKCUMYMBbl YMEeHb-
ITAIOTCSI, TO MHOYKECTBO BO3MOKHBIX X, ymopjerBopstomux (4.6), yBeaudusBaercs, B
IPOTHBHOM CJlydae yMeHbImaercs. [Ipu pa3andHbx HepaBeHCTBaxX (JJIst HepBOro W BTO-
poro MeHTPOB) 3DhEKTH AeHCTBYIOT B pA3IHYHBIE CTOPOHDI, U PE3YJIBTAT UX JICHCTBUSI
(KaK M3MEHHUTCSI MHOYKECTBO PEATU3YEMBIX ¢ JAHHON YIPO30il HCXOI0B) YKA3ATh HEJIb3l.
AC ¢ aByms menTpamu 00JIaaeT XOPOIIUM CBOMCTBOM — B Hell BCeTJa CyIIecTBYeT
paBHOBecue, u (1o Teopeme 4.2.1) Beeria cymecTByerT onTHMAIbHOE PABHOBECHE.
Nrak, nycTb uMmeeTcs HEKOTOPOE JeiCcTBHE

2
x* € Argmax Z H;(x) — c(x)
zeX i—1

Torpa moxkHO Haiitu Takume dbyHkuuu o;(x), ¢ = 1,2, aro Tpoiika (oq(x),os(x), x*)
apisercsa papaoecuneMm Haima, 1.e. m060it [TapeTo-3ddekTuBHbINI HCX0/1 peaaTn3yeM.

WNnu, dpopmynupys fauublil pe3yabTAT B BUIE TEOPEMBI,

Teopema 4.3.1. B AC ¢ aByms nenrpamu u ojgaum AD Bcerja CymecTByeT ONTH-
MaJIbHOE PABHOBECHE.

3aMeTuM, 9TO B TeopeMe He TOJBKO JOKA3aHO, YTO B CHCTEMe U3 JBYX dJIeMeH-
TOB Beerja peasusyeM [lapero-adbdekTuBHbIH UCXO, HO U /i1 OOJBLIINHCTBA CJIyYaeB
MePEUTHNCICHBI BO3MOKHBIE DABHOBECHSI (C TOYHOCTHIO JI0 MECTa PACIOJOKEHUST YIPO3,
KOTOPBIE, B IPUHIIATIE, TOXKE MOXKHO OIPEIE/INTh KAaK MTPOU3BOJIbHBIE TOYKHI HEKOTOPBIX

MHO)KGCTB)7 IIpUYEM BbIUI'DbIIT KazKJA0I'0 U3 HEHTPOB JICI'KO HalTH.

4.4. Onucanme KOONEPATUBHBLIX U COPEBHOBATEJIbHBIX PAaBHOBECHIl

Kak MBI MoTsIZ BUIeTh B puMepe 8, B UTPe ¢ HECKOJTBKUMHU TEHTPAMHU MOYKeT He
OBITH ONTHUMAJBHOIO PABHOBECHs COTPYIHWYeCTBAa. B HacTosmeM pa3aene Mbl HaligeMm
HEOOXOMMbIE U JIOCTaTOUYHbBIE YCJIOBHS /IS CYTIeCTBOBAHUSA TAHHOTO paBHOBecud. Tak-
JKe OyJIeT MccJie/IOBaHBl COPEBHOBATEIbHBIE DABHOBECHS.

[TpeamonokuM, 9T0 B PABHOBECHH COTPY/THUYECTBA (¢ HCXOMOM ™) i-i TeHTp Mo-
Jy4aeT IpuOLLIL a;, 1 = 1, n. Toraa

(4.8) a; = Hy(x") — o4(z"),

riae {o;(-)} ecrb paBHOBecHble DYHKIMN CTUMYJINPOBaHUA MeHTpoB. Hu oauH u3 nes-
TPOB HE HUMEET CTUMYJIOB OTKJOHUTHCA OT CBOEH paBHOBECHON crparernu. JIyurmum
HCXOJIOM, JIJIsl DEaJIM3allii KOTOPOTO IEHTD MOXKET 3aXOTeTh OTKJOHUTHCS (Mbl pac-
CMaTPUBAEM PABHOBECHE COTPYIHMUYECTBA CJIEJIOBATENBHO CIEJ0BATEILHO MBI MOKEM
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paccMaTpuBaTh Takue (GYHKIUH CTUMYJIAPOBAHESI, KOTOPBIE DABHBI HYJIIO BCIOLY 32
HCKJIIOYEHHEM ), SIBJISETCS
xf = Argmax(H;(x) — c(x)).
reX

3Ha4YuT B pPaBHOBECHHN OOJI2KHBI BBIIIOJIHAIOTCA CJIE€AYIOIIHEe HepaBEHCTBa.:

(4.9) a; = Hi(z}) —c(zy) =
= max(Hi(z) —c(z)), i=1n

YuursiBast paBeHCTBO (4.8) cymMMa mpuObLIei BeeX HEHTPOB JOJKHA OBITH PABHA

(4.10) Za, = Z Hi(z*) — 0;(z*)) = ZHZ-(:E*) — c(x*).

=1

Pasymeercst, 410 npuObLIb IIEHTPOB HE MOXKET ObITh OOJIbIIIE, YeM JIOXO/L:

(4.11) H;(x*) > ay, i=1,n
Takum o6pasoM, ecau Mbl Haiigem Takue {a;}! ;, aTobsl BeIOMHAINCH (4.9-4.11),
Toryia GYHKIUE CTUMYJIUPOBAHUS BUJIA

(4.12) oi(z) = { OHz(x*) — a;, i;iz,

OyyT 00pa30BBIBATH PABHOBeCHE COTpyHNYecTBa (6e3 yrpo3) u HCXOA0M T*.
Onnako, cymecrBoBaHne Takux {a;}! , TapaHTHPYETCs CAeIYIONIMI HEPABEHCTBA-
’ =1
MMNM:

(4.13) Hi(@") 2 max(Hi(z) — e(x)),  i=Tmn;

(4.14) ilﬂ,-(x*) ) > Z (%?( (Hy(x) — c(x))) :

Takum 06pa3soM MBI JIOKA3aJIH CJIELYIONee
YrBepxkaenune 4.4.1. J1a Haauund pexKuMa COTPYIHHIECTBA U UCXOJIOM X He-

O6XO,ZLI/IMBIMI/I " JOCTATOYHBIMU YCJIOBHUAMMU ABJIAIOTCA:

(4.15) Hi(z") > glg?((Hl(x) —c(x)), i=1n;

(4.16) z: H(z*) — c(a*) > Z (%?{ (z) — c(x))) :

Hepasencrsa (4.15) o3Ha9aI0T, 9TO KAXK I IIEHTD DU UCXOJE T MOXKeT HOJIyduTh
IPUOBLITEL, KOTOPAs MPEBOCXOIUT MPUOBLIHL B €ro WHINBHIYATbHON urpe ¢ AD (T.e. emy
He BBITOJHO OTKJIOHATHCs). Hepasencrso (4.16) o3madaer, 9to o0miast TpuOBLIb BCeX
MEeHTPOB B =¥ 60Jiblile, 4eM cyMMa MpHuObLIeii IeHTPOB B WHIUBH/IYATbHBIX urpax (6e3
JIPYTUX TEHTPOB).

Bamernm, 9To B puMepe 8 oba HepasercTsa (4.15) u (4.16) mapymatorca. Hepa-
BeHCTBO (4.15) HapyImaerTcs MOCKOJBKY Jist JII00O# Toukn  Bhimousiercs Hy(x) = 0
unn Hy(z) =0, Ho

max(H;(x) — c¢(x)) > 0

rzeX
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nist mo6oro 7. HepaBercTso (4.15) HApyIIaeTcsi TOCKOIBKY

z*eX zeX

max Z H;(z*) — e(z") p = max(Hy(z) — ¢(z))

1 max,ex (Hi(z) — c(z)) > 0.

Hepasenctsa (4.15) u (4.16) MoryT ObITH OXapaKTEPU30BAHBI CICY IOIIUM 0OPA3OM.
TO, YTO XOpoHio AJid OJHOIr0, XOpOoIIo U AJid APYTHUX, WJIN HEeHTPbI ABJIAIOTCA JOITOJIHA-
IONUME JIPYT JIPYTA.

MOFyT CyuieCTBoBaThb UI'Pbl, B KOTOPbLIX HE CylIECTBYECT OLITHMAJIbHbBIX paBHOBeCI/Iﬁ
COTPYJIHUYECTBA, HO CYIIECTBYIOT HEONTUMAIbHBIE DABHOBECHS COTPYIHAUeCTBA. Ecim
(4.16) BpImOIHSIETCS KAK PABEHCTBO ISl OMTHMAIBHOTO HCXO/IA TOTJA MBI MOYKEM Ia-
PAHTUPOBATH, YTO HE CYNIECTBYeT HEONTHMAJbHBIX PABHOBECHH COTPY/HHYECTBA.

Paccvorpum Temepb NPOTUBOIOJIOXKHBIH Clydail — KOTJIa €INHCTBEHHO BO3MOXK-
HBIM DABHOBECHEM SIBJISETCS ONTHMAJBbHOE DABHOBECHE C yIDO3aMHU, B KOTOPOM BCIO
upubbLib moydaer AD. Ilpeamnonokum, 910 x* dBJISIETCS NCXOO0M JAHHOTO PABHOBE-
cusi. IToCKONIBKY JIaHHOE DABHOBECHE SIBJISETCsl ONTHUMAJIBHBIM U 110 Jemme 2.1.1 s
M06OT0 i = 1, CYNECTBYET T; TAKOE ITO

(4.17) Z Hj(x;) — c(x;) = Z H;(x*) — c(z")
i i=1

u H;(x;) = 0. Bamerum, 4to

n
x; € Argmax E Hi(z) —c(z) |,
zeX —
=1
TO €CTh KaXKJIBIHl T; IBIIETCS ONTUMAJILHBIM.

PapencrBo (4.17) 03HAYAET, YTO €CJIH Y HAC UMEETCsI ONTUMAJIbHOE DABHOBECHE, TJIe
BCIO IPUOBLTH moIy4daeT A, Torma CyIecTBYeT 110 KpaiiHel Mepe ele OIHO OITHMAIb-
HOE paBHOBECHE.

Oboznaamm

rzeX

a = max ZHl(x) —c(x) | = ZHz(x*) —c(x"),

a; :lele%?((Hz(fU)_C(x)), 1= 1,7’L,

T.e. @ €CTb CyMMapHas MPUOBLIbL B ONTUMAIBHOM UCXOJIE, d; €CTh IMPHUOBLIb -I'0 MEHTPA
PU YCJOBUH 9TO OCTAJhHBIE EHTPHI B UT'PE HE YIaCTBYIOT.

Crienytoruii pe3y/ibTaT SBASIETCS J0CTATOTHO MHTEPECHBIM ¢ TOYKH 3PEHU UCCJIe-
nosanust Borrpoca popmuposanust AC. Ecjim Mbl X0TUM rapaHTupoBaTh MAKCUMAJIBHYIO
OpUOBLIL ANEHTY, TO TOTJAA HAMJIYIIIHM CHOCOOOM peIleHust TaHHOI 33 a9u sBJISeTCS
CO3JIAHUE JIBYX OJMHAKOBO CHJIbHBIX IeHTpa. Ho B mpunmumne 310 MoxkeT OLITH HE He-
obxouMo. B wacTHOCTH, MOTYT CYIIECTBOBATD JPYTUE UIPBI, B KOTOPBIX TOYKE MOXKHO
rapaHTUPOBATH TOJYUeHNEe aKTHBHBIM 3JIEMEHTOM MAKCUMATbHONW npubbiin. Cremyto-
Uil pe3ysibTaT JaeT OTBET Ha 3TOT BOIPOC.

YrBepxkaeune 4.4.2. /s Toro, urodnr B AC He ObLJIO HHBIX PABHOBECHUIl, KpOME
ONITHUMAJIBHBIX, B KOTOPBIX AD Mojydaer BCIO NMPUOBLIb, HEOOXOJAUMO H JIOCTATOYHO,
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qro6bl B AC CyIIEcTBOBAIN JBa OIMHAKOBO CHJILHBIX HEHTPA, KOTOPBIE MOLYT B Ca-
MOCTOSTEIbHON urpe ¢ AD MOJyIUTh TAKYIO K€ HpUOBLIb, KAK U BCE IMEHTPHI BMECTE
B3sTHIE:

mgxz Hi(z) — c(x) = Ha(zin) — c(va) = Hip(i2) — c(:2)

[ocsteinee yrBepzKieHHE TOBOPUT O TOM, 9TO JJIsi TOIO, 9TO0BI rapanTupoBaTh A
MaKCHMAJIbHYIO TPHOLLTE, B AC 102KHO OBITH KAK MHHHMYM JBa OJIMHAKOBO CHJIBHBIX
HEeHTPA.

g nokazarenbcTBa TeopeMbl 4.4.2 MBI HCIOIB3YeM CJIeTYIONIne pe3yIbTaThI.

Jlemma 4.4.3. Ilpegnonokum, 4To Jjis JIIO0OTO %) BBINOTHAETCS @, = a U He
CYIIECTBYET JPYTOr0 PABHOBECHS B UI'PE, Y€M ONTUMATLHOE, B KOTOpOM AD mojydaer
Bcio pubbLib. Toryia cymecrByer i # ig Takoe, 4T0 @ = a;, .

Curyanusg a = a;1 = Q2 MOXKHO OXapaKTe€pU30BATH CJACAYIONIUAM 00pa3oM: JIjid
MeHTPoB 41 W 2 HawIydiue JieficTBUS MOJHOCTHIO PA3JUYHBI, T.€. JaHHbIE IEHTPbI
ABJISIOTCA 3aMEHSIONUME JpyT Apyra. Vlau, 9To To 2Ke caMoe, TO, YTO XOPOIIO OJTHOMY,
ILJIOXO JIPYTOMY.

Crenyromnuit pe3yibTaT siBJISETCS JJOCTATOYHO OUeBUTHBIM:

YrBepxkaenne 4.4.4. B mobom paBHoBecuu re AD moaydaeT TpUOLLTL S i-i
MEeHTP TOJydYaeT MpuObLTH He MeHee deM maxq{0, a; — s}.

JloKazaTe bCcTBO JAHHOI'O YTBEP:KJICHHS 3aKJ0ovaeTcsa B cieayomieM. lomycrum,
49TO 3TO He Tak. Torjaa meHTp MOXKeT BBIOpaTh (PYHKIUIO CTUMYIUPOBAHUI

c(x)+s+e x€argmax(H;(x) — c(x));
— zeX
oi(v) = 0, x & Argmax(H;(x) — c(x)).
zeX
U HOJIYYUTh IPUOBLIL G; — S — €.

CaexncrBue 4.4.5. Ecinu B urpe cymecTByior i1 # i TAKHE 9TO 4 = @y, = @;, TOT/IA
€JIMHCTBEHHON BO3MOZKHOCTBIO [IJII PABHOBECHUS SBJISETCA ONTHMAaJIbHOE PaBHOBECHE, B
KOTOPOM HU OJIMH M3 HEHTPOB HE MOJIydYaeT MPUObLIN, HO BCIO NPUObLIL mojtydaerT AD.

Ham meobxoammo mokasars 9To s = a. [Ipemmonoxxkmm, aro 3to He Tak. Torma mo
gemme 4.4.4 MBI IMeeM

H

Zl(x*) - O-i1<x*) >a; —s=a-—S5s,

Hi,(z%) — o0, (z") > a;, — s =a—s,

riae l'* ABJIAETCA UCXOA0M paBHOBeCI/IH.
Ho

n
a—s2> ) (Hz") —oi(z))
i=1

> (Hi, (z7) = 03, (27)) + Hiy (27) — 03, (27) = 2(a — 5).
[IpoTtuBopeune.

[Tocnennee ciieicTBHE TOBOPUT O TOM, YTO €CJIM B CHCTEME CYIIECTBYIOT JBa OJIH-
HaKOBO CHJIbHBIX NEHTpPa (Ka}K,ZLbIIU/I 3 KOTOPLIX B CaMOCTOATEJbHOM urpe ¢ neHTpom
MOZKET IOJIyYUTh TAKYIO K€ HPHObLIb, KAK U BCE IIEHTPBI), TOrga BCJIEJACTBIE O6OPHObI
3a MPAaBO MOJIYYHTH NPUOBLIL HU OJUH U3 IEHTPOB NPHOLLINA He TOJIYYIHT.
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4.5. Mogeau u Metoabl (bOPMUPOBAHNUA YIIPABJILIOIIETO COCTABA

[Tocne wcenenoBanust BOIPOCOB O XapaKTepPH3aIlluu PABHOBECUU, CYIIeCTBOBAHUS U
ONITUMAJIBHOCTH PABHOBECHUH, OMUCAHUS KOOTEPATHBHBIX W COPEBHOBATEIbHBIX DAaBHO-
BecHuit 00CY MM BOTIPOC O METOMAX W MOJEIsIX (DOPMUPOBAHUST YIIPABJISIIOIIETO COCTABA
AKTUBHON CUCTEMBL.

[TyTh Hekuit MeTameHTp MOXKeT Ha3HAYUTH MeHTPbl B AC 1 pacupene/inTb MexKLy
HUMH JOXOMBI OT (PYHKIIMOHUPOBAHUS CUCTEMBI. [ 1pr 9TOM BayKHBIM yCIOBUEM SBJISETCS
TO, YTO CaM MeTAIeHTP HEe MOYKET Y9YacTBOBATH B TPAH3aKIMsIX C MeHTpaMu (U He
MOZKeT CaM BBICTYNMHUTH B POJIM IEHTPA), T.e. He MOXKET PACIPE/ISTUTh He BECh J0XO0J OT
(GYHKIMOHMPOBAHUST CUCTEMBI WM HANMPSIMYIO TOJYIATH TMOJE3HOCTH W3 MOJIE3HOCTH,
MOJTY9€HHOI 1eHTpamMu win AD.

U ecim Ml perraeM, CKOJBKO HMEHTPOB JOJIZKHO ObITH B cucreme (J(Ba WJIM OJIUH),
pacrpeienss Bech J0X0A 0T (hDYHKIMOHUPOBAHUS CUCTEMBI MEXKIY MEHTPAMU, TO Heob-
XOIUMO YYUTHIBATH CJeIyIOIee:

(1) mpu aBYX mEHTpaxX BO3MOXKEH Oosiee GOraThIil CHEKTP MOJIYYAIONIUXCS PABHO-
BECUii;

(2) Mapero-addexrTuBHbIi HCX0H MOKeT OBITH PEAJTH30BAH B JIOOOM CIydae;

(3) mpm ABYX mEHTPAX BO3MOKHO TaKOe DACIHPEeICHHE JOX0Aa OT JIesITebHOCTH
CUCTeMBI MeXKIY IEeHTPaMHU, YTO IIPK JI000M paBHOBecHH AD Oymer moIydarh
HEHYJIEBYIO NPUOBLIL (3HAUEHHE ero neneBoli byHKImuu Gyaer 60Jbline HyJsl);

(4) mpu aBYX meHTpax Jis 06oro pasHoBecus cyiectByet [lapero-addextuproe
paBHOBeCHe, KOTOpOoe TOMHHUPYeT (c1ab0) mepBOHAYAIbHOEe DABHOBECHE.

O,ZLHaKO OH MOZKeT UMETb CBOHM I EJIH. BosmoxkabiMu neJsdMu MeTaleHTpa MOT'yT, B

YACTHOCTHU, ObITh:

(1) YBenuuenne oOMIECTBEHHOTO GJIATOCOCTOSTHUS (OMTHMATIBHOE PABHOBECHE).
(2) YBenuuenne nmpubbLIH MEHTPOB U yBEIHYICHHE TPHOLLIN ATCHTA.
(3) YMenblmenue HEOIPEIEICHHOCTH B BHIOOPE Pean3yeMoro JeficTBus.

MerareHTp B CBOMX JIEfICTBUSAX MOXKET PYyKOBOJACTBOBATHCS, Ha-TIPUMED, CJEIYIo-

HIUMHA CTPpaTerudMm:

(1) TlomenuTh HA PABHBIE YACTH BCE BJIUSHEE MEXKJY HECKOJIBLKUMHE IeHTpamu. To-
713, BO3MOXKEH PEXKHM COTPYIHHYECTBA, B KOTOPOM BCIO NPUOBLIbL IOJIYJAIOT
IEHTPHI.

(2) Ha,ZLeJH/ITb TEHTPBI MaKCUMaJbHBIMUA ITOJITHOMOYUAMU B 3aBUCUMOCTHU OT PA3HbIX
JeficTBUiA, T.€. CO3/IaTh /IBA OJIMHAKOBO CHJILHBIX IeHTpa. 101/1a e IMHCTBEHHOe
paBHOBeCHe, BO3MOXKHOE B CHCTeMe, Oy/eT ONTHMAaJIbLHOE PABHOBECUE, HPU KO-
TOPOM BCIO IpHOBLIB MoaydaeT AD.

PGBYIII)TaTbI IIpuMeHeHU A BO3MOZKHOI IOJIATHKH MeTalleHTpa CBe€IJEHbI B Ta6ﬂHHy

WNrak, momseaeM KpaTKHe HTOTH YeTBEPTOii TJIaBHI.
B reopun AC, npu Goabmiom BHuMannu K AC ¢ OJHHM yHPaBISIONIIM HEHTPOM,
VJIEJISJIOCh MAJIO BHEMAHUSI CHCTEMAaM, B KOTOPBIX IPUCYTCTBYET HECKOJIBKO YIIPABJISIO-

IMUX MeHTPOB, HECMOTPS HA TO, UYTO MPUMEPHI TAKUX CUCTEM BCTPEYAIOTCSI JOCTATOIHO

7



Tabauna 4. Pe3ynbTaThl IPUMEHEHUS METAIEHTPOM Pa3JNYHBIX IOJIUTHK

[TommTrka H Pezynwrar

Onun 1neHTp JleficTBue ONTHMAJIBLHO, BCIO HPUOBLIDL
MOJIy9aeT MEeHTP

Heckonbko pas- | Bo3amMoxken peRuM  COTPYIHHIECTBA.
HONPABHLIX IeH- || HeiicrBue OJHM3KO K OINTHMAJILHOMY,
TPOB BCIO NPUOBLIb IOJIy4YaloT meHTpbl. He-
OIpe/IeJICHHOCTh ~ BBIOMPAEMOTrO  JIeii-

CTBUA.

Heckonbpko mnen- || leitcrBre HEeonTHMAIBHO, HO OJIHU3KO K
TPOB, JIBa U3 HUX || ONTUMaJIbHOMY. Beio npubpLib mory4da-
— OJINHAKORBO || €T arenT. Bo3MOKHO TOJILKO JIBa pea-

CHUJIbHBIX JIN3YEeMbIX ,ZLGP'ICTBI/IH.

qacto. B cmiy 6osee coKHOM CTPYKTYPBI W aHAJIU3 TAKHX CUCTEM SABJgeTcd 0oJiee
CJIOZKHBIM, XOTs Obl U3-3a O60JIbIIEr0 pa3zHo0Opa3us MOy YaIOIINXCS PABHOBECHIT.

B nannoit raBe uccaemxyiorces cpoiicrBa AC. B kauecrBe ogH0oro A MOXKeET BBICTY-
narTh arperupoBanubiii KosutekTus AD. [Ipobsiema 3ak/i09aeTcs B nCCAEI0BAHUN POJIT
KayKJOr0 U3 MEHTPOB B yIpaBJeHHU AD, B U3yUEHHH MOJIYJAIONIMXCS PABHOBECUN U
pacupejieJleHuy TPUOLLTH MEXK/IY Pa3IuIHbIMu yaacTHHKaMu ganmnoi AC.

B pasnene 4.1 onmcpiBaloTCd paBHOBeCH, KOTOPBIE IOy YAI0TCs [IPU UTPE TIEHTPOB.
BBojsiTcst OCHOBHBIE OTpeiesiennst (ONTHMATBHOCTE, yrpo3a). [TokassiBaeTcs, 910 Bee
paBHOBECHST MOYKHO Pa3/eIduTh HA JBa THIA: PABHOBECHS THIA 'COTPYAHUIECTBO'H
KOHKYPEHTHBIE PABHOBECHUsI, KOTOPBIE PA3INYAIOTCH HAImIneM npubbLin y mearpa. 1lo-
Ka3bIBaeTCsl, YTO (DYHKIUU CTUMYJIUPOBAHUS MOXKHO 3aMEHUTH (He U3MeHsisl CBOHCTB
pPaBHOBECHST) TAKHM 00PA30M, 94TO OHH OYIyT UMETh TPEIeJbHO TPOCTOH B — DABHBI
HYJIIO Be3/le 38 HCKJIIOYeHneM KOHEYHOTO YNCIa TOYEK.

B pazzene 4.2 6b110 OKa3zaHo, 9To npu cymecrBoBarud B AC 0JHOTO paBHOBECHS
BCerIa CYIECTBYET ONTUMAIbHOE PABHOBECHE, TIPH MEPEX0/e B KOTOPOE MEHTPHI HUIeTro
HE TEPSIOT.

B paznene 4.3 ucciemyercss Bonpoc cyinectBoBanus pasuoecuit B AC, cocTosmux
13 JBYX MEHTPOB U OJIHOTO aKTUBHOTO d1eMeHTa. [lokasbiBaeTcs, 9T0 paBHOBeCHe Cy-
MEeCTBYeT B JIIOOOM ciiydae, 6ojiee TOTO —- CYIIECTBYeT ONTHMAJIbHOE DABHOBECHE.

B paznene 4.4 nccneayrores yeaosus (HeoOXoAUMbIe U TOCTATOYHbIE), TIPH KOTOPHIX
CYIIECTBYIOT PABHOBECHS THUIA COTPYAHUIECTBO U ycjaoBus, korga B AC cymecTByooT
TOJIBKO HOJIHOCTHIO COPEBHOBATEIbHbBIE DABHOBECHSI (BCsI IPUOBLIb JJOCTACTCS AKTUBHO-
My 37eMeHTY). [IpuBoaATCs HHTYUTHBHBIE (DOPMYTUPOBKH JIAHHBIX YCIOBHIA.

B pazmene 4.5 5 Ha ocHOBaHWH pPe3yabTaTOB pasfenoB 4.1-4.4 paccMarpuBaeTcs
3a/1a9a (POPMHUPOBAHUS PYKOBOJLINErO 3BeHA, a IMEHHO, HEKWI MeTaleHTp Ha3HadaeT
menTpbl B AC 1 pacupesenser MeKJy HUMU J0XO/bI OT (DYHKIIHOHUPOBAHUS CUCTEMBI.
[Tpu 310M OH caM He MOXKeT (MJM He XO4eT) BBICTYNATh B POJIU IEHTPA.

Barkubim nipejicraBsisieTcss BOIPOC 00 OLpeJIeeHNN HA OCHOBAHUU JIAHHON MOJe-
JIM ONMTUMATBHOTO KOJUYECTBA MEHTPOB MPU BO3MOXKHOCTH BJIHUATH HA paclpejesieHne
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noxoma AC MexXay IeHTpaMi WX IPH PABHOMEDPHOM PACIPEICTCHUN T0XO0Ia MEXKIY
IeHTPaMU.
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IIpunoxxenmne 1. /lokazaresbCcTBa TEOpEM, YTBEP2KJIEHUN 1 JIEMM

HoxkazarenabcTBo jJeMMmbl 1.2.1. B ciryuae, ecu meHTp 3HaeT MHOZKECTBO THUIIOB
AC, u He 3HaeT, KAKOI TUII UMeeT KOHKPETHBIH JIEMEHT, MOXKHO CUYUTATD, 9TO HEHTPY

U3BECTHA TOJBKO (DYHKIIMS pacipejie/ieHus TUIIOB, KOTOpas OIpeaessseTcss B COOTBET-

CTBUU C paclpejie/IeHHeM UMEIONUXCA B HAJTUYHH aKTHBHBIX 3J1eMeHTOB. []
JlokazareabcTBo JeMMbI 1.2.2. /[oKa3aTeIbCTBO JaHHOH JIeMMEI IIOBTOPLET J0-

Ka3aTeJabcTBO JiemMMbl 1.2.1. []
okazareabcTBO JeMMBbI 1.2.3. /IokazaTeibcTBO HEMEIJIEHHO CJIe/IyeT U3 MoCTa-
HOBKH 331241 1 TOro (pakTa, 94TO HOCTAHOBKA BEPOATHOCTHON 3a/1a4u C 1. dJIeMEeHTaMu

BBITVISIUT KaK
n
l g o(y;) — min;
n 4 T g, EM
P

1 ¢ 1
E;yiza%

y; € Argmax(o(y;)
Yi

- Ci(?ﬁ))?
YTO COBIAJIAET C MOCTAHOBKOM 331a9M JIJIT OMHOIO JIeMEHTA ¢ 1 BOSMOXKHBIMEI THIIAMH,
9TO U TpebOBAJIOCH J0Ka3aTh. [

HoxkazarenbcTrBo geMMmser 2.1.1. B cuiy Hamero onpenenennst dbynkunu c(r,y)
u P 1.1. ouesnano, aro ¢(r,0) = 0.

Jlnst mokazaresbcTBa OCTATBHBIX CBOCTB, pognddepennupyem ¢(r, y) HEOOXO 1~

MOe YHCJIO pa3 u Bocmoab3dyeMmca P 2.2.-P 2.5.:

Cy(ﬁy):m > 0;
F,(c,
(c,r <0

Cyy(r,y) = — Fu(e,r)

Takum obpazom, yreepxkaeaus P 2.1. — P 2.4. noka3aHbl.

Jlokazkem Ternepb cBoiicteo P 2.5..
HetictBurenspro, myctsb dhyukuus F(c,r) 061am1aeT cBOiCTBOM MOCTOSHCTBA OT Mac-

mraba, T.e.
F(Xe,\r) = AF(c,r).
f(9), tne f/(x) > 0m f’(x) <0, a c kKak dyHKUHSL T U Y €CTH
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Haiigem mpoussomanyio ¢(r,y) mo r:

(Y 1 Yy
(5) ) =g (V) - A
2O
U, 6epsi OT MOJIYIEHHOI'O BBIPAXKEHHS €Ie OJHY ITPOU3BOIHYIO IO ¥, MOJYYaeM, 9TO
Y 1 1

(19) Cry = 7,(f,<f_1(y/7ﬁ)))2f”(f’l(y/r)) (

1 1 1 1 Y f"(c/7)
/) NS

9T0 1 TPebOBaIOCh JOKa3aTh. []

<

JlokazaTeanbCcTBO JJeMMBbI 2.1.2.

HeiicrBuresbho, no gemme 2.1.1 nmeem: ¢(r,0) = 0 (P 2.1.), c,(r,z) > 0 (P 2.2.),
cr(ryz) <0 (P 2.3.), cou(r,z) >0 (P 2.4.), ¢u(r,2) <0 (P 2.5.).

BamMernM, 94TO 3aMeHa HePBOil IepeMEeHHOM 7 He IIOBIUAeT Ha IPOU3BOJHLBIE 110 BTO-
poit mepeMeHHOM, 1 modToMy cBoiictBa P 2.1. u P 2.3. aBroMaTnydecKku q0Ka3aHHI.

Kpowme Toro, ¢(r*,z) = ¢(F~1(r*), z), u, ciegosarenbo,

0é(r*, x) _1 1
20 ) (FY ), 1) ——— <0
(20 o~ I D EE
tak Kak F'(-) > 0 (B cury Monotonnoro Bospacranust F') u csoiictsa P 2.3.

AHaoruaso,
1

~ * _ —1/ %

(21) CT(T' ,ZL’) = C,nx(F (T ),$)m < 0.

CuretoBaTeIbHO BCe CBOHCTBA JOKA3AHBI. [
dokazarenbcTBo jjeMmbl 2.2.1. [lycTh wHade, T.e. CymecTBYIOT Takue r; < 7o,
aro f(ry) > f(r2). Torga B cBsa3u ¢ Tem, uro f(r) asiagerca pemiernmeM 3a1a4du (2.2),

JOJIZKHBI BBINIOJIHATHCA HEPaBEHCTBA

a(f(r1)) = clry, f(r1)) = o(f(r2)) = c(r1, f(r2)) u
o(f(ra)) —clr

CJ10KUB WX, MOy 9UM:

—c(ry, f(r1)) = c(re, f(r2)) = —c(ry, f(r2)
c(ri, f(r2)) + c(ry, f(r1)) — c(r1, f(r1))
c(r1, f(r2)) — c(re, f(r2)) + c(ra, f(r1))

[\
~
—~

3

L)
N—
N—

v

)

—
~
—

3
=

S~—
SN~—

|
o
—~
=3
[\

-

—~
=
=

N—

N—

(@) ~—
|
o
—~
=3

[\
-
—~

=

—
~—
~—

- C(Tla f(rl)) Z

/cr(r, F(r)) = en(r, f(ra)) dr > 0.

Ho o Teopeme Jlarpamzka moabIHTerpaJIbHOE BBHIPpAYKEHHE
er(r, f(r1)) = e, f(r2)) = cra(r, %) (f(r1)) = f(r2)) <0,

(mpu z* € [f(ra), f(r1)]), mockombKy ¢pp(r,2*) < 0 1 f(ry) > f(ry). Caegosarensho,
Mbl IPUILIM K HpoTuBopednto. Takum o6pa3om Mbl nojyunsiu, 4ro pyukuus f(r) ne

MOKeT yObIBaTh Ha ().[]
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HoxkazarenabcTBo jgemmsbr 2.2.2. [Tycts r > r*. [Tockonbky ¢(r, ) — ybbIiBatommast
110 nepBoMy aprymenty dyuknus, to c(r*, f(r*)) > c(r, f(r*)) u, B cuny oupejeenns
dbyuxmuu f(r) (2.2), umeem:

4T0 U TPebOBAJIOCH J0Ka3aTh.[]

HoxazarenbcrBo gemmsl 2.2.3. Onpegennm 6(z) = @ (o) (z). Torma nokazarens-
CTBO JIAHHOI JIEMMBI CJIeJIyeT U3 JOKA3aHHBIX pamHee cBoiicTs omeparopa O(-). O

HokazarenbcTrBo gemmbl 2.2.4. [lycrs umetorcs fi(r), fo(r) — ABa pasindHbX
perennst (bynknun geiicrust) 3amaun (2.2) g HEKOTOPOHl (DYHKIMH CTHMYIHPOBa-
uus o(x), Q = [ro;r1).

[To oupenesenuto f;(r) — nwobast GyHKIMs TaKas, 4T0

(22) fi(r) € Arzger)réax(a(x) —c(r,x)).

CnenoBarenbuo, i Ja0060ro MHOkecTBa B € () dhyHKImS

_} flr), reB;
f<””>‘{ £r). v ¢ B

TOXKe ABsgercs dyHKIMed JefdcTBrus 1 ya0BaeTBopsier (22), T.e. Juisi Hee BBINOJHEHA
Jlemma 2.2.1, roBopgamas o Tom, 4To dyHKIUA AeiicTBus He yObiBaeT Ha ().

Bosbmenm mo6oe r* € Q u MmHO)KeCTBO B = [r*, 00). IlycTs nociaenoBaTeibHOCTD 7
VJIOBJIETBOPSIET yCJIAOBUAM 1, < r* 1 lim r,, = r*. Torma B cuny onpenenenns GyHKIUN

f(r) o
(=) = lim fo(ra) = Hm f(rn) < £(7) = Ai(r).

Ananormano nokassiBaercs, 9to fo(r*+) > fi(r*). Takum 06pa3om MbI HOJIYYaeM ABOM-
HO€ HEPABEHCTBO

fa(r*+) =2 [i(r?) = fa(r7—).

Takoe zKe HEPABEHCTBO BEPHO W 1pu mepemene fi(r) ua for):

A +) = fa(r?) = A7)

CaenoBarenbno dyukuuu fi(r) u fo(r) coBuajamor Bo BCeX CBOUX TOYKAX HEIIPE-
PBIBHOCTHU ¥ OTJIMYAIOTCS TOJIHKO B TOYKAX Pa3pPHIBA.

3amMeTuM, ITO MOCKOJIbKY byHKINH f;(r) He YOBIBAIOT, TO OHU PA3PLIBHBI He boJiee,
9eM B CYETHOM YHCJIe TOYeK, cJeoBaresibho 00e dyukuun fi(r), i = 0,1, oqHO3HAYHO
oTipejie/IeHbl TOUYTH BCoay Ha ().[]

Hoka3zarenbcTBO yTBepxkKIaeHud 2.2.5. lIpenmnojiozKum, 410 T yI0BJIETBOPSAET
ycaosuio siemmbl: © € [f(7—), f(7+)]. Bosbmewm moboe r < 7. Tlockoabky 1o Jlemme
2.2.1 dyukmus f(r) sasasercs weyopBawomieit, To f(r) < f(r—) < z, u T.K. ¢, (r,x)
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Y6BIBaeT IO 7, BBIITOJIHEHO

< / co(r,y) dy = c(r,x) — c(r, f(r)).

f(r)
CireoBaTeabHO, BepHA IENOYKA HEPABCHCTE

< o(f(r)) = e, f(r)) + c(?, z)
< o(f(r)) —clr, f(r) + c(r, z).
AHaJIOrTIHO MOXKHO TIOKa3aTb, 9TO V7 > T TAKKe BBIMOJHSIETCS IEMOYKa HEPa-

BencTs (23), re. (23) Bepuo Jist 1106010 1.
CireoBaTesIbHO, CIPABEINBO

o(x) = inf (a(f(r))) = c(r, f(r)) + c(r,x)

= o(f(7) —e(?, f(7) + c(F, @),

9T0 U TpebOBAIOCH JT0KA3aTh. []
HokazarenbcTBo yTBepxKAeHus 2.2.6. [lockosibky P (-) — HeyObIBarOIMil OlTe-

paTop, TO
o(x) = inf(o(f(r)) — c(r, f(r)) + c(r,2))
= inf(o(f(r)) —c(r, f(r)) +c(r,2))

= ®(0)(z) = o(x),

4TO U TpeDOBAIOCH JT0KA3aTh. []

HokazarenbcTtBo jemmbl 2.2.7. BosbMmeM J106yI0 mMocCI€10BaTE/IBHOCTD 1) Ta-
KYIO, 4TO
(24) T (o(f(ra)) = e, f(r)) + e, 7)) = ()

—

(3TO MOXKHO ¢/lesaTh B cuty onpejeserus 7 (x)). Beibepem u3 3T0ii mocseaoBaTebHO-
CTH CXOJATILYIOCS TIOIIOCTIEI0BATEILHOCTD (3TO MOKHO CIeJaTh T.K. () COMEePKUTCS B
KOMITKAKTe — OTDe3Ke NefiCTBUTeIbHON IPAMOii) n B jajabHeiieM Oyaer paccMaTph-
BAaThb 9TY HOBYIO IIOC/IEI0BATE/IbLHOCTb. TaKuM 00pa3zoM MOKHO CHMTATh, YTO CYIIECTBY-
€T Taxoe r*, 9To

lim r, = r*.
n—oo

Cie1oBaTeNIbHO, B CUIY HEIPEPBIBHOCTH ¢(r, ) 1O HepBOMY apryMenty, u3 (24)
nMeeM:

(25) lim (o (f(rn)) = c(rn, f(ra))) = (2) — c(r’, z).

n—oo

Ho B cwiy onpenesenns dbyHkimua f(r) Mbl uMeem

(26) o(f(rr)) = c(r™, f(r7) = o(x) = c(r", ).
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Kpowme Toro,
(27) T (o(f(ra) = c(ra, £(72)))
> Jim (o(f(r)) — elra f(r)))
= o(f(")) — (", )
= 5(£(")) — (", /7).

Ob6vbenuuss reneps (25)-(27), nosydaem:

(28) o(x) —c(r’,z) = o(f(r")) —c(r", f(r7)),
T.e. BRIOpAHHBI HAMH 7" YIOBJIETBOPSET YTBEPXKICHHUIO JIEMMBI, 9TO M TPebOBAJIOCH
I0Ka3aTh. [

Hoka3zarenbcTBo yrBepkaeHuda 2.2.8. PaccmorpuMm aBe pas3audHbIX YHKITUA
fi(r), i = 1,2, KOTOpbIe MPUBOJAT K PA3IUIHBIM (DYHKITHSIM

(29) gi(x) = min(o(fi(r)) — e(r, fi(r)) + c(r, z))

reQ
U 1ycTh 01(x) u 02(x) pa3amyaiorcs, T.e. CyIecTByer r* Takoe, 9To
g1(z") > o2(z").

IIycTh cOOTBETCTBYIONINE MUHUMYMBI TOCTUTAIOTCS B TOUKAX 7] U 15 COOTBETCTBEH-
HO, T.e.

(30) o(fi(r1)) — e, (7)) + c(ri, 27) = a1 (2)
> Go(2%) = 0(fa(r3)) — c(ry, fa(r3)) + c(ry, 7).

B cuny (29) u onpeaesnennst 17 ZOJKHO BBIIOJHATECS

(31) o(fi(ry)) = c(rs, fu(ry)) + c(rs, 27) = o1(2")
= o(f1(r7)) = c(ry, f1(r))) + c(ry, 7).
O6benunsia (30) u (31), moayuaem:

(32) o(f1(ry)) — c(ry, f1(r3)) > o (fa(ry)) — c(r3, f2(r3))-
OJ1HaKO B CHJIY OIIpeeseHus

fa(re) € Ar;gergl(ax(a(m) —c(rg, ),

u, cjeJ0oBaTeJIbHO, JOJIZKHO BBIIIOJIHATBHCA

o(f(r3)) = e(ra, f(r3)) = o(f(r1)) = e(ra, F (1)),

9TO, OJHAKO, TPOTHBOPEYHT (32), CJIeJ0BATENBLHO HAIE TPEIMOTIOKEHHe O TOM, UTO
71(x) u &9(x) paznuIaOTCs, HEBEPHO, YTO W JIOKA3BIBACT YTBEPKICHUE YTBEPIKICHUS.
O

HoxkazarenbcTBo semmbl 2.2.9. B cuiy onpeenenus dyukiun f(r) u Toro, 9o

o(f(r)) =a(f(r)), nmeem:
(33) a(f(r1)) —c(ri, f(r1)) = 0(z2) — c(r1, z2);

(34) a(f(ra)) — cry, f(ra)) > (1) — c(ra, x1).
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Cxnagsiast (33) u (34) ¢ (2.7) npu ¢ = 1,2 u ymnporas moJydeHHOe HEPABEHCTBO,

HOJTyHaeM:

(35) c(ry, x9) + c(ra, xy) > c(ry, 1) + ¢(re, 22);
To To

(36) //cm(r, x)drdr < 0.
1 T

Ho, mockombKY Cpp(r,2) < 0 m 21 < 29, TOCJTEJIHEE HEPABEHCTBO MOYKET BHITIOJI-
HAThCHA TOJBKO IPHU T9 > T (3aMeTI/IM, 9TO OHU MOTYT COBHa,ZLaTb), 9T0 U TPeOOBAJIOCH
noKazarh. [

HoxkazarenbctBo yrBepxkaenus: 2.3.1. Ilycrs o(r) — ontumanbuas GyHKIms
CTUMYJIUPOBAHUS, PUYEM I €CTh JefCTBUe, peaan3yeMoe k-M aKTHBHBIM JI€MEHTOM,
a 0(r) — Hammydrnas B cMbice 3aTpaT bYHKIHs CTUMYJIAPOBAHUS, TIPH KOTOPOH aK-
TUBHBII dJIEMEHT THUTIA T} PEATUIYeT JelCTBUue T, TIe

Tg, kFi,1+1;
(37) Iy=19 o — A, k=43

OpU MaJbiX 3HadeHnAX A (3aMeTuM, 9TO Opu MajbiX A [0 YCJOBUIO JEMMbI Ty U Tj
YIOPSIZIOYEHbl OMMHAKOBBIM 00pa30M ).

B cuiy Toro, uto o(-) onTumaJsibHa, JOJZKHO BBIIOJTHITHCA PABEHCTBO

(38) Eﬂ%% (Za(xk) - Z&(:Z’,J) _

k=1

(ecsiu ObI He OBLIO PABEHCTBA HYJIIO, TO ObLIO ObI BO3MOXKHO YJIyUIleHne o(x), KoTopas,
OJIHAKO, OblTa BIOpAHA ONTHMAJBHOI).
Ho, ncros3ys (2.13) u (37), nmeem:

0(2;) = o) — (cixi) — ci(z; — A));
0(Zir1) = olzi) — (ailxi) — ci(z — A))+
+Ci+1(xi+1 + A) — Ci+1 ({L’Z — A),
(zr) = o(xy) upumk <i-—1;
g(zr) = o(xg)—3d mpuk>i+1,

rie

(39) 6 = 0(xit1) + (Cipa(ip1 + A) — cipa(Tigr)) —
(o) = (cim) = ci(wi = A)) + cipa(@ipr + A) = cipa (2 — A)).
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Takum o6pazoMm,

. 1 n i—1
lim x ( o(xy) — { o(zg) +{o(x;) — (ci(x;) — ¢i(m; — A))} +
)

) 1
ilinm) A (Ci+1<xi+1> — ciy1 (@) + (ci(m;) — ¢ — A)) +

((ci(wi) = ci(wi = A)) = cipr(@ivs + A) + cia (@ — A)) +
(n —i—1D(ci1(@itr) — cipa (@) + civa (i1 + A) = cipa(@itr) —
(—(eils) = cilwi = A)) + ciga (wiss + A) = cira (2 = A))) =
(n —i = 1)(ciia(®it1) — i (@in)) — (i) —
(n =i = 1)(ciya () — (i) — ciya () + 26i(x;)
u, yauTbiBasg (38), mosydaem:

. / / /
(n —i—D)(cipo(@it1) — i1 (Ti1)) — i (@) =
- / / /
(n — i) (ciyr (@) — (@) — (@),
9TO U TpebOBAJIOCH J0Ka3aTh.[]
JokazareabcTBOo yTBep:kaenuda 2.3.2. /laHHad neMMa dBJISETCS CJIeICTBUEM
MHOTOKpaTHOro npumMenenusd Jlemmor 2.3.1.0]
Hoka3zarenbcTBO yTBepKkaeHNd 2.3.3. [Ipeanosiokum npoTuBHOE, T.€. 4YTO CY-

*

* * _ _
Ty, = ... = 2, (Kax Bcerja, upe/ioa-

n—l —
raem z§ = 0). Bosbmem Takoe mamoe A > 0, aro =, — A > z¥_, | u onpenesnm

*
mecrByer rtakoe [ > 1, uro z)_, | <=x

x; mpui<n—I;

(40) =< xzf—A mpun—1<i<mn
xf + 1A npmi=n.

B CUJIY IIOCTPOCHUA BBLIIIOJHACTCA PABEHCTBO

(41) S = al
=1 =1

T.e. 00€ CHCTEMbl CTUMY/JIMPOBAHUS PEAJM3YIOT OJHO U TO K€ CyMMapHoe (u cpejHee)
JeHCTBHE.

IIycts 6(z) — dyHrnusa cTuMyaupoBaHusi, TocTpoeHHast o (opmyste (2.19) mis
cucrempr {z;}" ;. Torna B cuily 0CTpOeHUsS

o(z

) upui<n-—I
o(x})—0 mpun—I1<i<n;
o(x3) = 0+ (enlay, +14)—
cn(xr — A)) upu i =n,
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ae 0 = (cpi(z)) — cp(z; — A)). Mbl 37meCh SIBHO HCIOTB30BAIN TOT (DAaKT, UTO
* ok _ ok
T =T ==

PacniucpiBast pasHOCTh MEXKJY CYMMAPHBIMH 3aTPATAME HA BBIIIE OMPEIEJeHHBIX

CUCTEeMaxX CTUMYJHPOBAHUSA, TTOJIydaeM

n n

D o(x}) =) () = (1 +1)8 — (cala], +1A) = cu(z] — A)) =

(U Do) — cntlah — A)) — (eales 4 1A) — el — A)) =
(L4 1), (22 A+ o(A) — ((1+ 1), () A + o(A)) =
(4 )i (o2) — (#2)A + o(A).

*

*), IpH JOCTATOYHO

Ho, mockosbky mo ycsoButo Ha dyHKIuu 3arpar ¢, (k) > (x
MAJIBIX 3HAUeHUAX A GyleT BBIIOJTHATHCSA

(42) Y o) > a(x)),
i=1 i=1
TO €CTb HaM y[daJIOChb YMCEHbHINTb CYMMapHO€ CTUMYJIMUDOBaHUA IIPH HCU3MEHHOM CYyM-
MapHOM JIeHCTBUHU, Yero He MOXKET OBITh B CBSI3U € ONTUMAIBHOCTHIO dyukimn o(x).[]
dokazarenbcTBo yrBepxKaeHusa 2.3.4. [Ipeamosoxkum npoTuBHOE, T.e. 9TO CY-
mecTsyer Takoe [ > 1, 9ro 0 = 27 = x5 = ... = z] < x7,,. Bosbmem manoe A > 0 u
onpesesuM cucteMy jeficTsuil {z; }i—1n:

A mpui <l
(43) ;=14 xf ., —IA mpni=1[1+1;
xf mpmi >[4+ 1.

(2

B CuJ1y HHOCTPOCHUSA BBIIIOJIHACTCA PaBEHCTBO

m Sai =Y
=1 =1

T.e. 06€ CHCTeMbl CTHMYJIMPOBAHUSI DEAJU3YIOT OJHO H TO Ke cyMMapHoe (1 cpejHee)
IelicTBHE.

[Iycrs 6(z) — dyHKIHUS CTUMYTHPOBAHUS, TOCTPOEHHAsI 10 dopmyste (2.19) as
cucremsbl {z;}" ;. Torma B cuIy mocTpoeHus

o(zf) + 1 (A) mpui <l
o(@7) + an(a, —1A)—

~7
(] ,
(x3) c1(A) + c1(A) — ey () mpmi=1+1;
o(zf)+06 mpui>Il+1,
e
(45) 0 = crya(aiyn) = ey = 1A) + a(ay —1A) — (D) +

c1(A) — Cl+1(xf+1) = ZA(CEH@ZFH) - Cg+2(ﬁ+1)) +0(A)
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PacnucwiBag Pa3SHOCTL MEXKAY CYMMAapPHBIMU 3aTpaTaMH Ha BBIIIE OIIPpEAe/JIeHHBIX
CUcTeMaXx CTUMYJUPOBaHULA, IIOJIYIaeM

(46) Y ola) =) o(z,) =

i=1 i=1
—(as1(zry —1A) —apa(2)y4)) —
(n =1+ DIA( o (]4) — c(@i)) +o(A) =
lAC;-s—l (x2‘+1) +(n—1+ 1)ZA(C;+Z(QU?+1) - CE+2(J77+1>> +o(4).

Ho, mockobky 1mo ycmosmo mHa dyskmun 3arpar ¢ () > ¢,o(2),,) > 0, upn
AJOCTAaTOYHO MaJIbIX S3HAYCHHAX A 6y,ZLeT BBINTIOJIHATHCA

n n
(47) Y o) > ) alal),

i=1 i=1
TO €CTb HaM YJaJ/JI0OCh YMEHLIIUTH CYMMapHO€ CTUMYJIMPOBaHUA IIPU HEU3MEHHOM CYM-
MapHOM JIEfICTBUM, Y€r0 He MOXKeT ObITh B CBSI3U C OUTHUMAaJbHOCTHIO (yHkimu o(z).0]

JdokazareabcTBo jjeMmbl 2.3.6. [Ipexkae Bcero mokazkeMm, 4To perieHne ypaBHe-

HuA 2.43 enuHCTBEeHHO. [leficTBUTE/IFHO, TIepenucaB ero B 9KBUBAJEHTHOM BH/IE

(48) ¢ (Tk) + (n = k)(ch(Tk) — chpr (Br)) = €, (Tn),

MOZKHO 3aMETHT, 4TO 00a CJaraeMblX B JIEBOI YaCTH CTPOIO BO3pACTAOT 1o Ij. Kpome
TOTO, PellleHne 00sI3aTeIbHO CYIIECTBYET, MMOCKOIbKY Ipu T = ( JieBasg 9acTh ypas-
Henusi (48) paBHa Hysf0 (MeHBINE TPaBOil 4acTh), a MpH Ty = &, > 0 JeBas 4acTh
ypasuenus (48)

(49) A (Tn) + (n = k)(ch(Tn) = Chpr (Tn)) > ¢4(Tn) > €, (Tn),

(GoJtbInie TTPaBOil YaCTH), CJAEJOBATENLHO B CHJIY HENPEPBIBHOCTH 00sI3aTEIbHO CYyIIe-
CTBYeT Ty, yaoBaersopsioriee (2.43).

IIpu z,, > 0 upasas yactb ypaBHenus 2.43 60Jibliie HyJIsd, & JieBas 4acTh MOKET ObITb
He paBHA HYJIIO TOJBKO TOTA, KOTAA Tk (Z,) # 0, 9T0 1 3aBepInaer J0Ka3aTeIbCTBO BCEX
yTBep:KIeHnit JeMMbl. []

HoxkazareabcTBo jJeMmbl 2.3.7. Cuepsa JIoKaxkeM CJaeayIonuii pe3yasrar. Ecan
o(x) — onrumanabHas YHKIMS CTUMYJIHPOBaHUS B cMbIcsIe 3a1a4dn (2.8)-(2.11) B ax-
THBHOII CHCTeMe U3 1 3JIeMeHTOB, T, — AeliCTBHe, pealn3yeMoe i-M aKTHBHBIM 3JIeMeH-
TOM IPH CyMMapHOM AeiicTeun T > 0, a k < | TakOBBI, UTO Tj,_; < Tj, = T}, = ... =
x} < i, (T.e. 31eMeHTBI ¢ HOMepaMu OT k J10 [ peaju3yioT OJHO JeHCTBHE), TO

(50) i) = vy = B(wy,).
B cuny mepaserncTBa (2.37) MOTXKHO BBITOIHATHCS (Opu p = k)
(51) (n =k + 1) (1) — (n = k)i (w7) < cu(a)-
Ho mockoabKy
(52) (n =k + 1) (Zx) — (n = k)l (Tk) < cu(a),

u JieBast 9acThb (H2) Bozpacraer mo Ty, 10 Tx(r)) > rf. AHAJOIMYHO JOKA3BIBACTCS U
* b~ *
BTOpOe HepaBeHcTBOX) > &y(x)).0]
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Tenepb I7Is1 TOKA3ATETBCTBA JIEMMBI 3aMETHM, UTO €CJIU Obl JIJIT HEKOTOPOTO i BbI-
NOMHATOCh T} > X}, TO TOTJa CymecTBoBaIN OBl k < [ Takue, uto Ty(x)) > &i(x}),
9TO, OJTHAKO, MPOTUBOPEUUT MPE/IIOJOKEHHIO 00 yIopsaaouennn ;(x,) mo i. O

HokazarenbcTtBo aemmbl 2.3.8. [lo Teopeme Jlarpamnyka cyIiecTByIOT Takue

bynkmmm &;(x) € [y, ri41], 9TO
ci(@) = € (x) = Acra(&i(), 2).
Ho Torma cymecrsyer takas dyuxmus 7;(x) € [&(x), &1 (x)], uTo
(ci(x) = cipa (7)) = (i (2) = cha(@)) =
Alera(&i(@), 2) = cro(Gina (@), 7)) =
Crra(1i(), 2)(&i(%) — §i41(2)),

IpUYeM TIOCJIeHee BbIPayKeHHe MEeHbIe HyJist TOCKOABKY &;(x) < &iy1(T) u ¢y < 0,
9T0 1 TPedOBAJIOCH JI0Ka3aTh. []
HokazarenbcTBo JeMMbI 2.3.9. 3aMeTuM, UTO CIPABEIINBA CJAEIYIONA IeI0Y-

d(an) E (n =k + D) — (0 — )y ()
= (n = k)(cy(Fh) — s () + ¢, (Th)
> (n— (k4 1)) (1 (Tr) = gy (Tr) + oy (Tr)
= (n— (k+1) + 1)y () — (0 — (b + 1)1 (),
(53) (@) > (n— (k4 1) + 1)y (F) — (0 — (& + 1)¢fppn) e (E0).

[IpaBast wacrh ypasaenusi (53) Bo3pacraer MO Ty, U IPH Tgi; HEPABEHCTBO JOJZKHO
CTATh PABEHCTBOM, CJIEJIOBATEBHO T) < Tjy1 upu jgwobom mponycrumom k. Ho torma
BBITIOJIHSIIOTCS yeaoBud JlemMmbl 2.3.7, KoTopas yTBepzKaaeT Tpedyemoe. [
HokazarenbcTtBo jgemMbl 2.3.10. B cBa3u ¢ jgemmoit 2.3.9 HaM HeoOXOIUMO T10-
Ka3aTh, 4TO IpU (CTPOrOM) YMOPSIIOUEHUHN JEHCTBUN JEMEHTOB CpejHsis (DYHKITHs
3aTpaT ABJACTCS BBITYKJION.
[Tockobky 1o Jlemme 2.3.7 mas oboro T > 0 Bee 3HAYCHHS T PA3IUYHBL, TO (B

cuity onpejenenus dbyakuuit T(-) u paBencrsa (2.34))
(54) ry = Tixy,)-
n
[Tockosbky Z; (%) BO3pacTaror mo ', u » | xi = T, T0 &} BO3pacTaeT BMeCTe C T, a,
i=1
CJIeTOBATEIHHO, BO3PACTACT 10 T U 3Hadenue x). Vcxoma m3 3amaqn Jlarpamka mera

yBesimuenust T (BblpazKkeHHnas B yeandenun bynkinnun S(T)) ecrsb ¢, (), To ecTh

ISz
(55) S0 a3
Ho, nmockoibKy d;g > 0, TO
d*S(z)  dd (z7) dx’
56 — T n — ! *\ 7'n O

YTO U 3aBeplIaeT JOKa3aTe/JIbCTBO. L]
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dokazareabcTBO yTBEepKAeHUdA 2.4.3. PaccMoTpuM ciydaii IpaBoii Mpou3BOI-
HOI (CoTydaii ¢ JIeBOii MPOM3BOIHON JOKA3BIBAETCS AHAJIOTHIHO).

[Mockonbky o(f(r*)) — c(r*, f(r*)) > o(x) — ¢(r*, x), TO
(57) o(x) —o(f(r")) < e, 2)e(r”, f(r7)).

Haiiem Temephb HUZKHIOW ONEHKY Pa3HOCTH Bhipaykenus o(x) — o( f(r*)) B okpect-
HocTh TOYKH f(r*). [Iiast HEKOTOPOTO i PACCMOTPUM MPOU3BOJIBHBIN x € [f(r*), 1]
[TokazkeM, 9TO B 3TOM CJIydae

(58) o(x) = o(f(r)) + clri,x) — c(ri, f(r™)).

Ilycts 310 He Tak, Te. o(x) < o(f(r*)) + c(ri, x) — c(ry, f(r*)). Hockomabky

(59) o(z) = &(x) = inf (a(f(r)) — c(r, f(r)) + c(r, f(1))),

ref)

PacCMOTPHUM 7, Ha KOTOPOM peaIm3yeTcsd MUHUMYM, T.€.

o(x) = o(f(7)) = (P, f(7)) + (7, x).

[Mockombky f(r*) <ax < f(r;), Tor* <7 <.
Ho Torza

—~ SN— ﬁ>
o
~~
=3
~
8
~—

I
o
—
=3

s
~
—~
=
*
S~—
S~—

4ero He MOKeT GbiTb OCKOJIbKY
(60) o(f(r)) = inf (o f(r)) = e, () + elr, (1)) <
a(f(7)) = (P, f(7) + (7, f(r7))
Takum o6pazom npu « € [f(r*), r;] BHIIOJHAIOTCS HEPABEHCTBA

(61) o(z) —o(f(r") = c(ri,x) — e, f(r7)) =
Ca(ri, f(r7)) (@ = f(r7)) + oz = f(r7)),

(62) o(x) —o(f(r)) < c(r, @) — c(r®, f(17))
Ca(r", f(r ) (@ = f(r7)) + o(x — f(r)),

9TO HAPSJLY ¢ HEMPEPBIBHOCTHIO TPOU3BOIHBIX ¢(T, ) TOBOPHUT O CYIIECTBOBAHUH TIPABOIL
npousBoHON y dyuknun o(z) B Touke f(r*) u pasencrse ee ¢, (r*, f(r*)).00

Hdoka3zareanbcTBo yTBepkaeHuda 3.1.1. llpexje Bcero, Oyjem paccMarpubalh
MaJible U3MEHEeHHUsT TUTIOB.

Bynem paccmarpuBarh cirydail ¢ konednbiM duciaoM AD. Eciu jeficTBue JTaHHOrO
AD ornmyaioch OT JeRCTBHI BCeX OCTAIBHBIX AD, TO Pe3yJIbTaT TEOPEMbI JI0CTATOYHO
OYEBHUJIEH: TIOC/Ie N3MEHeHNs THIAa TaK H3MEeHUTH (DYHKIMIO CTUMYTHPOBaHUsI (C COXpa-
HeHHeM neficTBuil, BeIOnpaeMbix BceMn AD), AD ¢ TumaMu MeHbIe, 9eM y JaHHOTO,
OyJ/LyT HOJIyYaTh TO K€ CaMO€ CTUMYJIUPOBAHUE, & CTUMYIUPOBaHUus AD, THII KOTOPOTO
M3MEHUJICS], H BCeX JydInX AD yMeHbIIUTCs (Ha OJIHY U TY Ke Beuduny ). O9eBUIHO,
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ITOCKOJIBKY MBI CYMeJIH YMEHBIIHTH CYMMAapHbIe BBIILTIATH AD 6e3 m3MeHeHus BHIOHU-
paeMbIX JefcTBU, TO ONTUMAJIbHBIE 3aTpaThl OYAYT He OOJIbIIE, YeM MPH HalaeHHOM
GYHKIIUN CTUMY/JIAPOBAHU, T.€. MOI'YT TOJBKO YMEHDBIIHTCS.

[TycTh Tenmepsb meiicTBue nanroro AD coBmnagaer ¢ aefictBusimu cocenanx AD. Toraa
[pPHU YJIyqIIeHIH ero TUIA OH Mo-TpeskHeMy OyeT BbIOHpaTh TO ke camoe Jeiicrsue (B
cooTBeTCTBHY C g hepeHnnaibHbLIMI yPABHEHUAME U ¢ TeopeMoit 2.3.5, T.e. jeiicTBue
Bceil cucTeMbl He m3MeHuTCd. He m3aMeHaTes m onTuMasibHble 3aTPaThl IPH YTy IIIeHUN
tuna gapHoro AS. [

HokazarenbcTBo yTBepKaenusda 3.1.2. O4eBUIHO, YTO B KOHKPETHBIH MOMEHT
BPEMEHU JOJYKHBI YBOJBHATHCA CaMble XYIINTUE COTPYIHUKHU, TUTH KOTOPHIX MEHBbIIe
HEKOTOPOTO mapamerpa 7', 3aBUCSINEro oT Ko3pPUIHeHTa TUCKOHTHPOBAHUS W OT Te-
Kymiero cocrana. [

dokazarensbcTBo gemmbl 4.1.1. JlomycTuMm, 9TO TaKO# TOUKH T, HeT. CrenoBa-
TEJTbHO

n n
(63) max Z oi(x) —c(x) < Zai(a}) — (7).

i=1,i#p i=1
(MOHATHO, YTO MpaBas YacTh BCETIa OOJBINE W PaBHA NpPaBoil B cuiy BhIOOpa AD).
Torpna cymecrsyer rakoe € > 0, 4T0

n n
(64) max Y oy(x) —c(z) < ¥ oy(F) — c(i) —e.
T isLigp i=1

Torma, yMeHBITUB BO BCeX TOYKAX (PYyHKIMIO CTUMYJIUDPOBAHUS i-T'O MEHTPA Ha He-
KOTOPYIO MaJ/Iylo BeJMYMHA Mbl HOJYy4UM, 4TO BbiOOp AD He m3MeHuJsCs, QyHKIUHI
CTUMYJUPOBAHUS He U3MEHUJIUCH, HO IEHTD ¢ CyMeJ B OJHOCTOPOHHEM TODSIJIKe H3Me-
HUTH CBOIO (DYHKIIUIO CTUMYJIHPOBAHUA U IIPH 9TOM YBEJIUIUTH CBOIO MPUOBLIb, UTO
HPOTUBOPEYHUT MPEIIOI0KEHUAIO O TOM, YTO MbI uMesu paBHosecue Hamra. [

JoxkazarenbcTBo JgeMmbl 4.1.2. Paccmorpum, nanpumep, nepsoiit AD. Torma
ONPEJE/INM JIJIS HET'O N-MUKOBYIO (DYHKIINIO CTUMYJTHPOBAHUS CJIEYIONTUM 0OPA30M:

*

o1(z), = =a1a%
(65) a1(z) =< o1(x), x=x; 1ag HEKOTOPOTO © = 2, N;
0, nHaye.

OueBHIHO, 9TO NPH JAHHON DYHKIHMH CTUMYJIHPOBAHUS BHIOOP AD He U3MEHHUTCs, BbI-
IJIATHI MEHTPaM TOYKEe OCTAHYTCS MPEeXKHUMU, U Y NEHTPOB He OyeT BO3MOKHOCTH TaK
U3MEHHUTH CBOM (DYHKIIUU CTUMYJIMPOBAHUA, 9TOOBI B OJIHOCTOPOHHUM IOPSIIKE YBEIH-
YUTH NPUOBLIL. []

JokazarenscTBo yrBepKkKaeHnd 4.1.3. B cuiy teopemsl 4.1.2 jjoctaTrodno pac-
CMaTPHUBATh TOJBKO (PYHKIIMU CTUMY/JIAPOBAHUS ¢ KOHEUHBIM YHCJIOM IMHKOB. O003Ha-
9UM ITOAMHOZKECTBO MHOXKeCTBa X, Ha KOTOPOM PACIOIOZKeHBI YTPO3bl, 4epe3 Y. Torma
MHOXKeCTBO Y (3aMerum, uTo z* € V') gBigeTcs KOHCYHBIM MHOKeCTBOM. OCTaBUM BO
MHOYXKECTBE Y TOJBKO T€ TOYKHU I, B KOTOPHIX

n n
Y ailw) — (@) =Y oi(a) - e(a”)
i=1 i=1
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(T.e. Te TOUKH, B KOTOPBIX YIPO3BI UMEIOT CMBICJT, WM, UTO TO ¥Ke CAMOe, BEJIMIUHA YT'PO-
3bI paBHa CyMMapHOi meperiare AD) OYHKIMH CTUMYJIHPOBAHUSI, DABHBIE HYJTIO BCIO-
Iy, KpoMe TOYeK MHOYKeCTBa Y, IJle OHH He M3MEHHJIM CBOUX 3HAUEHWH, MO-TIPeKHEMY
ABJIAIOTCA PaBHOBECHBIMHU, ITPUYEM BBIUTPBLITITU HEHTPOB U AS HE U3MEHATCA.

ITycts yTBep:KIeHHEe TeopeMbl HeBepHO. Torja CyIlmecTByeT Takoe p, 9TO BO BCEX
TOYKAX yIPO3 IEHTP ¢ HOMEPOM p mpejaraer AD HeHyJIeBOe CTHMYIHPOBaHUE (B TOM
qucsie ¥ B PABHOBECHOI TOUKe ¥, MHAYe B KauecTBe I B ypaBHeHHU (4.2) MOXKHO GBLIO
Obl B3aTh x*). Kpome Toro, B cuy Hajauuus yrpossl AD mosydaer GOJIbIINE, YeM eMy
HAJI0 IIPOCTO JIJIA MOKPBITHS 3aTpaT Ha BoIOOp =*. Ho Torna, ymMeHbIINB BO BCeX TOYKAX
MHOYKeCTBa Y CTUMYJIMPOBAHUE P-TO IEHTPA HA CYyMMY

d = min | min |o,(y ZU’ —c(z*)| | >0,
yey
MBI TIOJTYIUM, YTO PEAJTU3yeTCs MO-MPeyKHEMY TOT Ke UCXOJ, MOCKOJIBKY
n
Zai(x*) —c(z*)—0 > Z oi(x) — c(x) — 0y (),
i=1
rjue
7 )1, zeY;
M= Lev.
OHAaKO, TOCKOJIBKY (DYHKIIUU CTUMYJIUPOBAHUS JAPYTUX MEHTPOB HEe M3MEHUJINCH,
a resieBast (GYHKIMST P-IO [EHTPa YBeJINIHIaCh (TaK KaK Mbl YMEHbIINIH €r0 3aTPaThl
Ha CTHMYJIMPOBaHHWE), TO Mbl HMEJH JIeJI0 He ¢ paBHOBecueM. [IporuBopeune. [
doka3zareabcTBo ciaeactsud 4.1.4. B paBHOoBecuu 1IPOTUB KaZKJIOI'0 U3 HEHTPOB
JIOJIZKHA CYIIECTBOBATH KOATHIHUS (KOTOPasi O'PAHNIEeHA MHOKECTBOM BCEX IEHTPOB 6e3
JIAHHOT'0), COCOOHAsi 06eCMednTh COOTBETCTBYIONLY0 yrpo3y. Ho Koauiust npoTus p-
ro IMeHTPa He MOXKeT 00eCHednTh yrpo3y O0JIbIle, YeM

n

max Hi(x) —c(x
max | > Hi(x) - cla)
i=1,i#p
JI7Is1 J1I000T0 P, O YeM W TOBOPHUT CJiejcTBue. [l
dokazareabcTBo caeacTtudg 4.1.5. B kadecTBe Touek MHOXKecTBA Y HEOOXO MO
B34Th TOYKH, B KOTOPBIX IIPOTUB P-TO MEHTPA OCTAJIbHbBIE HEHTPBI 00Pa3yIOT KOATUIUIO:

Y = U x, Uz, x, € Argmax Z oi(z) — c(x)

X
p=1 z€ i#p

(3ameTHM, 4TO BBIOPAHHBIE T, €CTh TOUKH, O KOTOPBIX OBOPUTCs B Teopeme 4.1.3)
S — * *
Torga mo teopeme 4.1.3 0,(z,) =0, > 0i(xp) — c(z,) = > oi(x*) — c(x*). Orkio-
i#£p %
HATHCS K€ OT CBOUX CTPATEIruil HeHTpaM HEBBIIO/HO B CUJLY HAJUYKS HPOTUBOCTOSIIMUX
koaJmiuii. Takum obpaszom, ciaencTBue qoKa3aHo. [
HokazarenbcTBo Teopemsbr 4.2.1. 13 yesopus (4.4) ciemyer, ato jjist 1106010 x

(1, B 4ACTHOCTH, /I T') BBIIOJHACTCS

(Hi(2") + Hy(a") — e(2)) — (Hi(2) + Ha(x) — () > 0,
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N3 Toro, uro (o1(z),02(x), ) — paBHOBecue Haima, caeayer, YTo HHUKAKOMY U3
P y» U2 ) ) P
*
IIEHTPOB HEBBLIT'OJIHO IEPEKJII0UAThCI Ha Peaan3aluio ™, T.e.

Hi(z*) — c(z*) — (01(Z) + 02(Z) — (7)) < Hi(Z) — 04(T), wm
H;(z) — Hi(z") 4+ c¢(z*) + 0-4(T) — ¢(Z) > 0.

Jtst 1oKa3aTesbCTBA TEOPEMBI JJOCTATOYHO HOKA3ATh, YTO Mbl MOZKEM TAK U3MEHUTH
o1(x) m oy (x) B TOUKe ¥, ITO HOBAsI CHCTEMa pean3yeMa, siBIsgeTcst paBHoBecneM Harra
U BBIUTPHIIIH [EHTPOB MPH ITOM He yMeHbImarcs (AD J0MKeH MOTyIUTh He MEHbIIe,
TaK KaK WHa4e eMy Oy/aeT HEeBBIOJHO BLIOUPATH T¥).

[Tpexkie Bcero, 3aMeTUM, 4TO IO CPABHEHUIO C X TMOSIBJISIETCA JTOTIOJTHUTEIBHAST CyM-
Ma IS JIeJIeZKa B pasMepe

d= (Hi(z") + Hy(z") — c(x¥)) — (H1(Z) + Ha(Z) — ¢(Z)) > 0.

Ee nenrpor u OyyT Je/JUTH JPYT C JIPYTOM.
Baganum HOBbIe (DYHKIMH CTUMYJIUPOBAHUS TEHTPOB KaK

o) = @) = @) +01(@) =y, @ ="

0'1(56')7 T # l'*,
oi(z) = 0o(%) — (i) + c(z*) — Hy(z*) + H\(F) +y, © = a*;
’ UQ(x)v T 7& Z'*,

rae nepemennas y € Y = [0, d]. Bamerum, 94T0 B cHity BHIOOpA TOYKH I MHOKECTBO Y
nerycro (d > 0). Bropas byHKIms cTUMyIHpOBaHus OA0MPATACH U3 TOIO YCJIOBHS,
910 AD JOJKEH [MOJYYUTh CTOJBKO Ke, CKOJIbKO U paHblie. JIerko mpoBepuThb, 410
IPU BCEX JIOMYCTHMBIX 3HaUeHHsX y Boinonusercs H;(x*) — of(2*) > H;(Z) — 0} (Z)
(U3 9ero, B 4aCTHOCTH, CJIEJYeT HEOTPHIATEIBHOCTD JIEBOH YaCTH HEPABEHCTBA U, KAK
caesicTBEe, HepaBeHCTBO H;(x*) > of(x*)), T.e. leHTpaAM HEBBITOJHO OTKJIOHATHCS JIJIst
Toro, urobsl A Beibupan Z. Ho Torga B cuiy onpenenenus o;(x) u Toro, 9to o;(x)
u 0} () COBHAJAIOT BCIOLY, KPOME TOYKH ¥, TIeHTpaM BOOOIE HUKY/Ia HEBBITOIHO OT-
KJIOHSTHCSI.

Teneph ocTaeTcst TOMHKO MPOBEPHTH, 9TO HEOOXOIUMOE CTUMYIHpOBanue o) (x*) He
MEHbIIIe HYJIsl, T.¢. (DYHKIINHE CTUMYIHPOBAHUS SIBISIOTCS TOMYCTUMBIMH. 3aMETUM, ITO
CyMMAapHBIil BBIMTPHIII IEHTPOB B TOUKe =¥ He MeHbIme, YeM B Touke Z. Haiigem cru-
MyJIHPOBaHUe MePBOTO MEHTPA TP MAKCHMAJIBHOM Y (B 9TOM CJIydae caMo CTHMYJIHPO-
BaHIe MHHUMAJIBHO):

7i(r) = H(a) ~ HoE) + 07(0)-
—(Hy(27) + Ha(z") — c(a”) -
—(H(Z) + Ha(Z) — c(2))) =
= Hy(%) — Ho(x*) + c(x*) + 01(Z) — ¢(T) > 0,
TaK KaK [EHTPAM HEBBITOJHO CAMOCTOSTETbHO OTKIOHITHCS [Tt peanusanuu *. Ana-
JIOTHYHO JIOKA3BIBAETCS JIJIsl BTOPOTO IEHTPA.

J171s1 TOHOTEI HEOGXOMMMO 3aMETUTD, YTO B CJIYYae OTCYTCTBH YIPO3 JOKA3ATE b
CTBO OCTAaeTCsl TaKUM Ke. TakzKe HEOOXOAMMO 3aMeTUTh, 9TO HH OJWH W3 MEHTPOB He
MOT yTpOzKaTh APYrOMY TOYKON ¥, TaK KaK BTOPOMY IEHTDY TOT/IA OBLIO OBl BBHITOIHO
HEPEKJIIOYUTC UMEHHO Ha PeATu3anuio 3roro ucxoga u (o1(x), oa(x),T) ne 66110 Obl
paBHoBecueMm Hoamra. [
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dokazareabcTBo Teopembl 4.3.1. Bo3bMeM x1, T U T* Takue, 9TO
vy € Argmax(Ha(x) — o(a)); @ = Hi(w:) — c{an):
HAS
xo € Argmax(Hsy(x) — c(z)); ag = Hay(xa) — c(x2);
rzeX

a= z:ilel(:E*) — c(z*)

(npeamosiaraem, 9To Ty # Tg, Ty # x*, T # ).

B cuny onpenenenuii u neorpunarensuoctu byuknuit Hy(r), Hy(z) un c(r) Beerma
BBIIOJIHSIOTCA HepaBeHCcTBa a; > 0, a > 0w a > a;.

HerpynHo BujeTh, UTO €C/IU HEPBOMY IEHTDPY HEBBITOJHO OTKJIOHATHCH € T Ha T
WIH T, TO eMy BOOOINe HUKYyAa GOJIbIEe HEBBITOJHO OTKJIOHATHCS (TaK KaK BO3MOYK-
HbI{I MAKCHMAJbHBIHI BBIMIPHIIT OyeT HMEHHO B 9THX TOYKax). To ke caMoe BEPHO U
JIJISE BTOPOTO TeHTpa. Takum 00pa3oM, Jijisd YTBEPKJIEHHS TEOPEeMbl Mbl MOYKEM yKa-
3aTh COOTBETCTBYIOINIHME CTPATETHH U TIPOBEPUTH, UTO MEHTPHI He OY/IYT U3MEHSTh CBOU
CTPATeruy TakK, YTOOBI B HTOTE PEATH30BATINCH T1 WA To.

Canyuait 1. a; =0:B 0AUHOUKY NEPBbI IEHTP HUYETrO HE MOZKET MOJIYIHTb.

Torna mpu

C(l’*) —-Y T = I*,

0, x # x¥,

J— *.
y7 I‘—I,

07 x%x*7 UQ(:L') =

Ul(ZE) =

rie
y € [Ha(x2) — c(x2) — (Ha(x") — c(2")), Hi(a7)],

tpoiika (01(x), oa(x),x*) ects Iapero-adbdexrusnoe pasnosecne Hamra (pasmosecue
tuna "corpyaandectso”). Tak Kak BTOPOMY IEHTPY HepeliaduBarh AD CMbICIA HET
(HepBBIA IPOCTO HE MOXKET yrpoxKarh), To Mbl Hanuim Bee [lapero-sdbdexruBubie pas-
HOoBecus H»smra, peannsyrornue ucxom x*.

Cnyagait 2. ay = a: nepBblif MEHTP B OJIMHOYKY MOXKET MOJYIUTH CTOJIBKO ZKe,
CKOJIBKO U 00a IeHTpa, 00be IMHUBIINCH BMECTE.

Torna mpu (hyHKIHUAX CTUMY/TUPOBAHUS

(

c(x*) + Hy(wg) — c(xe) — Ha(z*), x=2a%;
o1(z) = ¢ c(z1) + Ha(xg) — c(x9), T =T
> 0, x & {z*, 1},
Hy(z*), x =%
o9(x) = ¢ Ha(wa), == xs;
L 0, x ¢ {z* xo}

tpoiika (01(x), oa(x),x*) ects Iapero-adbdexrusnoe pasnosecne Hamra (pasmosecue
tuna "koHkypernua'). Bropoil meHTp npu 9TOM HUYero He moiydaet, a AD nosydaer
as.

Cnywgait 3. a1 +ay < a, a; < a: cyMMa BO3MOXKHBIX BBIUTPBIIIEi IEPBOrO I
BTOPOTO [EHTPOB He GOJIbIIE BBIUTPHIIIA [EHTPOB IIPH 00'be THHEeHNH.

Ilpn GyHKIUAX CTEMYIEPOBAHUS

C(‘T*)_yv T = *7

0, x # x¥,

— *.
y7 I’—I,

0, x#z*, o2(7) =

o1(z) =
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tae y € lag + c(z*) — Ho(x*), Hi(2*) — a1], peanmusyercs [lapero-onTumanbnoe paBHO-
Becue Hama (01(z), 09(2), 2*) (paBHOBecHe THHA "cOTPYAHEIECTBO"), MOCKOJIBKY BbI-
HOJIHSIOTCS HEPABEHCTBA:

(Hy(x*) —a1) — (ag + c(z*) — Hy(z*)) =a—a; —azs >0
(MHOYKECTBO BO3MOKHBIX 3HAYEHHUI Y HEIYCTO),
Hy(2") —oy(2") = Hy(2") —y > Hi(2") — (Hi(2") —a1) = a4
(mepBBIil EHTP MOXKET TaK CTHMYJIHPOBATH),
Hy(z*) — 02(2") = Ha(z") — (c(z") — y)
> Hy(z") — c(x*) + ag + c(z*) — Ho(z") = ay
(BTOpOIi TIEHTP MOYKET TAK CTHMYJIUPOBATH),
y > ag + c(x¥) — Ho(2") > Ho(z") — c(x™) — (Ho(2") — c(2¥)) =0
(cTuMyIMpOBAHUE MEPBOTO NMEHTPA HEOTPHUIATEIBHO),
c(x®) —y = c(x”) = (Hi(2%) —a1) > 0

(cTUMYJIIpOBAHHE BTOPOTO MEHTPA HEOTPUIIATETBHO).

B saHHOM cJIyYae neperiaduBaTh He HMeeT CMBICJIA, TaK KaK M0 OTAEJIbHOCTH (Ipu
OTKJIOHEHUH OT 3THUX CTPATErwii) OHM MOJIydatoT He GOJIbIe W yTPO3bl He HY KHBI.

Cnyaait 4. a < ay + as, a; < a: cyMMa BO3MOYKHBIX BBIUIPBINIEH MEPBOTO U
BTOPOI'O IEHTPOB CTPOr'0 0OOJIBIIE BHIUIPHIIIA HEHTPOB IPU 00'beIMHEHUN.

[Ipexkme Bcero 3aMeTHUM, 4TO

a; > a—a2= Hy(z*) + Hy(z*) — c(x*) — ag

> Hy(13) + Ha(zo) — c(w2) — ag = Hi(72);
() = Hi (o) + Ho(a*) — e(a”) — (Ho(a*) — c(a))

> Hi(x2) + Ha(22) — c(x2) — (Ha(2") — c(z7)) = Hi(x2);
a—ay = H(x*) + Ho(z*) — c(z*) — ay

> Hy(z1) + Ha(z1) — c(z1) — a1 = Hy(x),

TakuM 06pa3oM (IpoBeisi AHAJIOTHYHBIE BBIYUCICHUS JIJIsT BTOPOTO [EHTPa), MOy IaeM

ap > Hl(IQ), as > H2<x1)7
Hi(z*) > Hi(x2); Ha(x*) > Ha(x1);
Hy(ry) <a—ay; Hi(zz) <a—as.

JI1s BO3MOYKHOCTU PABHOBECHSI C UCXOJIOM X W yI'PO30#l S JOJIZKHBI BBIMOJTHATHCS

HEPABEHCTBA
a—s> Hy(r1)+ Hi(xe) u a—s>(ag—s)+ (a2 —s),
9TO TOBOPUT O TOM, YTO YIPO3a JIOJIZKHA TIPUHAJIIEKATH OTPE3KY
[a1 + as — a,a — (Hay(x1) + Hi(x2))].
DTOT OTPE30K HEMYCT, MOCKOJIbKY

(CL — (Hg(l‘l) + Hl(l’g))) - (a1 + ag — CL)
(CL —a] — HQ(.CC1>> + (CL — Q9 — Hl(llg)) > 0.
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Wcexoms n3 cka3zaHHOTO, TTOA0EpeM HMOAXosdIee 3HadeHne 11 s. [Iycts s = a1 +as —
a. Torma HA OCHOBAHUH MOCJIETHEIO HEPABEHCTBA CUCTEMBI (4.6) J0I7KHO BBITIOJHATHCSI
HepaBeHCTBO

a — s > max(Hy(z3),a1 — s) + max(Hy (1), as — ).
[Tposepum 3710:

HlaX(Hl(l'Q), a; — 8) + maX(HQ(xl), a9 — S)
= max(H,(z2),a — az) + max(Hy(z1),a — a;)
a—as+a—ar <a<a+ as.

Kpowme Toro, Takas yrpo3a o00OUME IEHTPAMHU pPeaTH3yeMa, MOCKOJIbKY

ag—s=a+a—a —ay=a—ay > 0;
ag—s=a+a—a —ay=a—ay >0,

9TO U 3aBeplIaeT J0Ka3aTeJbCTBO TeopeMbl. []

dokazareabcTBo yTBepKAeHUd 4.4.2. [[peamonoxum, 94T0 yTBEpXKIEHNE JTEM-
MBI HEBEPHO.

IIo nemme 4.4.3 cymiecTByeT Takoe iy 4To a;, = a. llycTh 19 = 1. Torma moszkna

CyHnieCTBOBaTH KOaJIMIIUA ITPOTUB JaHHOT'O IEHTPa, T.€. JOJ?KHO CyIIeCTBOBATHL X1 TaKoe
q9T0

ZHp(xl) —c(zy) = a.
p#1

CrenoBarebHo (MOCKOIBKY X MO MPEANOJIOKEHUI0 eCTh HEeMpephIBHOE MHOYKECTBO)
CYIIEeCTBYET TaKoe Ty 9TO

Z H,(Z1) —c(71) =a—e.
P

Torna ciepyroinue crpareruu OyayT oOpa30BbLIBATH paBHOBECHE: JJId 1 = 2,7

) Hi(@), x =y
O_Z(x) B 07 'y 7£ il?
Hy(z*), x=ua%

I W

HCXOJL ¥, W MEepBBIH MEHTP HOJIyYaeT HeHyJIeByo npubblib (€). IIporuBopeune.
JlaHHbIiT apryMeHT He paboTaeT B TOM CJIydae, eCJIH s JI00ro € CymecTByeT i 7 1
u x; Takue uro H;(x;)—c(x;) > a—e€, 1.e. cymecrByet i # 1 910 a; = @, 9TO JIOKA3bIBAELT
Teopemy. [J
HdokazarenbcTtBo jgemmbl 4.4.3. Paccmarpusaem pasnosecue. [Ipejnosioxum,
aro Hy(z*) > 0,..., Hi(z*) > 0, Hi1(2*) = 0,...,H,(z*) = 0. Mbl f0Kaxkem uc-
0163yt MHAYKIMIO 110 [. Ecom | = 0 Torma stemMma cupasepiuba. Llpeamonoxum 91o

[ > 0. Torma mporus nenTpoB ¢ = 1,[ cymecTByeT KOAJHUIU C yI'PO30Hl B UCXOJIE X;
TaKas 4TO

Z H,(z;) — c(z;) = a.
pF#i
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[peamoioxum uro Bee o, @ = 1,1 pasmauatorcs. Torma Hi(x;) = 0 s seex
i = 2,1. Ilockombky X ecTh coemunentoe MaozkecTso 1 c(0) = H;(0) = 0 To cymecTByer
I TaKoe 4TO

Z H,(%1) — c(z1) = a—e.
pFi

Takum 00pa3oM s HeOGOJBIIMX € MBI MOYKEM YKAa3aTh elle OJHO paBHOBECHE Ta-
KO, YTO MepBBbId IEHTD MOJIyYaeT HEHYJeBYI Hpubblib: ¢ yrpo3amu (Zi, T, ...T;),
B I1) CTUMYJUPOBaHHE KaKJIOTrO IeHTpa paBHsiercst H;(Z1), W CTUMYJIUPOBAHUS [Tt
MEeHTPOB i = 2, N B APYTHX HCX0MaX He m3MeHsgeTcda. CTHMYINPOBaHHE IEPBOTO MEHTPa
YMeHbIIaeTCd BO BCEX ,ZLeI';ICTBI/IHX Ha €. I/I JdaHHBbIE CTpaTeruun ABJAIOTCA PaBHOBECHBIMU.
[Iporusopeune.

Tenepb NpeanoaoKUM, 9TO YTPO3BI COCPEIOTOYEHBI MeHee ueM B | geiicTteusax. Torma
CYIIECTBYET KOAJUIMs IPOTHB JBYX IIEHTPOB B OHOH neilcrBun. Eciin Mbl 06beHAM
JIBa JTAHHBIX MEHTpa (CyMMUPYS UX JIOXOJbI U (DYHKIMH CTUMYJIAPOBAHUS) MbI OISIThH
noiyuuM pasuoBecue ¢ [— 1 nenrpamu. 1o mpeanooKeHuio nHAyKIHH 3TOTO HE MOZKET
ObITh. [
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ITpunoxenne 2. YanunmpoBaHHBIE CUCTEMbI CTUMYJINPOBAHUSA

B aKTUBHBIX cucTtemax (0030p)

B nacrosinem IpUIOKeHUH IPUBOIUTCA 0030 Pe3yJIbTaToB UCC/IeI10BaHIs CPABHU-
TeIbHOMN 3 PEKTUBHOCTH YHUMDHIUPOBAHHLIX TPOIOPIHOHAILHLIX CHCTEM CTUMYIHPO-
BaHus, YHR(PUIUPOBAHHLIX cucTeM cruMmyanposannd B AC ¢ arperuposanueM uHdOpP-
Manuu o geiicreugax AD, u yHMUIUPOBAHHLIX PAHTOBBIX CHCTEM CTHUMYIMPOBAHUSL.
Usnoxenune 6azupyercs, B OCHOBHOM, Ha paborax [38|, [44], [50].

YuudunupoBanHubie IIPOMOPINOHAJIBHBIE CHCTEMbBI CTUMYJIHPOBAHUM.
BeesieM ciieyronee IpenoiokKeHne oTHOCHTebHO (hyHKIuii 3aTrpar AD (HuKe 5T0
npeanosiozkenne Oyaer 0caabJIeHo):

(66) ci(yinmi) = rip(yi/ri), i € 1,

e ¢(+) — TIaaKas MOHOTOHHO BO3pacTaionias Boimykas dbynkmus, ¢(0) = 0, (nampu-
mep, s dbyukuumit Tuna Ko66a-lyriaca p(t) = (1/a)t*, a > 1), r; > 0 — HeKoTOpHIil
napamerp, y; — jeiicreue i-ro A9, I = {1,2,...,n} — mHOKecTBO AD, BXOASNUX B
paccmarpuBaemyio AC.

Eciu mienTp ucnoab3yeT NponopruoHaibHble HHIXBUAYAILHBIC CUCTEMbl CTHMYJ/IA-
poBanus o;(y;) = 7;Yi, T0 neneBas GyHknus AD npencrapiaser coboi pazHOCTb MEK LY
CcTUMYyTHpOBaHueM u 3arparamiu: f;(y;) = Viy; — ¢;(y;). Boraucanm geiictsue, BoIOupae-
Moe AD Ipy UCIOIB30BAHUH IEHTPOM HEKOTOPO# (PUKCHPOBAHHON CHCTEMBI CTHMYJIH-
POBAHUS:

(67) i (i) = i’ (),

rie ' () — dyukmus, obparnas npoussopnoil dyuxuun ¢(-). MunuMabHbBIE CyM-
MAapHBIE 3aTPAThl HEHTPA HA CTUMYJIUPOBAHUE PABHI

(68) () = Z%’f’z’%@/*l(%)’

rae v = (71,9, - - -, Yn)- CyMMmapHbie 3aTparsl AD paBHbI:

n

(69) c(y) =Y _riple ™ (1))
=1
B pamkax mpusenennoil soime o6meil hopMyIMPOBKE MOJENH TPOHOPIHOHAILHO-
To CTI/IMyJII/IpOBaHI/IH BO3MOZKHBI pa3JIMYHbIEC ITIOCTAaHOBKH YaCTHBIX 3a/at. PaCCMOTpI/IM
HeKOTOpre N3 HUX.
Bagada 1. Ilycrs meHTp 3amHTEpECOBAH B BBHIMOJHEHHH dJ€MEHTAMH ILIaHa R 10
CYMMApHOMY BBIILYCKY C MHHHMAJbHBIMU CyMMapHbIME 3arpatamu AD (eme pa3 moj-

YepKHEeM H€O6XO,ZLI/IMOCTI) pa3jindeHnud CYMMapPHBIX 3aTpaT 3JIEMEHTOB WM CYMMapPHBIX
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3arpar (IeHTpa) Ha CTUMYTHpOBaHue). Toraa ero meab 3aKI0YaeTcs B BHIOOPe CTaBOK

omnarsbl {;}7, B pe3yJbrare perieHus CJIeayIomnel 3a1aqu:
c(v) — min;

(70) o

>y (v) = R,

=1

pellieHre KOTOPOU MMeeT BU/I:

v =@ (R/W);
' = r(RJW), i€l
() ¢ = Wo(R/W):

Ui, = Re'(R/W),

n

e W = > r;. Tak kax onTuMaibHbIe CTABKH OIIATHI OJUHAKOBHI JJisi BeeX AD, TO
i=1

ONTUMAJIbHA UMEHHO YHU(DUIUPOBAHHAS CUCTEMa CTUMYJIUPOBAHUS.

Bamauda 2. ComepKaTeIbHO JBOWCTBEHHOI K 3ajade 1 sBIsgeTcs 3a1ad9a MaKCAMH-
3allMM CYMMAPHOT'O BBIIYCKA IPU OIPAHMYEHHN HA CyMMAapHBIE 3aTpaThl AD:

; b7 (%) — max;
c(v) < R

(72)

Permmenne 3agaun 2 mMeeT BUI:

Vi = ¢ (e T (R/W)), i€l

yi = rip (R/W), i€l
c*=R;

P =@ (R/W)W (¢~ (R/W)),

(73)

TO €CTh B ABOHCTBEHHOI 3a/a1e (eCTeCTBeHHO) OIITUMAJIbHBIM PEIleHUueM TaKIKe SBJISI-
€TCd UCIOJb30BaHUE yHI/I(l)I/H_[I/IpOBaHHbIX IMPpONOPUUOHAJBHBIX CHCTEM CTHMYJIUPOBa-
HNA.

BaMeHa B 33/1a9ax 1 U 2 CyMMapHBIX 3aTPaT JIEMEHTOB Ha CyMMAapHbIe 3aTpaThl HA
CTUMYJIHPOBAaHUE MOPOKIAET eIle OJHY Hapy JBOMCTBEHHBIX 3371a4.

Bagaua 3. Ecn mieHTp 3anHTepecoBaH B BhIOMHeHHH AD miaHa R Mo cymMMapHOMY
BBINIYCKY ¢ MUHUMAaJbHBIMU CyMMAapHBIMHU 3aTpaTaMu Ha CTUMYJUPOBAHUE, TO CTABKN

OIlJZIAThI OIIpEeAe/IdI0TCA B pe3yJjbTaTe pelleHud C.He,ZLyIOH_IeIU/I 3ada4n:

Uz (y) — min;
gl

(74) N
* —

> () = R,

i=1

perrenue KoTopoii coBmagaer ¢ (71).
Bajgava 4 3aK/I09aeTCs B MAKCHMU3AIMH CYMMAPHOTO BBIIYCKA IPH OTPAHAYCHUH

Ha CYMMAapHbI€ 3aTpaTbl Ha CTUMYJIUPOBaHUE!:

N

104



3 meroma MHOKHTEEH JlarpanzKa mosydaeM yCJIOBHE ONTUMATBHOCTH (A — MHO-
KuTeab Jlarpanzka):

Agp,_l(,yi)gpll(’yi) + Yi = ]-7 (S ]7

U3 KOTOPOTrO CJIEYEeT, YTO BCE CTABKHU OILIATHI JOJKHbBI ObITH OJIMHAKOBLI M Y/IOBJIETBO-
pPATb YPaBHEHUIO

(76) ' (v) = R/W.

CrietyeT mMOMUepPKHYTH, YTO BO BCEX YETHIPEX 33/1a9aX ONTHMAJIbHBIMH OKA3AUCH
NMEeHHO YHUDUIIMPOBAHHBIE CUCTEMbI CTUMYJIHPOBAHNS, IPUYEM perneHns 3a1a49 1 u 2
COBIAJIH, YTO IIPEJACTAB/ILAETCS JTOCTATOYHO YHUKAJLHBIM (DAKTOM, TaK KaK CyMMapHbIe
3aTpaTrhl AD 0TparKaioT MHTEPECHl YIPABASEMBIX CyOBHEKTOB, a CYMMApPHBIE 3aTPATHI
HA CTUMYJIHPOBaHUE — MHTEPECHl YIPABJIAIOIIEro oprafa. KpomMe Toro, BoO3MOKHOCTD
HCIIOJIB30BAHUS 00MUX s BceX AD yIpaB/IsioNuX IapaMeTpoB OKa3bIBAETCS BayKHOI
B MeXaHW3MaX IJIaHupoBanus. Takum oOpa3oM, CIIpaBeI/INB CJIeIYIONINI Pe3yabTar.

Teopema 1. B AC co ciabo ceazanabivn AD, GyHKIINN 3aTPAT KOTOPHIX UMEOT
B (66), yHuUIMPOBAHHBIE CHCTEMbBI CTHMYJIHPOBAHUS ONTHMAIBHBI HA MHOKECTBE
TPOIOPIUOHATBHBIX CHCTEM CTUMYIUPOBAHUSI.

BosnukaeTr 3aKk0oHOMEpPHBI# BOIIPOC — HACKOJIBKO KECTKUMHU SIBJISTIOTCS TPeOOBaHUA
K byukmusam 3arpar AD. Oka3piBaeTcs, STH TpeOOBAHUS MOKHO 0CJIabUTh — B 33 1a9aX
TUTA 33/a91 | ¥ 33191 2 ONTHUMAJILHOCTh YHUMPUIIMPOBAHHBIX CUCTEM CTUMYJINPOBa-
HUS ABJISETC CJAEICTBAEM CBOMCTB 3a/1a4 YCJIOBHONH ONTHUMU3AIMHU U MPAKTUYECKU HE
3aBUCUT OT KOHKPETHOrO BUJA (DYHKIUHA 3aTPAT.

PacemoTpuM opraHu3alMOHHYIO CUCTEMY €O €1a00 CBSI3aHHBIMEU dJIEMEHTAMH, B KO-
Topoit dyukimu 3arpar AD ¢;(y;) — rIajKue, BO3pacTAIONMe U BHIMYKIbIe (CoepiKa-
TEJbHO BBIIYKJIOCTH HYXKHA, JIIs €IMHCTBEHHOCTH TOYKH MAKCUMYMa PA3HOCTH MEKLY
JAHEHHBIM CTUMYJITPOBAHUEM U 3anaTaMH). BekTop neitcrBuii, peannsyembiit pornop-
IIMOHAJIBHON CHCTEMOI CTUMYINPOBAHUSA €O cTaBKaMu {7; }7_ |, cyMMapHble 3aTpaThl AD
U CyMMapHbI€ 3aTPaThl Ha CTUMYJIUPOBAHUE OILPEJIEJIAIOTCH, COOTBETCTBEHHO:

* _ -1 . .
Y; (%) =6 (’W)’ (S ]’
n
_ /—1 .
(77) c(v) =2 ale (1);
i=1
. 1
/—
Dp(y) = > v (n)-
i=1
Jlng 3aga4 tuna 1 u 2, npuMenss MeToj MHOkKuTe el Jlarpanxka, mnojydaem, 4ro
npu ocjaabaennn TpeboBaHUi K DYHKIUIM 3aTpaT ONTUMAILHBIMU OCTAIOTCS yHUDU-
IIUPOBAHHBIE CHCTEMBI CTHMYJINPOBAaHUS (HAIPUMED, B 3a1a4e 1 ONTUMATBHOE 3HAYCHHe
n

mapamMeTpa 7 yIOBIeTBOpseT ypasHenuio Y. ¢, '(y) = R). g zamaq tuma 3 u 4, K
i=1
COZKaJIEHWIO, B 0011eM cjiydae YHUPUIIMPOBAHHBIE CUCTEMbI CTUMYJIMPOBAHUS HE OITH-

MaJIbHBL. [IpuMensasa K HuM, onmdaTh 2Ke, MeTO MHOXKATe el Jlarpanzxka, JIerko moka3arh,
YTO JIOCTATOYHBIM YCJOBHEM I ONTUMAJIBHOCTH cUcTeM cTumynupoBanus UL-tuma
siBJIsieTcst cyrectBoBanne byHKuu &(+), TAKOM, YTO BBIIOJIHEHO

) () = E() Viel.
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OTMeTnM, 9TO B HPUBEIEHHON BBHIIIE TeopeMe YTBEPXKIAETCs, UTO CHUCTEMBI CTH-
MysaupoBanus UL-THIa onTHMaJIbHBI Ha MHOMKECTBE ITPOIOPIHOHAIBLHBIX CUCTEM CTH-
MyaupoBaHus B AD co cirabo cBg3aHHBIME AD, uMmeromuMu (GYHKIHH 3aTpaT BHIA
(66). TTosTomy omurieM nx cpaBHUTENBbHY IO 3(DhEKTHBHOCTH HA MHOYKECTBE BCEBO3MOK-
HBIX (HE TOJBKO MPOMOPIHOHAILHBIX) CHCTEM CTHMYJINPOBaHus. J1jis 5T0T0 10CTaTOUHO
CPaBHUTH MUHHUMAJbHBIE 3aTPATHl HA CTUMY/JIMPOBAHUE, HAIPUMED, B 3ajade 2, C 3a-
TpaTaMi Ha CTUMYJIUPOBAHUE B CIydae HCIOIb30BAHUS IIEHTPOM ONTUMAIbBHBIX KBa3H-

n
KOMIICHCATOPHBIX CHCTEM CTHMYJINPOBaHus (KOTOpBIe paBHEl Vo (y*) = > mip(yi/r:))-
i=1
Pemras 3ama4ay seibopa Bekropa y* € A’ munnvusupyiomero g (y*) npu ycaosun
n
>y = R, nomyqaem, uro 95, = Wo(R/W). Noacrasnas uz sepaxkenus (71) f,, =
?:_

=1
R¢'(R/W'), BoYUCIHM OTHOIICHHE MEHUMAIBHBIX 3aTPAT HA CTUMYJIAPOBAHHE:

(78) vn/Vor = BR/W' (R/W)/@(R/W).

Us spmyknoctn dynxmn ¢(-) caenyet, aro U5, /U5 > 1. Tax kax cymmapmble
3aTpaThl HA CTHMYJIUPOBAHUE MPU HUCIOIB30BAHUU cucTeM cTuMyanpoBanusg UL-rtuma
BBITIE, Y€M MPHU HCIOIb30BAHNN "abCOMIOTHO ONMTUMAIBHBIX' CHCTEM CTUMYIHPOBAHUS
QK-rtuna, cienoBare/ibHO, MEpPBbIE HE ONTUMAJBHBI B KJIACCE BCEBO3ZMOYKHBIX CHCTEM
cruMmy/iupoBanust. Bojiee TOro, MOXKHO 10Kazarh, yro upu R/W > 0 u crporo Bbi-
nyKJIbIX GYHKIUAX 3aTpar orHormenue (78) c¢Tporo Gosblne equHUIbL. 1[0y YeHHBIT
JIJIS MHOTO9JIEMEHTHBIX OPTaHU3AIMOHHBIX CUCTEM Pe3YIbTAT BIIOJHE COTJIACOBAH C BbI-
BOJIOM O TOM, YTO B OJIHOJEMEHTHBIX cHCTeMaX 3(DPEKTHBHOCTH TPOMOPITUOHATBHOTO
CTUMYJMPOBAHUS HE BBIIE, YeM KBa3HKOMIIEHCATOPHOTO.

MoxkHO cesaTh CaeAyIoniue BbIBOAbI 00 MCIOIb30BAHUH YHUMDUIUPOBAHHBIX CH-
CTEM CTUMYJIUPOBaHus. Bo-11epBbIX, B MHOI'OYPOBHEBBIX AKTHUBHBIX CUCTEMAX HCIIOJIb-
30BaHUEe YHUMDUIUPOBAHHBIX CUCTEM CTUMYJINPOBAHUSA CHUZKAET WH(MOPMAIMOHHYIO Ha-
IPY3KY Ha YIIPABJIAONINAE OPraHbl. Bo-BTOPHIX, MHOT/IA 3TU CHCTEMbl CTUMYIUPOBAHUS
OKa3bIBAIOTCS ONTUMAJIbHBIMEA. B-TpeThbHX, BO3MOXKHOCTH HCIOJIB30BAHUS OOITUX I
BceX AD ynpaBjagioniuX MapaMeTpoB OKa3bIBACTCS BaXKHOW B MEXaHW3MaX IJIAHUPO-
BaHUs (CM. MHIOTE3y €J1aboro BIHSHUS M MEXaHH3MBl OTKPBITOrO yupasJjenus B [20],

|38]).

YunduiupoBanubie cucteMbl ctumyupoBanusi B AC ¢ arperupoBanuem
urdopmanuu o gefictusax AD. OmuiieM, ciejyst B ocHOBHOM [49], dopmymupoBKy
U pelenne 33 a9u CTUMYJIUPOBAHUS B MHOTO3JIeMEHTHOI nerepmuuupoBanuoit AC, B
KOTOPOIi MEHTP UMEeT arperupoBaHHYI0 WH(POPMAINIO O PE3yIbTaTax AedTeTbHOCTH 1
AD.

Crpareruneit AD gapasercsa BuIOOP meficTBuUil, cTpareruneil meHTpa — BBHIOOP (DYHK-
A CTUMY/JIMPOBAHHS, TO €CTh 3aBHCHMOCTH BO3HAIPaXKIEeHHs KaxkKaoro AD or ero
JeitcTBUi 1, OBITH MOKET, JeicTBUil Apyrux AD Wan ApyruX arperupoBaHHBIX IIOKA3a-
TeJielt UX COBMECTHOM JIeSITeTbHOCTH.

[ycrs pesyavmam deamenrvnocmu z € Ag = Q(A’) AC, cocrostieii uz n AD, saBiis-
ercst pynknueit (HazpiBaemoii dyHkuueit arperuposanus) ux geiicrsuii: z = Q(y). Un-
Tepechl U IpeanouTrenns yaacTHukoB AC — meHTpa u AD — BBIparKeHbI UX IeJIeBBIMI
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dbyuxmuamu. Henesas dyukmnus nentpa apiserca dbynkmuonantom P (o, z) u mpeacra-

BJIAeT co0OOif pa3sHOCTh MeXK/Y ero moxogoM H(z) u cyMMapHBIM BO3HATDazKIeHHEM
n

v(z), BoiuiaunBaeMbiM AD: v(2) = Y 0y(2), tue 0;(2) — crumyauposanue i-ro AD,
i=1

U(Z) = (01(2)7 02(2)7 s 7Un<z))> TO €CTb

(79) B(0().2) = H(z) = 3 oilz).

[eneBas dynknus i-ro AD apisiercs dbyHkmonasoM f;(o;,y) 1 IpeICTaBAIeT CO-
OOl PasHOCTh MEXKy CTUMYJIMPOBAHUEM, HOJIYYaeMbIM UM OT LEHTpa, M 3aTparamu
¢i(y), To ecTh:

(80) filoi(),y) = 0i(2) —ai(y), i€l

[Ipeamonoxkum, 910 1MEHTP HAOIIOIAET TOJIBKO pe3ynabrar geareabnoctu AC, or
KOTOPOT'O 3aBHCHT €r0 J0XOJ, HO He 3HAeT U He MOXKET BOCCTAHOBUTDL WHIMBUIYAILHBIX
neicTBuil AD, TO ecTh UMeeT MeCTO arpernpoBaHHe HH(OPMAIUK — IIEHTP HMEeT He
BCIO WHHOPMAITHIO 0 JeicTBUsIX AD, a eMy U3BeCTeH JIUIb HEKOTOPbIi ux arperat Q(+).

Ornocurenbuo napamerpoB AC BBemeM C/IeIyIOIINe MPEINTOJIO0KEHNsI, KOTOPHIE,
eCJTH He OTOBOPEHO 0C000, OyIeM CINTATH BHITIOJTHEHHBIMU B XOJI€ BCETO MOC/Ie/ Ty IOIIEero
n3j0xkenns pe3yabraros uccaegopanus AC ¢ arpernpoBanneM nHGOPMAIIH:

Al1.Viel A; — orpesok Buma [0;a;].

A.2. Vi € [ BuinoHsgeTcs

1) dyukiws ¢;(+) HempepbIBHA MO BCEM MEPEMEHHBIM;

2) V y; € A; ¢i(y) ue yonIBaeT 1o y;;

3)Vye Ay >0;

4) A Y_; € A_Z’ ci(O, y_z) =0.

A.3. OyHKIUN CTEMYIHPOBAHNSA KYCOUHO-HEIIPEPHIBHBI U IIPHHHMAIOT HEOTPHUIIA-
TeJIbHBIE 3HAUEHUS.

A.4. Oyuknusa 10X01a MEeHTpa HelMpepbIiBHA M JIOCTUTAeT MAaKCHMyMa IpH HEeHyJIe-
BOM pesyabrare neareabroctn AC.

A5.Q: A — Ay CR™ — ogHosHaunoe HenpepbipHOe oTobpaxkenue, riae 1 < m <
n (Ipu m > n CMBICJ arperupOBaHUsST TEPSAETCS ).

DPPermusHocmolo CMUMYAUPOSAHUA TBASETCS MUHUMAJIbHOE 3HAYEHHE IeIeBOi
dbyHKIME EHTPA HA COOTBETCTBYIONIEM MHOXKECTBE PellleHn i Urpbl (MHOZKeCTBE PABHO-
BECHBIX TIPH JAHHOM CTUMYJIHpoBaHuu crpareruii AD): 3adaua cunmesa onmumarvrot
GYHKUUY CMUMYAUPOBAHUA 3AKTIOUAETCS B TIOUCKE JOMYCTUMO CHCTEMBI CTUMYTHPO-
BaHUs, UMEOIIeH MAKCUMAIbHYIO 3DMEKTUBHOCTD.

OnpegesuM MHOXKECTBO BEKTOPOB jsieiicTBuil AD, NpuBOAAIMNAX K 33/ JAHHOMY pe-
gyabrary gearenabHoctn AC:

Y(2)={ye AlQ(y) =2} C A, z¢€ A,.

B [49] nokazano, uro B ciayuae HabMOMaeMbIX JeficTBHii AD MUHUMAIbHbIE 3aTPATHI
IIEHTPA Ha CTHMYJMDOBAHUE 110 DeaJu3aluu BekTopa jeficreuil y € A’ paBHbI Cym-

MapHbeIM 3aTpataM AD Y ¢;(y). Ilo anamornu BBIYHCINM MHHEMAIBHBIE CYMMAapHBIE
el
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n

sarparbl AD 110 JOCTHKEHUIO PEe3yJbTara JesaTeJbHOCTH 2 € A, @(z) = mi?) > aily),
yeY (2) j=1

n
a TaKyKe MHOXKecTBO JeiicrBuil Y*(z) = Argmin ) ¢;(y), Ha KOTOPOM 9TOT MHHUMYM
yeY(z) i=1
JIOCTUTAETCS.

Beenewm ciieyiorniee npeosiozKeHne.

A6.Vze A, Vy € Y(x), Viel, Yy € Proj;Y(x) byuxkuusa c;(y;,y" ;) He
yObIBaeT 1o y;, j € 1.

B gactrOCTH, TpeanonoKeHUe A.6 BBINIOJTHEHO B CIydae, KOT/Ia 3aTPAThl KayK/I0TO
AD 3aBUCAT TOJBKO OT €ro COOCTBEHHBIX JeilCTBHIA.

Qukcupyem MPOU3BOJIBHBIN PE3yJIbTAT AeATETLHOCTH & € Ay 1 TPON3BOILHBIN BEK-
rop y*(z) € Y*(z) C Y (x).

Teopema 2. IIpu ucnoab30BaHUy TEHTPOM CHCTEMBI CTUMYIAPOBAHUS

iy (x)) +6;, z=u; . cl

(81) ol.(z) = 0 . i

BeKTOD JieiicTBuit AD y* () peanusyercs ¢ MUHIMATHHBIMA 3aTPATAME [EHTPA HA CTH-

myaupoBanune pasabiMu U(z). [Ipu sTom cucrema crumyanpoanus (81) sBasercs o-
n

ONTUMATBHOH, Te § = Y ;.

=1
Ha BTOPOM IIare peleHnd 3aJ1a91 CTUMYJIAPOBAHUA naubouiee BI)II‘OJLHI)IfI JJ14 IeH-

Tpa pesyabrar gesarenbroctn AC z* € Ay omnpenessieTcss Kak pelleHne 3aJa49u OITH-
MaJIbHOTO COTJIACOBAHHOIO ILJIAHUPOBAHUSI:
(82) r* = argmax[H (z) — Y(x)].
TE€EAQ

PacemorpuM Kitace yHu@uyuposartbir cucmem cCmumyiuposarus. Beeaem ciemy-
10110 (PYHKIHUIO:
(83) c(y) = max{c;(y)}.

el

Ha IMepBOM HIare BBIYUCJIUM MHUHUMAJIbHBIE 3aTPpaThl Ha CTUMYJIHUPOBaHUE ’19U<Z> 10

peain3anyuy pe3y/IbraTa AedaTeJbHOCTH 2 € Ay yHUPUIUPOBAHHON CUCTEMOR CTUMYJ/IU-

poBaHu:

Iy(z) = yrer%/i(ri) c(y).

MHO!kecTBO BEKTOPOB JIeHCTBUM, MUHUMHI3UPYIOMMNX 3aTPaThl HA CTUMYJIHPOBAHUE IO

peau3aIun pe3yabraTta JAesTeIbHOCTH 2 € Ay, nmeeT Bua: Y *(z) = Argmin c(y).
yeY(z)
[To anaJiorum ¢ TeopeMoii 2 JIOKa3blBACTCH, YTO YHUDUIMPOBAHHAS CUCTEMA, CTHMY-

mupoBanus (cp. ¢ (81)):

(84) * (Z) _ C(y*(l’)), & =T ic [7

0, z # x,
rae y* () — IpOM3BOJIBHBIN 3JeMEHT MHOKeCTBa Y (), peasn3yeT pe3ysibTaT JIesTesb-
HOCTH T € Ay ¢ MUHUMAJBHBIMI B KJacce YHUDHUIHPOBAHHBIX CHCTEM CTHMYJIHPOBAHMS
3aTparaMu Ha cTuMyJsipoBanue. Ha Bropom 1are pemienus 3a/1a4u CUHTE3a OITHMaJIb-
HOIl YHH(DUIMPOBAHHON CHCTEMBI CTUMYJIMPOBAHUSA HalijgeM HamOoJiee BBITOIHBIHN J1IsT
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IIeHTPa pe3yJabTaT JedTeJIbHOCTU AC $*U KaK penienue 3aJa4u ONTUMaJIbHOT'O COTVIacO-

. *
BAHHOTO IUTAHUpOBaHUs: x;; = argmax|[H (z) — ndy(2)].
z€Ap
Teopema 3. DbdeKkTUBHOCTD YHUMDUIUPOBAHHOI'O CTUMYJITMPOBAHKS HE BBIIIE, I€M

3P HEKTUBHOCTH TEPCOHUMDUIIUPOBAHHOTO CTHMY/IMPOBAHUSA.

Unes nokasaresbcTBa TeopeMbl 3 3akjtodaercs B ciaenyoreMm. Pukcupyem mpo-
M3BOJIbHBII Pe3ybrar jedreabHoctu. Peasmsyomas ero yaudunupoBantas cucreMa
crumyupoBanus (84) B cuty (83) XapaKTepu3yercsl He MEHBITIMHA CYMMAapHBIMHA 3a-
TpaTaMH Ha CTHEMYJHDPOBAHUE CO CTOPOHBI IMEHTPA, Y€M CHCTEeMAa HePCOHHMHUITHPOBAH-
nag crumyauposanng (81) (tak kak Vi € I, V y* € A’ ¢;(y*) < ¢(y*)). lo Teopeme o

MUHUMAJILHBIX 3aTpaTax Ha CTUMYJHUPOBAHUE MOJIYYIaEM YTBEPXKICHUE TEOPEMHBI.

YHaudunupoBaHHBIE PAHTOBBIE CUCTEMBI CTUMYJINPOBaAHUA. B 0oJbITIHCTBE
U3BECTHBIX MOJIeJiell Bo3HarpazKkiaenue A 3aBucuT oT abCOMIOTHBIX 3HAYEHUN UX Jeii-
CTBUIl /WM pe3yJbTaTa JIesTeJTbHOCTH. B TO Ke BpeMs Ha MPAKTHKE JOCTATOYHO
pacmpocTpanenbl panrobie cucrembl crumyaupoanus (PCC), B KOTOPHIX BenvuHA
BO3HArpazkieHns AD ompeensgercs TuO0 NPUHAIIEKHOCTHIO IIOKA3ATES ero AesTeb-
HOCTH HEKOTOPOMY Hamepes 3alaHHOMY MHOYKECTBY — TaK Ha3bIBaeMble HOPMATHBHBIE
PCC (HPCC), 60 mecroMm, 3annMaeMbiM AD B yIOPAIOUCHIN OKA3ATEel AesATeb-
HOCTH BCEX 3JEMEHTOB — TaK HaszbBaeMble copesroBaresnsusie PCC (CPCC).

[ToapoGublit 0630p Pe3yJIHTATOB OTEYECTBEHHBIX U 3aPY0eKHBIX aBTOPOB 110 UCCIe-
nosaruto PCC (Typuupos — rank-order tournaments — B TEPMHHOJIOIMH T€OPUN KOH-
TpakTOB) puBe/ieH B [43]. Huzke Mbl KpaTKO omuiieM pe3yJbTaThl cpaBHeHHs IDdek-
tuBHOCTH yHUDUIupoBanubix PCC ¢ 3¢ HeKTUuBHOCTHIO APYTUX CHCTEM CTHMY/IAPOBA-
HUS.

Pacemorpum cnagana HPCC, koropble XapaKTepus3yiOTCs HAJIAYIHEM IIPOLELYD
IPUCBOCHUST PAHTOB AD B 3aBHCHMOCTH OT MOKa3aTesell uX JedaTelbHOCTH (BHIOGHpa-
eMBIX JIeicTBHI U T.J.). BBemeMm ciejyromime mpenooKeHus, KOTOpble GyIeM ¢du-
TaTh BBIIOJHEHHBIMU HA MPOTSAKeHUH HacTodAmero [Tpunozkenus (0OTKa3aBIIICh OT BCEX
NPEeNOJIOKeHU T, BBEIEHHBIX BHITIE).

A.1. MuoxkecrBa A; Bo3MOXKHBIX AeiicrBuii AD coBnanaior: A; = A = R}r, 1€ 1.

A.2. Oyuknuu 3arpar AD monoronnsl. A.3. 3arparsl 0T BHIOOPaA HYJIEBOrO Jeii-
CTBUs PABHBI HYJIIO.

IIycts J = {1,2,...,m} — MHOXKeCTBO BO3MOZKHBIX PAHIOB, [JIe M — Pa3MePHOCTh
HPCC, {g;}ics — COBOKyIHOCTB 1 HEOTPHIATETBHBIX YHCEJN, COOTBETCTBYIONINX BO3-
HarpasKIeHuaM 3a 'monaganme" B pasamunnie panru; 0; : A; — J, 1 = 1,n — mpore-
aypel knaccudukannu. Hopmarusaoii panrosoii cucremoit crumyauposanus (HPCC)
uasbiBaerca koprex {m, J,{0;},{q¢;}}-

B pa6ore |74| nokazano, uro jijst M06OH CHCTEMBI CTUMYJIUPOBAHUS CYIIECTBYET
nepcoHuGUIIPOBAHHAS (¢ PA3IUIHBIMA TPOLEJLyPAMU IPUCBOCHUST PAHTOB JJIsl pas-
muaabix AD) HPCC ne menbieit 3¢dbdexTuBHOCTH.

To, 9T0 TIEHTP UCIIOAB3YET PA3IUUHbBIE POTELYPbI IPUCBOEHUSI PAHTOB, MOYKET I0-
Ka3aThCs HECIIPABE/JIUBBIM ¢ TOUKH 3peHust AD. JleficTBureibHO, HanmpuMep, BoIOUpasT
OJIMHAKOBBIE JieficTBus, 1Ba AD MOTYyT UMETb PA3/JIUYHbIC PAHTU U, CJIEIOBATEBHO, O~
JIy4aTh pas3/IMdHble BO3HArpaxkiaeHnus. Bosee crnpapemauBoit npencrasiasgercs HPCC,
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B KOTOPOIl mporenypa KIacCupUKAIMA OJINHAKOBA JTst BeeX AD, TO ecTh Tak Ha3bl-
BaeMasi yHuBepcasibHag HPCC, mpu HCIoOIb30BAHAN KOTOPOI 3JIEMEHTHI, BHIOpABIITHE
OJIMHAKOBBIE JEHCTBUS, IOJYYai0T OJUHAKOBBIE BOSHAIDAK ICHHUS.

Beenem Bektop YV = (Y1, Y5, ..., Y,,), Takoi, aro

0<Y1<Y2<...<Ym< +o0,

KOTOPBII OIpeiesiger HeKOTopoe pasdbuenne muoxkecTBa A. Yuusepcaabuas HPCC 3a-
naercs koprexem {m,{Y;}, {q¢;}}, nputem BosHarpazkmeHue i-ro aKTHBHOI'O 9T€MEHTA
0; OIpeAEIIeTcs CICLYIOMUM 00Pa30M:

oi(yi) = ZQj](yi € Y}, Y1),
7=0

rae I(-) — byukmus-unaukarop, Yo = 0, go = 0. Yuusepcanbuas HPCC nasbiBaercs
IPOrpeccuBHOMN, eciil §p < q1 < @2 < ... < Qe

Caoiicra onrumanbhoiit YHPCC u anropurMmbl ee moctpoenusi upusesiens B |5].
TaMm ke JT0Ka3aHO, 9TO B paAMKAX CJIEIYIOIMIErO MPE/IOJIOKEHIS

A 4. CymectByeT ynopsyyiouenue AD 3JleMEHTOB, TaKOe, ITO

(85) VyeAd(y) >cy)>...>2¢(y) >0

BBIIIOJIHACTCA

Teopema 4. Ecnu Buinoanens! npeamnoaoxkenus A.1-A.4, To:

a) B kiracce YHPCC peanusyeMbl TakKue U TOJbKO TaKHe TeHCTBUSI, KOTOPBIE YI0-
BJIETBOPSIOT YCJIOBUIO

(86) i <ys <...<uyk

6) ouTHMAJILHOE DElIeHre 33241 CTUMYJIMPOBAHUS €CTh:
7
(87) g = (cj(}) —ci(y; ), i €T
j=1
B) HpeBbIHleHI/Ie 3anaTaMH Ha CTI/IMyJH/IpOBaHI/Ie MHUHHUMAJIBHO HeO6XO,ZLI/IMbIX OHpe—

JeJIsSIeTCsl

(88) A(YHPCC, QK) = dypgpccy’) — dor(y") =
n i
=D 32 () —elyio) —alyi) ¢
i=1 \j=1

r) onrumasbhast YHPCC siBasiercst mporpeccnBHOI.

Ormernwm, ato Beite omucansl Y HPCC pazmeproctu n. Yacteim ciaygaem YHPCC
ABJISIIOTCs yHIDUIUpPOBaHHble cucreMbl cruMyupoBarus C-tuna (YHPCC paszwmep-
wHoctu 1). TTosromy paccMoTpuM 3a7a4y (MepBOro poja) CUHTe3a YHUDUIMPOBAHHON
CUCTEMBl CTUMYJIMPOBAHUS, B KOTOPO# NMEHTP Ha3Ha4daeT obImumit 11t Bcex AD 1an u
HCHOJIb3YeT YHUDUIUPOBAHHYIO cucTeMy crumyaupoBanus C-tumna win QK-tuma [5].

[IycTh BBITIOIHEHO TIpe/anoioKenue A.1 U MEHTP JOKEH HA3HAYUTH yHUDUITUDO-

BaHHYIO cucremy crumyanpoanus C-tuna ¢ ogauM "ckaakom':

C, y; > x;

89 ) =
( ) O—<x7y ) 07 yl < I,
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rie C' — HeKoToOpas HeOTpUIaTe/IbHAs BeIUYNHA, & — OOmmiA J1d Beex AD 1iaH.
Beenewm cireayioriee mpeanosioKeHne:
A.5. CymectByer ynopsiiodenne A, Takoe, 910

(90) VyeAce(y) >c(y) > ... >cu(y).

O6oznaunm P(x,C) — MHOKecTBO Tex AD, y KOTOPHIX 3aTpaThl B TOYKe T He
upesbiniatlor C'; TO €CTh TAKUX 3JEMEHTOB, KOTODBIM BBbIFOJHO BBIIIOJHEHUE IIJIAHA
r: Plx,C)={iel|e(z) <C}.

13 A.5 crenyer, uro P(x,C) = {k(z,C),...,n}, rtne dyuxmus k(x,C) = min{i €
Ilc;(z) < C}. AD u3 MuoxecTBa

Q(z,C)={1,2,...,k(z,C) -1}
BBITIOJTHEHNE IJIAHA T IpH Bo3HArpaxkaeann C' HeBBITOIHO MOCKOIbKY Vo € A, VC > 0
Pz, C)NQ(x,C) =0, P(z,C)UQ(z,C) =1,

¥ OHU BBIOEPYT JIHCTBHSI, MUHUMU3UPYIOIIHE 3aTPaThl (B paMKax Ipe/nosioxenns A.3
— JeficTBUS, PaBHbIE HYJIIO).

Torna meiicrus {y}}, peammsyemble cucreMoil ctuMynuposamus (89), yI0BIETBO-
PSIIOT:

x, i>k(z,C);

S O =1 0, i< ke, 0).

CyMMaprle 3aTpaThbl Ha CTUMYJHUPOBaHHUE IIPU HUCIOJIB30BaAaHUN HEHTPOM CHUCTEMBbI

crumyuposanus (89) paBHbL
(92) ¥z, C)=C(N — k(z,C) +1).

Basucumocts ¥ (z, C') He siBIsieTcst HenpepbiBHOU. [ToaToMy st Kazkaoro © € A cy-
MIECTBYET KOHEYHOE YUCJI0 MUHHMAJbHBIX 3aTPAaT Ha CTUMYJIUPOBAHHUE, IIPU KOTOPHIX
u3MeHsieTcst ancao AD, BeimoaHsomux mwiaH x : {ci(x), ca(x),. .., en(x)}. Anano-
ruvno, g pukcnposannoro C' PH HEMPEPBIBHBIX U CTPOrO MOHOTOHHBIX (DyHKITHAX
sarpar AD cymecrsyer koneunoe auciao mianos {c; ' (C)}.

O6murmit (Ji1s1 corydast, COOTBETCTBYIONEro A.5) aaropuT™ pereHust 3a1a91 CUHTe3a,
ONTHMATBHON YHUMDUIUPOBAHHON CHCTEMBI CTUMYJITMPOBaHUsI HpuBeieH B [5]. Huzke Mbl
CPaBHUM MUHHUMAJIbHBIE 3aTPAThl Ha CTHUMY/JIUPOBAHUE.

Qukcupyem npousBo ibHBN ian © € A. Jljxsg Toro arobsr Bce AD BhIOpaIn jeii-
CTBHsI, COBNAIAIONINE ¢ MIAHOM, Heobxomumo, 4tobsl k(x,C) = 1, 1o ectb C' = ¢ ().
Torna u3z (89)-(92) nosygaem, 4r0 MUHAMAJIBHBIE 3aTPATHI HA CTUMYJHUPOBAHIE DABHDI
(mammoMuuM, uTo uHAEKC "U'"cooTBeTcTBYeT YHUMDUIMPOBAHHBIM CUCTEMAMY CTHMYJIH-
posaunus) Vygr(r) = Nei(z). Crenosarernsho, motepu B 3bdexkTuBHOCTH (10 CpaBHE-
HUIO ¢ cucreMaMu cTuMyTupoBanust QK-ruma) cocraBasior:

n

(93) A(x) = Jugr (x) = Vor(z) = (N = Der(z) = Y cilx).

1=2
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CopeBHOBaTebHBbIE PAHTOBBIE cucTeMbl crumyaupoBanus. B HPCC nentp
bUKCHPOBAJ NPOIEAYPY KaaccupUKAIUH, OIpeae/sas MHOKeCTBa IefiCTBHH MM pe-
3yJbTATOB JeATeJbHOCTH, PH IONAJaHHH B KOTOpble AD moaydas 3aJaHHOE BO3HA-
rpaxenne. B otmmane or HPCC, B copeBHOBATEIHHBIX PAHTOBBIX CHCTEMAX CTUMYJIH-
posanust (CPCC) nenrp dukcupyer mporeaypy CpaBHUTEIBHON ONEHKH eI TeTbHOCTH
AD) 3a7aeT YUCI0 KJIACCOB U YUCI0 MECT B KayKJOM M3 KJIACCOB, & TAKKe BEJUYHHBI
moornpennit AD, momaBmux B TOT mwian uHOH Kiaacc. Takum obpazom, B CPCC unman-
BHIyaJIbHOE TToomIperrne AD He 3aBHCHT HEIOCPEICTBEHHO OT abCOIOTHON BEJIHIHHBI
BBIOPAHHOTO UM JIEHCTBUS, & OLpPeIesIeTCsa TeEM MEeCTOM, KOTOPO€e OH 3aHI B YIOPSIIO-
qeHnn mokazareseit gesreabaoctn Beex AD. Crenoarenpno, CPCC no onpeaeneHnio
ABJIAIOTCA yHI/ICbI/H_[I/IpOBaHHBIMI/I CUCTEMaMU CTUMYJIUPOBaHHA.

CPCC wuccieoBainch KaK B TEOPUH aKTUBHBIX CHCTEM, TaK W B TEOPUH KOHTPAK-
TOB. 3apyOe:KHbBIE UCCIeIOBATEIN aKIIEHTHPOBAIN BHUMAHNE B OCHOBHOM HA, AKTUBHBIX
cucreMax, pYHKIIMOHUPYIONIHX B YCIOBUAX BHEIIHEH HHTePBAIbHON HEOIIPe1eIeHHOCTH
1 CHMMeTPUIHON HH(POPMUPOBAHHOCTH, OTPAHNIUBASCH B OOJIBIITHHCTBE CJIYYIAEB JTUOO
JIBYX3JIEMEHTHBIMI CHCTEMAaMH, JTN00 cIydaeM uaeHTudabrx AD. B paborax poccuiickmx
ABTOPOB IMOCTPOEHBLI OIITUMAJIbHBIE CPCC AJId pdia MIPaKTHICCKHW BazKHBIX YaCTHBIX
CJIy9aeB, B TOM YHCJIE — PACCMATPUBAEMBIX HUKE JTHHEHHBIX (pyHKIusX 3arpar AD u
dyukmmsax 3arpar Buga ¢;(y;) = kic(y;). Tam ke mokaszano, 9T0 B CIydYae HHTEPBATb-
HOI Heolpeje/IeHHOCTH (HE3HAHWW [EHTPOM HCTUHHBIX 3HadeHuii mapamerpos {k;})
CPCC moryT O6bITh 60J1€€ 3PHEKTUBHBI, YeM CHCTEMbI CTUMYJIUPOBAHUS CJIEYIOMIETO

n
Buga: 0;(y) = y; / Y. y;. CpaBunrensnas sddexrusnocts CPCC n npyrux cucrem
j=1

CcTUMYJIUpOBaHUs uccaenoBanach B [5]. TIpuBeem OCHOBHBIE pe3yJIbTaTHI.

[Ipeamoiokum, 9TO B aKTUBHOII cHCTeMe, COCTOsITIeH 13 . AD, BBITIOIHEHBI TTPeI-
nojoxkenuss A.1-A.5, a 1EHTp HUCHOJb3YeT CJEAYIONYI0 CUCTEMY CTUMYJIMPOBAHUS:
JeiicTBUsI, BHIOpaHHBIE AD, YIOPSIOUMBAIOTCS B MOPSAIKE BO3PACTAHHSA, IOCIE UTEro
KaKIplit 13 AD moJsiydaeT BO3HAIpPasKIeHHE (;, COOTBETCTBYIOIIEe ero HOMEpPY B YIIO-
psiiodennu jeiicteuii. [loHaTHO, 9TO MepBbii AD (MMEIMUii MAKCHMAIBHBIE 3aTPATHI
pu JTI060M JOmyCTHMOM JeficTBrr) OyeT Becerna BHIOUpaTh HyJeBoe JeficTBre, M03To-
My TTOJIOKUM BO3HATDAKIEHWE ¢ 33 MIEPBOE MECTO B YIOPSI0YEeHUHN JeHCTBHIT PABHBIM
myao: g = 0.

Teopema 5. Eciin BimoiHeHbl npeanoaoxKenns A.1-A.4, To HeOOXOIUMBIM 1 J10-
CTATOYHBIM YCJIOBHEM peau3yeMoCTH BekTopa neicrBuit AD y* € A B kimacce CPCC
SBJISIETCS BBITIOJTHEHUE

(94) Yo=0<y; <ys <--- <y,

IpU4YeM JAHHBbIA BEKTOD peadu3yem CIAeAVIOmeidl cucreMoil CTUMYINPOBAHUL:

(95) %(y") = Z{ijl(y;*) — ¢y} i=1n,
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a IIpeBbIIICHNE CYMMAapPHBIMHU 3aTpaTaMM Ha CTUMYJIUPOBaHWEe MUHUMAJIbHO HeO6XO,ZLI/I—
MBIX paBHO:

n i
(96) A(CPCC,QK) = ) {Z(kjl - kﬂc(yj)} >0,
i=2 =2
9TO ABJISETCS ONEHKOH cpapHuTeabHOI 3hdpexTurocTu CPCC.
Nnes Borpazxenns (95) u (96), moxuo pemrars 3agaqn cunresa CPCC, yaosierso-
PSIOIIAX TeM WM WHBIM CBOHCTBAM..
Ucnonn3yst (88) u (96), Jierko MOMYIHUTDH ONEHKH CPABHATEILHON dbderTuBrOCTH

CPCC u YHPCC, a takxke CPCC u KOMIEHCATOPHBIX CUCTEM CTUMY/JIUPOBAHUSI:

vy" € A Iopeoy*) — dynpcec (') =

(97) — z z i1 (u) — ) + e5(yp) — €y 1)) = 0
A(CPCC,QK) =
(98) - z {z o1 (y2) — e5(y30)] — ci<y:>} > 0.

B saksrodeHne orMeTruM, 9TO BBHIIE HPUBEAEHO 0O0IIee pelreHrne 3aJadrd CHHTEe3a
onrumasibHoit YHPCC. Jlng CPCC pemenne n OmeHKH CpaBHUTEIbHON 3PDEKTUBHO-
CTH Ha CErONHSAIIHAN JeHb MOJIYYeHBl JIUIIb B pAMKAX JIOIOJHUTEIbHBIX MPeII0I0Ke-
Huit A.3 u A.4 o cpoiicrBax dyHKIuit 3aTpar AD.
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IIpunoxenne 3. AKTUBHBIE CUCTEMBI C HECKOJIbBKUMU

ypasJgiomumu nearpamu (0630p)

B nHacrosmeM npuIoKeHHN IPUBOAUTCS 0030p pe3yabraTos uccaenopanusa AC, co-
CTOSANIAX U3 HECKOJbKUX NMEHTPOB. [Ipu 3TOM HEHTPHI MBITAIOTCS BIUSATH HA PEITCHHS
OJTHOTO areHTa. Pasymeercs, 9To meHTpaM HamboJiee BBITOIHO JTeHCTBOBATH COTJIACO-
BAHHO, Ipec/ieays o0Iue uHTepechl (MAKCUMHU3UPYsI COBMECTHYIO TPUOBLIb), U 3aTeM
B MPOIECCE TOPTOBJIM PA3JIETUTh COBMECTHBIH JIOXO/ APYT ¢ JAPYIOM B COOTBETCTBUHU C
cornacoBaHHON (opmytoii. OHAKO eCIH MEHTPHI He MOIYT CJIeJIaTh STOr0 (HAaIpumep,
[0 PUYHHE COBMECTHON HEeMH(MOPMHUPOBAHHOCTH WM KAaK 110 HPUIMHE HEBO3MOMKHO-
CTH COOITIOIEHNST B3AUMHBIX 00sI3aTeIbCTB), TO OHU JOJIZKHBI JIeHCTBOBATH HE3ABUCHMO.
Takmm 06pa3zoM BO3HHKaeT HEKOONEPATHBHAS WTPa MEXKIY MeHTPaMH, U HeoOXOIUMO
AHAJIM3UPOBATH MOIYYAIONIHecs COBEPINEeHHbIE K MOIbITpaM paBHOBecus Harmma, Korma
KasKJIblii paccMaTpUBaeT CaMblil BBITOJIHBIM € €ro TOYKW 3PEHHsl OTBET Ha CTPATErdu
JIPYTUX TEHTPOB.

B 4acTHOM CEeKTOpe MBI 9acTO JIyMaeM O HPEeJIPUATHA KaK O HUCXOIAIIEi uepap-
XWU B3AMMOOTHOIIEHUl, TJIe ¥ KayKJI0T0 MOJUAHEHHOTO (32 MCKIIOUeHHEM CAMOTrO HE3-
IIETO YPOBHST) HMEeTCsl CBOU TOUUHEHHBIE (M Y KAZKIOTO PYKOBOJUTEsI KMEIOTCS CBOU
pykoBofuresn). [IpuToM HAUBBICIINI IEHTD B WepapXuu OyJIeT UMeTh CBOUX PYKOBO-
auTesneit — neprkaresieit akmuit u T.i. B obIecTBeHHOM ceKTope, rie pe3yabTarT Kakoit
OBl TO HU OBLJIO JEATEJHPHOCTH OKA3bIBAET BJMSIHEE HA HECKOJBKO JIFOJIEH WJIN TPYIIIL,
MHOKECTBEHHOCTH IIEHTPOB ABJISE€TCS CKOPee MPABUIOM, YeM UCKJFOUEHUEM.

Bepuxeiim u Yurcron [61] paceMoTpesnu o6ILy 0 TeOPUIO 00MECTBEHHOTO ATeHTCTBA
B caryuae moral hazard. Xoamerpom u Musirpom [65] mosryanin paBHOBeCHsI IPU CXeMaxX
JIMHEHHBIX BBIILIAT ¢ ABYMs nenTpamu, u Jukcur (cm. [58] u [59]) pacmmpua qaHHbIiT
MpUMED JI0 HECKOJIBKHUX IEHTPOB TIPH GoJiee 0OIINX TTPEINOJIOKEHUAX (DYHKINH 3aTpaT
u omuOOK Habsonerns. PaccMOTpUM CHMMETPHYHYIO cuTyaruio, rie (i) mpu BbiGope
AD yeumit a; nojtydaercs pesyibTar T; = a;+€;, upu i = 1,n, (i) 1eHTpbl HelTpaIbHbI
[0 OTHOINEHHIO K PUCKY U MOJYIAIOT MOJE3HOCTD OT PE3YJIbTaTa T';, HO KaxKJIbIil MeHTD
MOZKeT HaOTI0IaTh TOJIBKO PE3YIbTATHl U MOYKET HA3HAYATh BHIILIATH AD Kak (DyHKIMN
OT BCEX PE3YJIbTATOB (He TOJBKO OMHOTO ;), (1) omubKu €; ABAAIOTCS He3aBHCHMbBIMU
caydaifHbIMI BemauHaMu ¢ auctepcneii v u (iv) dyrkums 3arpar AD ecth

C(ai,...,a,) =at +a3+...+a’.

Torna B paBnoBecuu Hatra cymma k03pduimenToB mpuparienuii omiaT Jis CIydas
BCeX IEHTPOB IPHU KaryKJIO0M HCXO0/Ie PABHA

B 1
14 nrev’
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1
1+rcv

IIIeCTBOBAHIE HECKOJIbKHX IIEHTPOB YMEHbIIAET CTUMYJ/IbI I OAHOTO AD. DTO yMeHb-

CpaBHuBasl JAHHOE BBIPAXKEHHUE CO CaydaeM ogHoro A9 (m = BUJIUM, YITO CY-
IeHne MOXKeT OBITh JOCTATOYHO CePhe3HBIM eCJTH 1 OOJIBIIOe.
Ecau e mbr pacemorpum hyHKImio 3aTpar AD
C’(al, .. ,CLn> = Z(ai)2 + /{?ZCLU‘,
@ 1#]
TaK 49T0 ycminst AD i Pa3HbIX IMEHTPOB sBJILAIOTCH 3ameHstomuvu upu k > 0 u
nponosHgomMEA npu k < 0, Torga cymma Ko3(hMOUIUEHTOB TPUPAIEHU OIIaT I
caydas BCeX TEHTPOB MPH KayK/IOM WCXO/e paBHA
1

1+ nrev[l 4 (n— 1)k

Takum oOpazoM MbI TOJAYUYNJIH JaJTbHElIIee YMeHbIeHUe CTUMYJI0B B CJIydae 3aMelar-

m

IOIIMX EHTPOB, HO YCUJICHUE CTUMYJIOB JIJIsl CJIydasi JOHOJIHSIONIHUX IEHTPOB. DTO rOBO-
pUT 00 OpraHU3aIMK MEHTPOB: TJe BO3MOXKHA, MEHTPHI JTOIKHBI OBITH OPraHU30BAHBI B
IPYIIIBL O JOTIOJTHSIONIEN AeATeTbHOCTH, HO TP 3TOM O0ObeIMHEeHNe 10 3aMelTaroneit
HeATeJIBHOCTH HeoOXonuMo n3berars.

[Tpuwunna paccMmorpenHoro g dexTa 3aka049aeTcs B cjieayoieM. Bo-nepBbix, Ka-
KB MEHTP XOYeT YBEJUYUTh YCHJIUS IEHTPA MO CBOEMY U3MEPEHUIO U YMEHDLIIHTD
1O JIDYI'UM U3MEPEHHsIM, BOT Io4YeMy JjlaHHblid 3pdexT naubosee cujieH KOrja ycu-
JIAS SIBJIIOTCS 3aMEHSIOMUMEI. Bo-BTOPBIX, OTpHUIIATEIbHBIH KOIDMUIIMEHT 03HAYALT,
910 AD Kak Obl 3aCTPaXOBaH OT ILJIOXOT'O UCXOJIA 110 TOMY HAIPABJIEHUIO, TIPH 9TOM Ka-
JKJIBII U3 IPYTUX IEHTPOB TOTOB 00ecleunBaTh JAHHOE CTPAXOBaHUe /I HAIIPABJIEHNE,
KOTOpOe He MPUHOCHT TTOJe3HOCTH.

Korma npuunna sicHa, CTAHOBUTCH SICHO, KaK OOPOTHCH C JaHHBIM gBjienueM. Heoo-
XOIUMO CJIE/IATh TaK, 9T00b nHpOpMaIus 0 AeficTBUsIX AD COOTBETCTBOBAJIA TOMY, OT
Yero MeHTD MOy YaeT MOJe3HOCTh, WX C/IeJIaTh TaK, 9TOOBI (DYHKITHS OTLIATHI 3aBHCETa
TOJIBKO OT TaKoU WHPOPMAIHH.

Wrpbl ¢ HECKOJIBKIMU TEHTPAMU, B KOTOPBIX MPHCYTCTBYeT HeOIarompuaTHBIN OT-
Oop, 6bLIN BIEpBBIE HCCaeI0BaHLL B [69] n [77]. B manmoii cutyannm tax e IpHCYT-
CTBYIOT 3KCTEPHAJUH MEYKJy TEHTPAMU, T.K. OJUH (PYHKIUS CTUMYJIUPOBAHUS OJIHOT'O
HEHTPA BAUSET HA CTUMYJIbI AD 10 BRIABACHUIO AD IPYruM HEeHTPAM JAAHHOM (DyHKITIH
CTUMYJTMUPOBAHUS U MOITOMY BIUsET HA (PDYHKIUHA CTUMYJIAPOBAHUS, KOTOPBIE JTOTKHBI
UCIIOJIB30BaTh JPYTHe MEeHTPHI.
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ITpnnoxenne 4. Monenun u mexaHn3Mbl (DOPMUPOBAHUA COCTABA

aKTUBHBIX cucteM (0630p)

B Teopuu akKTUBHBIX cHCTeM OOIUE TOJAXOJbl K MOCTAHOBKE U PEIICHUIO 3a/a4
CUHTE3a MeXaHu3MOB (hOPMUPOBAHUS ONTUMAILHOTO cocTaBa AC paccMaTpUBAINCD,
B OCHOBHOM, PHMEHUTEJIHHO K (DOPMHUPOBAHUIO COCTABA MCIOJHUTENEH mpoekTa (44|
U BO B3aUMOCBSI3U C DeIlleHHeM 3aad CTUMYJIUpOBaHus B MHOroseMeHTHBIX AC [50].
[IpuBeieM OCHOBHBIE PE3YILTATHI.

QopmupoBaHue COCTaBa UCIOJTHUTEEH TpoeKTa. Bakueiimeit 3anadeil, crosmeit

HepeJ pyKOBOIUTEIeM TIPOeKTa (IEHTPOM), sABjsercs (GopMupoBaHume TOH KOMAH/IbHI,
¢ KOTOpOii eMy HpeacTOuT padboTaTh. efcTBHTEIbHO, MOXKHO MPABIIBHO ChHOPMYIH-
pPOBATH IIEJIM, KOPPEKTHO MOCTABUTH 3aJIa9M, BHIOPATH COOTBETCTBYIOIIHE METOIBI U
MeXaHU3MbI YIIPABJIEHH, HO BCE 9TO MOYKET OKA3aThCd HAIPACHBIM, €CJIU He YIeIUTh
JIOCTATOYHOTO BHUMAHUsI MOJI00PY KaapoB. [103TOMY MpPH M3BECTHBIX IEJISIX MPOEKTA,
B IIEPBYIO OUepeb, HEOOXOIUMO PEIUTh, KTO OYyeT PeaJn30BbIBATD ITHU TN, WHAUe
rOBOpsI - HaliTu ucnojanuTeseir. Ecan npereH eHTOB HA y4acTHe B MPOEKTe He 0oJiee
OJIHOTO Ha KayKJ0€ 3ajlaHue (HAIPUMED, B CJIydae, KOTJIa Y3KO CIEIUATH3UPOBAHHOE
3a/IaHKe MOZKET BBIMOJHUTH TOJIBKO OJMH KOJUIEKTUB WJIM YeJOBEK), TO MpobJjeM He
Bo3HHKaeT. OIHAKO 9aCTO CYIECTBYeT HECKOJIBKO KOLIEKTHBOB MJIN JIIOeil, CITOCOOHBIX
PEITUTH COOTBETCTBYIONINE 33,1a4n. VICXOIHBIMU JAHHBIME JJIsT 33,1291 (DOPMUPOBAHUST
COCTaBa UCIOJIHUTEJICH ABJIAKTCA:

1) mabop tpeboBaHuii K MPOEKTY W ero pesyibraram (KauectBo u obbeMm pabor,
PECYPCBI, CPOKHU, PUCK U T.JI.);

2) MHOXKECTBO MPETEeHIEeHTOB (MOTeHIMAILHBIX HCTIOJHUTEeH ), KasKIblii U3 KOTO-
PBIX XapaKTepPU3yeTCsl CBOMMH BO3MOXKHOCTAME — KaKne pabOThl OH MOXKET BBIINOJIHUTH
U B KaKWe CPOKU, KAKOBO Oy/JeT MpW 3TOM KadecTBO, KAKWX 3aTPAT ITO MOTpedyer u
T..;

3) npaBuIIa B3aUMOIEHCTBHSI HCIIOJHUTEEl (COBMECTHMOCTb, MOCIEI0BATEIHHOCTh
paboT, TeXHOJOrHs U T.1.).

3adana HopmuposaHus cOCMaBa UCnoAnumenet npoekma B o0IEM caydae 3a-
KJII0YaeTCd B BRIOOpe U3 HaOOpa MOTeHNHAIbHBIX UCIIOTHATEIeH peaJlbHbIX HCIIOTHUTE-
Jielt, KOJLJIEKTUB KOTOPBIX 00ECTIEUNT PeAJTU3aINI0 MPOEKTa C MAKCUMATbHO 3(hHeKTnB-
HOCTHI0. CeMefcTBO 33129 TOPOKIAETCS PA3TNIHBIMIA BAPHAHTAMHA 33IaHUST KPUTEPHUST
3bPeKTUBHOCTH.

B obireM BHae aaropuTM peIleHHs 3aJa9d JOCTATOTHO HMPOCT: HEOOXOIMMO BBIIE-
JUTH JIONYCTUMbIE KOMOWHAIINY MTPETEHIEHTOB (TO eCTh TaKue KOMOUHAINH, KOTOPbIe
€ YIETOM IPABUI B3AUMOJIEHCTBUS COCTABJISIONINX UX JIeMEHTOB YIOBJIETBOPSIIOT Tpe-
GOBaHWSM, MPEbABIIEMBIM K ITPOEKTY ), a 3aTeM — BhIOpaTh "Hamryqmyo" KoMOGnHa-

IUIO.
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Bosuukatorue mpu 3TOM TPYAHOCTH MOXKHO YCJIOBHO DA3IeIUTh HA TPU KJIACCA.
Bo-mepBbix, He Beerjga mpocTo (hopMau30oBaTh TPeOOBAHHSA K MPOEKTY, BO3MONKHO-
CTHU MPETEHICHTOB, MPABUJIA UX B3aUMOJECHCTBU U T.7. BO-BTOPBIX, HESACHO, 9TO TaKOe
"wammyarmas" kombunamua? U B-TpeThbux, ecaum yaaJoCch MOCTPOUTH JTOCTATOTHO afle-
KBaTHYI0 (POPMAIbHYIO MOJEIb U BHIOpATh KPUTEPUU ONTUMAJIHLHOCTH, TO, KAK TpPa-
BIJIO, BBIYHCJIUTEIbHAS CJO0KHOCTDH 3a7a49i (YHCI0 PA3IMIHBIX BAPHAHTOB, KOTODBIE
HEOOXOIUMO CPABHUBATD) OKA3BIBAETCSI HACTOJBKO BBICOKOMH, UTO MPHUXOIUTCSA MUCKAThH
CIIETIHAJIBHBIE METOIBI €€ PeNIeHHs.

3adauy Gopmuposarua cocmasa aKmMuUSHOT CUCTEMYL U METAHUMbL CTUMYAUDPO-
sanuA. B3ammMocBs3b Mexx 1y 3agadavu opmupoBanus coctaBa AC m mexaHm3aMamun
CTUMYJIHPOBaHUSA HOAPOOHO 00cyknanack B [44|. TIpuBesem OCHOBHBIE De3yJbTATHI,
HavYaB ¢ Onucanus GOPMAIHHON TOCTAHOBKHU 3a/Ia4H.

[Tycts umetorcss N AD — HOTEHIUMATBHBIX YYACTHUKOB (IIPETEHIEHTOB HA yda-
crue) akTUBHON cucreMbl. O603HAIMM: N — MHOMKECTBO BCEX IOIMHOKECTB MHOZKE-
crea’ N = {1,2,...,N}, I € X — HEKOTODHIl JEMEHT 9TOI0 MHOMKECTBA — COCTaB
AC, Braovaormuii n (MOKa HEM3BECTHOE YHNCJI0) aKTHBHBIX jeMeHToB, |I| = n < N.
Crparerneii i-ro A aBisgercs BoIOOD JeiicTBus y; € A;, MAKCUMU3HPYIOIIETO €r0 meie-
By1o dynknuo fi(o(-),y), IpeacTaBisionyo coboil pa3HOCTb MEXK/Ty CTHMY/IHPOBAH-
eM 0;(y), MoJyIaeMBbIM OT eHTPa U 3aTpatamiu ¢;(y), 1o ecth: f;(o(-),y) = o;(y)—ci(y),

n
iel, rney=(y1,Y2,...,yn) € A =[] Ai — BexrOp meiicTBuii Becex AD, BXOAAMNX B

i=1
pacemarpuBaemyto AC.

[pumem coenyromuii mopsiaok dbyaknmonupoBarnst AC (¢ GUKCHPOBAHHBIM COCTA~
BoM). LlenTpy n AD Ha MOMEHT TIPUHSATHS PEIIEHUs O BHIOMPAEMBIX CTPATErHSIX (COOT-
BETCTBEHHO — (DYHKIMSIX CTUMYJIMPOBAHUS U JIEHCTBUSIX) W3BECTHBI TeJIeBble (DyHKIUHI
U JOIyCTHMBble MHOxKecTBa Bcex ydacTHHKOB AC. IlenTp, obaamas mpaBoM IepBOro
X0J1a, BhIOMpaeT (PYHKIINA CTHMYINpPOBaHUsS n coobmaer nx AD, mocjae dero AD mpu
U3BECTHBIX (DYHKIUAX CTUMYJIUPOBAHUS BHIOMPAIOT JAEfICTBUS, MAKCUMU3UPYIONIHE HX
neJsieBble (QyHKIUH.

N3BecTHO, UYTO B OTCYTCTBUHM OIPAHUYEHUN HA CTUMYJIHPOBAHHE MUHUMAIbHBIE 3a-
Tparsl medaTpa 0(-) mo mobyxmernio AD u3 MHOKecTBa I K BBIOOPY BEKTOpA MeficTBuil
y; € A = [] A; papabi®

iel

(99) 0yr) = cilyr).
iel
Ecan dyuknus noxona nenrpa H(-, 1) B AC ¢ cocrapom I onpenenena Ha MHOKe-
cree Ar neiicreuit A, Bxogamux B AC, u pasna nymo npu I = (), To ecthb

(100) H(-, 1) = H(yr),
TO 3P HEKTUBHOCTH ONTUMAJIBHOI'O YIIPaBJIEHHSI cOCTaBOM [ paBHA

(101) ®(I) = max{H (yr) — 0(y1)}.

Yr€AT

IMpt HaJIeeMCsl, 9TO HCIIOJIb30BAHUE OJHOTO M TOIO K€ CUMBOJIA I 0003HAYUEHMA MHOMKECTBA ITOTEHITU-
abHbIX yuacTHUKOB AC 1 UX 4ncjia He TTPUBEIET K Iy TAHUIIE.

23anaTbI AD B obuiem ciydae HecemapabeJsbHbBI, TO €CTh 3aBUCAT OT JeicT-Buii Bcex AD.
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Torna szadaua onpedesenus onmumarvrozo cocmasa AC MoxKeT OBITH (POPMATHHO
3alHucana Kak 3a7a49a OMpeeseHus JOMycTuMoro coctasa [*) |I*| = n*, makcumMusupy-
fomiero sddexrusrocts (101):

(102) I" = argmax ®(/)
Ien
upu ycsosuu, aro ¢(7) > 0.

[Tocienmee ycioBue 03HaYaET, YTO BHIMTPHIII IEHTPA JOJIKEH OBITH HEOTPUIATETCH
(ycsioBHE MHIMBUIYATHHON PAIMOHAJILHOCTH MEHTPA), TaK KaK IEHTD BCerja MMeeT
BO3MOYKHOCTH TOJTyIUTh HYJIEBOI BBIUTPHITI, He BKI0Uast B coctaB AC Hu ogHoro AD.

®opmyaupoBka u permenne 3anaqn (102) B obmeM ciaydae CONPSKEHBI ¢ JIBYMs
TPYJTHOCTSIMA. BO-TIePBBIX, €c/In 3aTpaThl Ha CTUMYyaupoBanue (99) onpenensores s
npou3BosibHOTO coctasa AC TpuBnaibao (mepexos or oguoro cocraBa AC K apyromy
COCTABY MPOU3BOJIUTCS TAK, YTO CyMMa 3aTparT AD BeIYHCIsgeTCH 110 AD, BKIIOYEHHBIM
B AC), 1o crocobwr onpenesnenns GyHknnu goxona meatpa (100) v nHIAXBHIYATHHBIX
sarpar AD ¢;(yr) (B obmmem caydae 3aBucsamux ot geficteuit Beex A, Bxomsiux B AC)
HE CTOJIb O9€BUIHBI. [lefiCTBUTE/IFHO, HY?KHO 9€TKO MPEICTAB/ISTE /s JIIOOOTO COCTaBa
I € N xak ¢ comepKaTeIbHOI, TaK U ¢ (DOPMATBLHON TOUKU 3pEHUsl, K KAKUM M3MeHe-
HHUSIM JIOXOJIa MEHTPA U 3aTPaT KaxKa0ro u3 AD mpHBOIUT 3aMeHa Mpou3BOIHHOIO AD
1 € I Ha mpousBosbHbIH AD j € N.

Bropast TpyIHOCTH 3aK/II0YA€TCST B BHICOKON BBITHCJIUTEIHHON CJIOKHOCTH 3a1a9u
(102). Yucsio anementos muozkecTa N pasio 2, To ecth GiCTPO pacrer ¢ poctom N.

Jlns onpenesienust ontumasibHOro cocraBa AC HeoOXOmMMO i KazKa0ro Habopa
AD I € XN pemuTh 33724y CTHMYJIADPOBAHUSI, TO €CThb NMpu N MOTEHIUATBLHBIX Mpe-
TergenTax Ha ydactue B AC meoOxomumo pemarh 2V 3a1ad cTHMYIHPOBAHHA, a 3a-
TeM B coorBercTBHE ¢ (102) MCKATh cOCTAB, MAKCHMUBUPYIONMH EJeBYIO (DYHKIHIO
nenTpa. Jpyrumu cioBaMu, BTOpast TPYIHOCTh SBJISIETCSA TPAJAUIIMOHHOI ""Tipobiemoii”
muckperHoit ontuvusamun.’ Cie0BaTebHo, HEOOXOTIMO 60 TOMyIarh 3PeKTHB-
HBIE AJTOPUTMBI JIJIS 9aCTHBIX CIy9aeB, JIM0O Mpesararb IBPUCTHIECKUE aJITOPUTMBI
pelennsi, OleHHBATh UX CI0KHOCTH, 3(HEKTUBHOCTD U T./I.

YacTHBIM CJIydaeM 3aJa9d OnpejieeHus: onTuMaabaoro cocraa AC sBisieTcs 3a-
dana onmumusayuy 3adannozo cocmasa AC, dopMynupyeMas CJIeIYIONUM 00pa30oM.
Nmeercss AC, Brarogarorias MHOKeCTBO AD [y. VI3BecTHO Tak:ke MHOXKECTBO J TOTeH-
MUATBHBIX yaacTHUKOB, Io U J = N u 3aman kpurepuii abdexrusrnoctu K (1) cocraBa
I € N. Tpebyercs naiiTu onTUMAaJIBHBIN COCTaB, TO €CThH

I" = argmax K ().
Iexn

3HeCMOTp${ Ha BHENTHIOID CXOXKeCThb, 3amada (102) me saBIseTCA KAHOHMYIECKOH 3a/1a9eil 0 HA3HAMEHWH.
Hanomunm, gro B 3amade o Hasnadennn m3BecTeH 3G @eKT IesaTeIbHOCTH KAXK/I0T0 IPeTeHIeHTa Ha KaK ol
noJKHOCTH. B Hamem ciiydae pacmpenesieHne JI0JIKHOCTEH COOTBETCTBOBAJIO Obl (DPUKCHPOBAHHOMY BEKTODPY
nmefictBuil (MMM KOHEYHOMY MHOXKECTBY BO3MOXKHBIX neiictsuii AD), Ho, dbaxrmaecku, npn PUKCHPOBAHHOM
cocraBe AC mpon3BOIUTCA BBIGOP ONTHMAJIBHBIX BEKTOPOB meficteuii A, Bomemmux B AC (cM. BhIpakenne
(101)). (102) me sBasteTCs KAHOHUYECKOI 3a1adeil 0 Ha3sHadeHnu. HanmoMHuM, 9T0 B 3a/1a4e 0 HA3HAYEHUN U3Be-
crer 3bdeKT nesaTesbHOCTH Kayk/I0T0 TPETEeHIEHTa Ha KayKI0# JO/IKHOCTH. B Hamem ciydae pacrnpeesenue
JIOJIZKHOCTEl COOTBETCTBOBAIIO GbI (DMKCHPOBAHHOMY BEKTODY JIEHCTBUIl (MM KOHETHOMY MHOXKECTBY BO3MOK-
HBIX geiicteuit AD), o daktuaeckn mpu dukcupoBanaoM coctase AC MpOW3BOAMTCS BHIOOP OMTHMATHLHBIX

BekTOpoB nedicrBuit AD, Bomenmux B AC (cm. Borpaxkenue (101)).
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YacTHBIM cIydaeM 3aIady ONTHMH3anuu 3amaHHoro cocraBa AC gapiasercsa 3a-
Jada OIpeeseHHsd MaKCHMAaJbHBIX moaMmuHoxkecTs A € 2 y B € 27 rtakmx, 4ro
A C I*, B C I*. Conepxareabno, A — MHOXKecTBO ydacTHHKOB AC, KOTOpbIe BO-
JIyT B ONTHMAJBHBIN cocTaB (caenoBarenbio [p\ A — MHOXKECTBO PabOTHUKOB, TIO/Te-
JKAIUX YBOJBHEHUIO), B — MHOXKECTBO HOTEHIMATBHBIX YYACTHHKOB, KOTOPHI€ BXOST
B ONTHMAJILHBIH COCTaB, TO €CTh MHOXKECTBO Tex AD, KOTODPBIX CJaeJyeT IMPUHATH Ha
pabory.

Eme 6os1ee qacTHOi gBIsIeTCS 3a0a9a MIPUHATHUS PellleHnst 06 yBOJIbHEHUU WU Hafi-
Me ognoro AD (cayuait, korma |A| = 1 wm |B| = 1) — 1ak HaspiBaeMas 3ada4a o
npueme Ha pabomy.

MuTepecHbIM 11T HACTOAIIETO HCCIeTOBAHNAS IPEICTABISIETCS CIeAY IO TpIMep.

IMTpumep 10. Ilpenmosioxkum, 9T0 3a7a49a CTUMYJIAPOBAHNS 3aK/JII0YAETCI B Pac-
npejieIeHnn MexK Iy n ojHopoaabivu AD domma 3apabornoit wiarel (O3I1) R. Ecan
dbynknus sarpar Kaxgoro A ecthb c(y) = y?/23, a 10X0J, NEHTPa MPONOPIUOHATICH
cymme JeiictBuit AD, To npu MOCTOAHHOM (DOHIE 3apabOTHOI IIATH 3aBHCUMOCTD (-
dbexTuBHOCTH CTHMYIMpOBaHUs 0T uncaa AD nmeer sua: ®*(n) = /28Rn — R. Conep-
JKaTebHO, €CJIN BBITIOJHEHO MPEINOI0KEeHAe 0 TOM, 9TO (DYHKIHSA 3aTpAT MOHOTOHHO
BO3pACTAET, IJIAIKas, BBIIYKJIas, paBHA HYJIO IPH HYJIEBOM JEHCTBHE M HUMeeT IpPH
9TOM HYJIEBYIO IIPOU3BOIHYIO, TO IEHTPY BLITOIHO 3aeiiCTBOBATH KaK MOXKHO DOJIbIIee
qucao AD, CTUMYIHPYS UX 33 BBIIOJHEHHAE CKOJIb YTOIHO MAJIBIX JeHCTBUI OTOMY, UTO
B OKPECTHOCTH JIEHCTBHs, MUHUMU3UPYIOMIero 3arparhl (y = 0), npeesbHble 3aTPaThl
Kaykaoro A muanMasnbabl. CregoBareabHo, Tpu (DUKCHPOBAHHOM (DOHJIE 3apabOTHOM
miatel (Makcumym ®*(n) no R mocruraercs npu 3T, mponoprimoHasbHoM yncay AD
B AC: R* = (fn/2) nentp 3amHTepecOBAH B HEOIDAHWYEHHOM yBeJMYEHUH ducaa AD
(HATIOMHYM, 9TO PACCMATPHUBACTCSI CIYyUail, B KOTOPOM IEHTD He 003aH rapaHTHPOBATH
AD naxke CKOJIb YTOTHO MAJYIO MOJOKHUTETHHYIO TTOJE3HOCTh — CM. TAKXKe HUIKE).

Curyanus MeHsieTCsl, €CJI YIPABJISIIONIAE BO3MOKHOCTH (BO3MOXKHOCTH IO TIepepa-
6oTKe HHMOPMAIMN) MEHTPA OTpaHnIeHbl. B G0MbIHHCTBE pABOT UCIOIb3YeTCs CIeTy-
IOIAs OIEHKA YHCJIa CBA3edl MEXKIy M MOTIMHEHHBIME AD, KOHTPOJUDPYEMBIME OTHUM
neHTpom: = 2n. CopepzxKaTebHO, 9TA OIEHKa COOTBETCTBYET UYUC/IY BO3MOYKHBIX KOa-
JIMIAMN, U, CJIeI0BATENbHO, CBs3eil Mexkay n AD.

Yyrem nndopMannoHHble orpanudenusd, yMHoxKuB ®*(n) Ha nokazarenn 27", e
€ >0, ro ectb: ®(n) = (v20Rn — R) 27",

Makcumy™m Boipazkerust $(n) mo n AOCTUTACTCSA TIPH N = Nz, DL

2
20

R
mar — S 5 1 1
" 50 TV T erme

[IpeamonoKum Temnepb, 9TO HeHTp 00sI3aH FapaHTHPOBATH KazxKa0My AD, BKIIOUYEH-
romy B AC, HeKOTOpHII MHHEMAIBHEIN ypoBenb mosesgoctd U < 3/2 (orpanmuenne
pe3epBHOi 3apaboTHOIT MIATH WK OrpaHnvYeHre Tocobus mo Gezpadboruie). Torma, pe-
IMast 3a/1a49y ONPEe/Ie/IeHUs ONTHMA/IBHOTO pa3Mepa BO3HArpakaeHuit AD mpu orpanu-
geanom D3I, mosyaaem, 9To npu nOCTOTHHOM (POH/IE 3apabOTHOI ILIATH 3aBUCUMOCTD
9P PEKTUBHOCTH CTUMYIHPOBAHKS OT Yncaa AD mMeeT BHI:

®*(n) = \/2B8(R —nU)n — R.
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MakcuMyM 3TOro BhIpazKeHUs JOCTATAeTCd MpU n = N = % )
pe3epBHO# 3apaboTHOl IIATHL ONpe/IeIseT ONTUMABHBINA cocTaB (B CJIydae OTHOPOJI-

TO €CTh OI'paHUYeHUe

HBIX AD — ONTUMAJBHBI pa3Mep) aKTHBHON CHCTEMBI.®

OrmeTnM, 9T0, HECMOTPS Ha TO, 9T0 B [50]| paccMaTpuBaIiCh MHOTO3JIEeMEHTHBIE (1
muoroyposaesbie) AC, B3anmozaBucumoctb AD orcyTerBoBasia (Kak MaKCHMYM, Dac-
emarpusasuch AC co ciabo csizamHbIME AD).

Beenewm cieayiolnme IpeanooKeHus, KOTOpble Mbl OyIeM CUUTATh BBHIIIOJTHEHHBIM,
ecin He OyIeT OroBOpeHO 0co00, B XOJ€e BCEro IOCIeIYIOIEero M3/JI0KeHNsT MaTepruaJIa
HaCTOsTIero npujioyxenus. [lycTh BHTOMHeHa TAToTe3a G1aroxenareasnoctn (IB)?) a
TaKZKe:

A.1. lenesas dbynkuus nearpa H(yr) = Y ;.

iel

A.2. OyHKIWMs 3aTPAT MOHOTOHHO Bo3paCTZeT, rJIa/IKasi, BBIYKJIA [0 AefCTBUIO CO-
OTBETCTBYIOIEro A, paBHa HY/IIO DA HYJIEBOM IEHCTBUN M UMEET IIPH ITOM HYJIEBYIO
IPOM3BOIHYIO.

[lepeiiaemM K OIMCAHUIO PE3YJIHTATOB HCCAEAOBAHUS 33134 (DOPMHPOBAHUS COCTABA,
AC, mocteroBaTeIbHO YCIOXKHSST paccMmaTpuBaembie moaean — oT AC ¢ cemapabesn-
aeiME 3aTparamu AD kK AC ¢ HecenmapabenbHBIME 3aTpaTamu A,

[Ipeuosoxkum, aro 3arparsl AD cenapabesibhbl, 10 ecrb ¢;(y) = ¢(y;), i € 1.
Torga 3¢pdeKTUBHOCTH ONTUMATIHLHOTO YIPABIEHUsI COCTaBOM | paBHa

(103) (I)( = max Z{yz — G ?/z)}

Yr€A;

Baga4a moucka onTUMaJIbHOro coctaBa AC Ipu 9TOM 3aKJ0YaeTcs B mOucKe [ € N
MaKCUMU3UPYIONMEro Bhipakenrne 99 Ha MHOXKECTBE HEOTPUIATEIbHBIX €r0 3HAYEH.

Teopema 1. Ecsin Boimosnens: mpeanooxkenns A.1 u A.2, ro B AC ¢ cenapabesb-
HBIME 3aTpaTamMu A ONTUMAJbHBIM SABASETCS MakcuMasbHbii cocta AC, 1O ecTb
I*=N.

ComepzKaTeIbHO pe3yabTaT TeopeMbl 1 00ycsioBaeH TpeMs (haKTOpaM#: BO-IIEPBBIX,
B OKPECTHOCTH HYJIEBOTO JEHCTBHSA JTOXO IEHTPa pacTeT ObICTpee, deM 3aTpaThl AD;
BO-BTODBIX, IEHTD MMeeT MOCTOSHHBII T0X0/ Ha MaciiTab mpon3BocTBa (ero pyHKIHs
JIOXOJ1a, JIWHEHHA, TO €CTh He CYIIEeCTBYeT HHKAKUX TEXHOJOTHYECKHX OIPAHMIEHHUN Ha
qrcsto AD, OCYIECTBISIONMX COBMECTHYIO JesITeJIbHOCTD B pamMkax ganuoii AC); u B-
TpeTbux, AD MOIyYaloT B PABHOBECHU HYJIEBYIO TIOJE3HOCTD (TO €CTh OHU Ge3pa3TuIHbI
¢ TOUYKHM 3peHHs 3HaYeHHs CBOeill MeaeBoil pYHKINKM MKy yIacTHeM W HeydacTHeM
B mannoit AC u Bxomgar B coctaB AC TOJIBKO B CHJIy OJIarokesiaTeIbHO OTHOMIEHUS K
nenTpy — cm. I'B Boime).

J1s1 Toro, 9T0OBI MCCIEI0BAThH KIACC MO, B KOTOPHIX onTuMaJier coctaB AC,
OTJUYHBIH OT MaKCHMAaJbHOI'O COCTaBa, PACCMOTPUM IIOCJIEI0BATEIbHO MOJEIN, B KO-
TOPBHIX HPUCYTCTBYIOT IePEeUnCIeHHbIe BBIIIE TPU (akTopa.

i 3a/auax yrpasjenusa purcupoBanabiM coctaBoM AC rumoresa 6/1arokeIaTe/IbHOTO OTHOIIEHUS areH-
TOB K LEHTPY 3aK/I09aeTCs B TOM, YTO KaxK/blil M3 HUX BHIOMPAET M3 MHOXKECTBa MAKCHUMYyMOB CBO€H I1€1eBOil
dyuknmn Hanbosee GIarOmpuATHOE IS IEHTpa aeiictsue. B 3amatax dbopmuposanus cocrasa non I'B Oymem
IOHUMATh, IIOMUMO OTMEYEHHOTO BBIIIE, JOIOJIHUTE/IbHOE TPpeOOBaHMe — IIPHU OJWHAKOBBIX 3HAYEHUAX Iejie-
Boit dbyukipm AD Gymer yuactBoBarh B AC, ecim 910 60Jiee TIPeaouTUTETHFHO ¢ TOYKN 3PEHUS TIEHTPA, €M

HeBxOXKJIeHue ganHoro AD B cocras paccmarpuBaemoit AC.
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IIpenmonozKuM, 9TO IEHTP JOJIZKEH IapaHTUPOBATh i-My AD, ecln OH BK/IIOUEH B
AC, B paBHOBECHHM MHHHMAJBHBIA ypoBeHb nose3noctu” U, ., 1 MEHAMAJBHBIH ypo-
irnin s > © € N. Illpu ce-

napabebHBIX 3aTparax AD onTUMaIbHOW CHCTEMON CTUMYJIHPOBAHUS, PeATn3yIONei

BeHb moJiesHocTn U ecitn oH He BKiodeH B AC,

Tmax Tmin?

geficTBre y*, gaBsgeTCd CAeAyIONasd KBA3MKOMIIEHCATOPHAS CHCTEMAa CTUMYJTUDOBAHNS:

(W) + Uiner Ui = Y5

(104) oi(y*, yi) = ., LE€EN.
07 Yi 7& Yy,
OnpegenM cIeayonme BeTInHbL:
(105) OF = max{y; — ¢i(yi) — Uimx}, 1€ N
Yi€A;

[Ipu sTom mesieBas ByHKIUS TEHTPA UMEET BHU/I:

O =) &= Y Ui

icl 1€N\TI
Caenctsme 4.5.1. . Onrumaien cocras [* = {i € N|®F > —U, }. Ecin & =
O(I*)= > & — > U; . <0, ToHI OTUH U3 COCTABOB He ABIACTCA JOMYCTHMBIM.

iel* iEN\T*

ConepkarebHO 1; cuty caepcrBus 4.5.1 B cocta AC cienyer BKIIOYATH TOJBKO Te
AD, 10ox0 0T JeATETBbHOCTH KOTOPBIX C YYETOM 3aTParT Ha MX CTHMYJIUDOBAHHE IIPe-
BBIIIAET 3aTPAThl Ha BHIILIATY UM KOMIIEHCAIMH B cJIy4ae HCKI0UYeHns u3 coctaBa AC.
Eciu 3nadenune nenesoit dyHkiuu nearpa * Ha 3TOM cocTaBe CTPOro oTpunaTeILHO,
TO 9TO 3HAYUT, UYTO 3HAUEHUs PE3ePBHBIX 3apaboTHBIX maar AD m3 mabopa N cimii-
KOM BEJIUKH 110 CPABHEHUIO ¢ TeM 3P (PEKTOM, KOTOPBIH MPUHOCUT NEHTPY UX ydacTue
B paccmarpubaemoii ACS,

Ipumep 11. Iycrs dyuxuun sarpar AD umetor suu: c;(y;) = y?/2r;. Toraa

(I)(I) = Z (T‘Z/Q _Uimax> — Z Uimin'

il iEN\T
Pacemorpum cnauata caydait oqaoponasix AD: r; =1, U
(NS N7 Umin S Umax' HpH 9TOM

®(n) =n(r/2 = Unax + Unnin), 1

i
=

Pemenne 3aqaan $(n) — max wumeer BH:
0<n<N
n* — N7 r> 2Uvmax;
0, 7 <2Upax.

PaccmorpuMm Teneps ciydail mectn HeOTHOPOIHBIX AD, mapaMeTpbl KOTOPBIX IIPH-
BeJleHbl B Tab/uIe b.

Paccunraem 3nadenus mesieBoiXx (DYHKIWH TEHTPa npu pas3andHbix cocraBax AC

(momsrHO, 4To mpu oauHAKOBLIX U, , BKIo9arh AD B AC ciegyer B mopsiike yObiBa-
st O7): Oy({1}) = =3, ®;({1}U{4}) = 0, ®;({1}U{2}U{4}) = 2, &;({1}U{2}U{3} U
{4}) =4, ({1 U{2;U{3}uf4}uU{5}) = 5, & ({1} U{2} U{3}u{4}U{5} U{6}) = 5.

51yeosue yuactusa" umu "yc/ioBue MHAMBAAYAJIBHON pammoHaabHOCTH AD' ryIacuT, 9TO OH COTJIACUTCA
yuacrBoBarb B manuoii AC, eciu emy B paBHOBecuu OyAer rapaHTUPOBAHHO 00ECIIEYeH YPOBEHb II0JIE3HOCTU
(uym BO3HArpakAeHUE) HE HUXKE 33JIaHHOIO.
6Cne;gyeT HAIOMHUTH, YTO B PacCMaTpPUBAEMON MOE/IU LEHTD B J060M ciydae 0Osa3aH BbILIATATD AD
u3 Habopa N Kak MUHEMYM CJAeAYIOMy®o cymmy: . Uj . .
ieEN
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Tabauna 5. Tabauna Kk npumepy 11.

[Mapamerp \ ¢ || 1 | 2 |3 |4|5|6
r; 1210864/ 2
Ui, 414 (3[1]2]2
U, .. 1 1111
P 2 1/2(0]-1

Takum 0o6pa3oM, ONTUMATIBHBIM SBJISeTCS U060 MakcuMaabHbIH coctaB AC, ymbo
BKJITOUeHMe mepBhIX maTd AD. [Ipu 3ToM nenTp Oe3pas/imtieH [0 OTHOIIEHUIO K BKJIIOTe-
"o nan we Braodennio B coctaB AC” mectoro AD Tak Kak I HEro0 WMEET MeCTO
of = —Us

KOTOPYIO IIEHTPY MPHIILIOCH ObI BRIILIAYNBATH €My He BKjo4as B coctaB AC. Ecin Ob1

— morepu OT ero ydactuss B AC B TOYHOCTH PaBHBI TOW KOMITEHCAIINH,

min

U min, TO IeHTp OBLT OBl Oe3pa3IuveH MeKIy BKIYEHHEM M He BKIIOUECHHEM B COCTAB
AC maroro AD u ToyHO He BKJIIOYAI OBl mectoii AJ.

[IpeanosozkuMm Tenepb, 9to "miara 3a yaactue B AC" { } moHu3MWIACH U cTANA

tmax

paBHa HyJI0, a BeJauannbl {U; .} cTajm paBHBI TpeM eJIuHHUIAM — CM. Tabuiy 6.

Tabauma 6. Tabaumna Kk npumepy 11.

[Mapamerp \ i | 1 | 2 {3456
r; 1210 (8642
Ui 0(0[0/0[0]0O
U, 31313333
o 6|5 4[3]2]1

Torma @;({1}) = =9, ®;({1}U{2}) = —1, &;({1}U{2}U{3}) = 6, ®;({1}U{2}U{3}U
{4}) = 12, o, ({1}u{2}u{3}u{4}U{5}) = 17, o, ({1}u{2}u{3}u{4}U{5}U{6}) = 21.
Teneps meHTpy BHITOAHO BKI0YaTh B coctaB AC Bee mecth AD.e

B paccMOTpeHHO# BbIIIe MOJETH YIUTBIBAIACH HEOOXOIUMOCTD 00eCIIedeHns yIacT-
aukaM AC um AD, He BXOJSINMEM B €e COCTaB, HEKOTOPOTO FapaHTHPOBAHHOIO YPOBHS
mose3HocTr. OmUIeM MOJEIN, B KOTOPHIX AD rapaHTHPYeTCs HyJIeBO YPOBEHB MOJIe3-
HOCTHU (KaK U B MOJIEJISIX, ONMCAHHBIX B IIEPBBIX JAEBSATH YACTSIX HACTOSIINENR PAOOTHI), HO
JIOXOJI IIEHTPA OT MPHUBJIEYEHHUS JOMOTHATENbHBIX AD yObIBaeT (Mam pacTer Me/JIeHHee,
TO €CTh TPEJIEbHBINA MPOLYKT TPYAa YObIBAET — CM. BBIIIE) ¢ POCTOM 4uciaa AD| yike
Borreqmux B coctaB AC. Bosee KoHKpeTHO, OyaeM cYuTaTh, 9T0 B n-31eMeHTHOH AC
(n =1|I|) dbyuknus moxona mMEeHTpa UMeeT BUJL

(106) H(yr) = g(n) Z%,

rae g(n) — ybwiBaromasa dyukuust quciaa AD B AC.

B MOAOOHBIX CJIyYasix, HABEPHOE, I1eIeCO00PA3HO MPUHATH THUIOTEe3y OJIaroKejaaTeIbHOTO OTHOIIEHUS
meaTpa k AD — Brmouenme AD B cocta AC (TpymoyCTpOWCTBO), faKe NMpu O0ECTIEYEHUH €My HYJIE€BOTO

YPOBHSI TIOJIE3HOCTH, SIBSETCS BaKHBIM MOTHBUPYOMUM (HAKTOPOM.
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Torma, B pamkax mpeamnonaoxkennii A.1 u A.2, 04eBHIHO, CYIIIECTBYET ONTUMATLHBII
pasmep n* AC, KOTOpPBIE MOXKeT OBITH OIpeaeeH MeTOJAME, OIIIMCHIBAEMBIMH HUZKE.

ConepzkaresibHo, Hau4IHe B Boipazkenuu (106) yObiBarorieii 1o n GyHKIHE MOXKET
00bSCHITHCS HEOOXOINMOCTHIO CO3/IaHUs HOBBIX PAbOYMX MECT, POCTOM MOCTOSTHHBIX
N3EPKEK U T./I.

[Iycrs AD ogHOpOaHBI. 3amuireM nejeByio (DYHKIMIO MEHTPa B BHJIE:

O(y,n) = ng(n)y — nc(y).

Beraucsnm ontuMasibHOe Jist IeHTpa peanausyemoe geiicteue AD: y* = £(g(n)),
rie £(-) = ¢71(+) — dbynknua, obparnas npoussoguoil byHKIUK 3arpar. [logcrapigsa
B BeIpaxkenne st P(y,n) 3uadenne y = y*x = {(g(n)), nomyanm:

(107) ®(n) = ng(n)(g(n)) — nc(€(g(n)))-
BeraucsinM mpousBoHyIo Beipazkenus (107):
(108) o) = el [ato) + 15— cle(ato),

Eciim AD umeror dbyuknuu 3arpar tuna Kobba-/lyriaca, o ecrb c(y) = éyarl_a,

1o npupaauBas (108) Hy/110 U pPOBepsist 3HAK BTOPOH HPOU3BOIHOM, HOLYyYaeM, 4TO
MAKCHMH3HPYIOMIAs TEIeBYI0 (DYHKINIO MEHTPA 3aBUCHMOCTEH ¢*(n) MOMKHA yIOBIIE-
TBOPATH cJeaytoneMy auddepeHnaibHOMY YpaBHEHUIO:

(109) g (n) [QT_lg(n) + ndii—g?)} =0

Pemterne ypasnenus (109) npu yciaosuu g(1) = 1 ectp
(110) g*(n) = n=/,

Teopema 2. Eciim AD umeror dyukimuu 3arpar tuna Kobba-/lyraca, To upu
dbyukmuax g(n), scogy yobBatomux Geictpee dbyukiuun ¢*(n), onpenensemoit (110),
ONTHMAJTBHBIM sABJIseTCS MUHUMAIBHBIH coctaB AC (n* = 1), upu g(n), Bcioay yobiBa-
IOIUX MeJjIeHHee ¢*(n), ONTHMATBHBIM SBJsIeTCsT MAKCUMaIbHbLH coctas AC (n* = N),
B OCTAJbHBIX CIyYadX MOYKET CYIIECTBOBATH MPOMEKYTOUHDIH ONTUMAILHBIA pasmep
AC.

Ipumep 12. ITycrs Gyuxuuu 3arpar ojaHopoaubix AD umetor su;: ¢;(y;) = y2/2r,
torma AD mumeror dbyuknun 3arpar tuna Ko6boa-lyrraca ¢ a = 2. Torma ®(y,n) =
g(n)ny — ny?/2r. Berancagas npu bUKCHpoBAHHOM 1. MakcuMyM P(y,n) mo y, mouy-
aum: P*(n) = rzrlleaj{{g(n)ny —ny?/2r} = ng*(n)r/2. Bounciags makcumym ®*(n) mo

dg(n)
S = 0.

JIerko BUIETH, YTO ONTUMAIbHAA 3aBHCHMOCTD JI0X0/1a IIeHTpa OT "'MacmraboB mpouns-

n, moaydaem mguddepenuanbuoe ypapuenne 1is dbyuknuu g(n) @ g(n) + 2n

BojcTBa" mosmydaerca upu g(n) ~ 1/n'/2. Eciu dynknua g(n) Beoay yobBaeT MeiIeH-
nee, uem 1/n'/2, To onTumanbHBIM sBAgETCH MakcuMaabHbi cocras AC, ecan BCiomy
y6uiBaer 6uictpee, gem 1/n'/2) To onTHMAIbHBIM SBASETCH MUHEMAbHbI coctas AC,
a B OCTaJIbHbBIX CJIydasX MOYKET CYIIECTBOBATH IIPOMEXKYTOUYHBIN OITUMAJIbHBINA pa3Mep

AC.
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[Moncrasnsas B Boipazxenue i $*(n) KOHKpeTHYIO 3aBHCHMOCTE ¢(n) = a/n, mo-
Jy9aeM, 4TO MAKCUMYM TieJieBoil hYHKITMA [EHTpa TOCTHraeTcst pu n = n* = 1.
Ecma g(n) = 1/n'/4 ton* = N, ecn g(n) = e, 10 n* = 1/27, ecu g(n) =

* 1
, TO N —\/ﬁl/IT.,ZL.O

Paccmorpum teneps 3agady dopmupoBanus coctapa AC B cirydae, KOTaa MeHTP HC-

_1
14+yn?

MOJIH3YeT YHU(DUIIUPOBAHHYO MPOMOPIHOHAIBHYO CHCTEMY CTUMYJIHPOBAHUS CO CTAB-
koit omrarer A < 1.8 Torma B pamkax npeanotoxennit A.1u A.2 neiicTBus, BLIGHpaeMbIe
AS; €CThb y;k = £Z(>\)7 rae 52() = C/i_l(')a i€ 1.

[enesast pyHKIUS TMEHTPa, TPeJCTABISIONIAT cOOONH PA3HOCTH MEXKIY JUHEHHBIM
JOXOJIOM (CM. Tipenosiozkenne A.1.) u 3aTpaTaMu Ha CTUMYJIAPOBAHIE, HUMeeT TP ITOM
BH/T:

(111) Olyr) = (1-1) ) &N
iel

Jlerko BHJeTh, 94TO B paMKax mpeiamosoxkenus A.2, &(-) — HempepbIBHBIE BO3pa-
cratforue BOrHyThie GyHKInu, mosromy (111) makxke siBisiercst BOTHYTOH (yHKIEI.
CaemgoBaTebHO, 11 KazxKa0ro dhukcuposanHoro cocraBa AC I € N cyImecTByer enuH-
CTBEHHAsl OLTUMAJIbHASI ¢ TOYKU 3DEHUst HeHTpa craBka omwiarbt A\*(1). Jdpyrumu cjio-
BaMH, ONTHMAJbHON OyJIeT cIeyIomas cTpaTerus NeHTpa — JU00 BKJIIOYATh B COCTAB
AC Bce A, mubo HUKOTO.

g Toro, 9T00BI YHTH OT IOTYyYEeHHOIO TPUBHUAJIBHOTO PeIleHus, MPeamoI0KIM,
9TO Y KaxK0ro AD cymecTByeT CBOil pe3epBHBINH yPOBEHBb 3apAOOTHOMN MIATH U; (or-
MeTUM, 4YTO pedb HJET O Pe3epBHOI 3apaboTHOI IIaTe, a HE COOTBETCTBYIOIIEH eii
PE3EPBHOM 10J1e3H0CTH), TO ecTb AD cortamaercs yaactBoBarb B AC, TOJBKO ecsn
€r0 BO3HATDAXKJEHHEe IMPEBBIIaeT Pe3ePBHYIO MOJIE3HOCTh. TaKWM 00pa3oM, YCJIOBHUE
ydacTus i-ro AD umeer BUJL:

(112) Ni(\) >U;, i €N,

O6osnaunm \; — pemtenue ypapaenus A;(A) = U;, ¢ € N, OTHOCHUTEIBHO A, U
yropsiaoanM AD B mopsiike BO3paCTaHus \;. JHAUEHUE 1e1eBOil (DYHKIHUH TEHTPA TPU
Briouennn B AC mepBoix k£ AD paBHO:

k

(113) O(k) = (1= M) D &), k=TN.
i=1
Perenne 3aaun cuntesa ontumaibHoro cocraa AC umeer pu: [* = {1,2, ... k*},
riae
(114) k* = argmax ®(k).

k=1,N

IIpumep 13. Ilycrs dbynkmum sarpar AD mmeror Bum: ¢(y;) = y?/2r;, Torna
&) = Ay, @(yr) = (1 — M)A D] 1. MuHuMAaIbHBIE CTaBKH OILIATHI, 38 KOTODBIE CO-
iel

orBercTByIomue AD coracarcs ydactsoBaTh B AC, paBHbl \; = \/%. Ecan nmeercs
k2

8Tax xax dyHKIMa KOX0A EHTPa MPAMO IPOIOPIUOHAIbHA JefcTBuAM AD, TO UCIOIL30BAHUE CTABOK
OTLJIATHI, OOJIBITUX €IVHUITHI, TPUBEIET K OTPUIIATE/IHHBIM 3HAYECHUSIM I1€/I€BOM (DYHKIMH IIEHTPA U ee yObIBa-

HUIO T10 JIOOBIM JOIyCTUMBIM JeficTBusaM AD.
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BCero msaTh A — mperenaeHToB Ha ydactre B AC — ¢ mapamMeTpaMmu, IpUBeIeHHBIME
B Tabuie 7, To k* = 4, To ecTb ONTHMAJbHBIM siBjgercs cocraB AC, BKIIOYAIONIII
nepebie (B ynopsijoueHun ;) 4eTbipe AD.e

Tabaumna 7. Tabaumna Kk npumepy 13.

[Tapamerp \ i 2 3 4
r; 1 1 1 1
U, 0.6 0.7 | 0.75 0.8 0.9
A 0.77 | 0.84 | 0.87 | 0.89 | 0.95
d(4) 0.1746 | 0.2733 | 0.3481 | 0.3777 | 0.2434

IIpoBeneHHbI aHAIN3 PE3YJILTATOB PelleHns 3a1a49 (OPMHPOBAHUA COCTaBa MHO-
rossieMeHTHBIX AC ¢ cemapabeIbHBIMEA 3aTparaMiu AD MO3BOJSLET CAeJIaTh BBIBOJ, UTO
B 9TOM KJ1acce Mojeseil yaaercs Ha OCHOBaHUK nMeroLeiics nudopMalu yIopsjI09iuTh
AD, u pemarhb 337349y onpeneaeHns ONTUMAIbHOI KoMOunHamuun AD Ha MHOXKecTBe [N
KOMOMHAIMI, & He HA MHOYKECTBE BCeX BO3MOKHBLIX 2V kombGunaruii.

OTkazkeMesl OT IIPEIIONIOKEHISI O cerapabeJbHOCTH 3aTPaT, OCTABUB B CHJIE IIPEI-
nostozkenns A.1 n A.2. Bagada cuHTe3a onTUMaILHOrO cocrapa AC nmpuMmer BUI:

(115) I" = argmax ®(1),
Ten
e
(116) (1) = max » (y; — ci(yr))

npu yeaosuu, uro $(1*) > 0°.

Kaxk HEOTHOKPATHO OTMEYANOCh BhIIe, MK perteHud 3a1auu (115) BOSHUKAIOT JiBe
OCHOBHBIE TPOOJIEMbI: BBICOKAsI BBITUCIUTEIbHAS CJIOXKHOCTD (BOJIBIIIOE YHCI0 COCTABOB
AC, 11s KOTOPHIX HEOOXOINMO BBIYUCASATH MaKCUMAJIbHBIE 3DMEKTUBHOCTH YITPaBe-
HHUsI ¥ CDABHUBATH HX MeXKJy c000i) 1 HEOOXOAMMOCTH KOHCTPYKTUBHOTO OMPEIeIeHHsI
zarpar AD B 3aBucumoctu or coctaBa AC u geiicTBuil Bcex AD, BXOASMIIUX B TOT
coctan (HAIOMHHM, YTO COOTBETCTBYIOIMIAs 3aBUCUMOCTD JIJIsT (DYHKIIUY JTOXO/IA MEHTPA
BBOJUTCSI B mpenoyoxennu A.l.).

PacemorpuMm ciiepyiomuii mpuMep, WIIIOCTPUPYIOMH crenuduKy chopMyaupo-
BAHHON 3aa491 (CM. TaKKe MPUMEpPHI, TPUBEJICHHBIE BHIIIE).

ITpumep 14. Tlycrs AD omHopogabl u umeror dbyukimn 3arpar (|a| < 1/n)

yito Y y;
jel\i

2r

Eciu meHTp 10o12KeH rapaHTHpOBaTh Kaxk oMy AD ypoBeHs mosie3Hocts U, TO ONTH-

(117) cilyr) = , 1€ N.

MaJbHOH SBJseTCs KBA3UKOMIIEHCATOPHAS CHACTEMa CTHUMYJIUPOBAHUS, TPU UCIIOJIB30-
BaHUU KOTOPOU 3HAYEHHE IeJeBON (PYHKIUU IEHTPA PABHO:

(118) Oyr) =g(n) > yi— > cilyr) —nU,
i€l i€l
g,ZLaHﬁoe OrpaHWYEHHe MOXKET He paccMarpuBarbes, ecam P () = 0.
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rie g(n) — MHOXKHTETH, OTBEYAIONINI 33 YyOBIBAHHE TOXOJA IMEHTPA ¢ POCTOM YHCIA
AD, BruoueHnbx B cocraB AC. Onpenennm geiicrsusg AD, Hanbosee BBITOIHBIE IS
neHTpa: y* = %. Torma 3aBHCHMOCTD IeJ1€BOI (DYHKIUU HEHTPA OT YHCJIA N
AD, Bxomsmux B AC, nmeer BUI:

n?g*(n)r
20+ a(n - 1))

OO6cyanM poJib mapaMeTpa «, BXOAAIIEro B (pyHKIHIO 3aTpaT AD u 0TBeUYAIONEro

(119) d(n) = —nU.

3a BJHsHHE AeficTBuil Apyrux AD Ha 3aTparsl gaHHOro AD.

Bo-niepBbix, mpu o > 0 3arparbl Kaxkjgaoro AD BO3pacTaiT ¢ POCTOM JAeficTBHil
apyrux AD, a mpu a < 0 — yoOsBator. ComepKaTeabHO 3TOT (PAaKT MOKET HHTep-
IMPEeTHPOBATHCA CjeayomuM obpa3oM: B mepBoM ciaydae AD "memaror" apyr apyry
(HampuMep, IpU OrPAHUIEHHBIX TEXHOJIOTHENR BOBMOKHOCTSIX TIPOM3BOJICTBA), & BO BTO-
pom — "momorator" (HampuMmep, MTPOMCXOAUT Pa3jeseHne TPyAa W T.1.). Bo-BTODHIX,
dbynkmua (119) ybwiBaer 1o mapamerpy «, TO €CTb C €ro pocToMm mpu Jobom GuK-
CUPOBAHHOM COCTaBe JIOXOJ HeHTpa yobiBaer. Byjiem cunrarh, uro o < 0, Torja nupu
L > — nU. Ilpemonaras CyTIeCTBOBAHUE

2(1+a(n—1))
HEHY/JI€BOI'O BHYTPEHHEI'O PeIlleHHus], MOJYIUM, ITO ONTUMaIbHbIA pasMmep AC pasen:
* 1 1 (ar 1/3
nt=1 « « (ﬁ) '
C ymenbirennem 3Hauenus napaverpa'’ a pacrer ontumasnbubiii pasmep AC, c

g(n) = n=Y? monyuaem, uto ®(n) =

yBeJINYEeHHEM I'apaHTUPOBAHHOT'O YPOBHA ITOJIE3SHOCTH U OH y6bIBaeT..
B Gosiee ob1em caydae MOKHO PacCMOTPETH JBa TUIIA B3AUMOBAHAHEA AD:
- ¢ yBeanuenneM coctaBa AC 3aTpaThl KaxKaoro AD He BO3pacTaoT:
Vie N, VI eR, Vje N\I, Vy € HAZ' ci(yr) = ci(yrogy);
ieN
- ¢ yBesimuenuneM coctaBa AC 3arparsl Kaxk1oro AD me yObIBaIOT:
Vi S N, VI € N, V'] S N\I, V/y € 1114Z Ci<y1> S Ci(y[u{j})-
iEN

CopepzkaresibHble HHTEPHpeTanun 000UX CIydaeB OY€BU/IHBI.

1OOTMeTI/IM, 9TO B pacCMaTpHBaeMOM mpumepe mpu « > 0 omrmmanbubli pazmep AC He mpeBblmiaer

€ TUHATIHI.
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ITpunoxxenme 5. IlepcorndunupoBanHbie CUCTEMBI

CTMMYJINPOBaHNA

PaccmorpuMm 3aj1auy MUHUME3AIMKA 3aTPAT JJIs PEAJM3AIUA HEKOTOPOro JelcTBus
B akTuBHBIX cucteMax ACl u ACH — MBI MOKeM Ha3HAYATH KarKJIOMY W3 aKTHBHBIX
3JIEMEHTOB TIePCOHATBHYIO CHCTEMY CTUMYJIUPOBAHUS (CIUTAEM, UTO THUI KAZKJIOTO aK-
THUBHOI'O 3JeMeHTa HaM TOYHO U3BECTEH U YTO [0 3TOMY THILY MBI MOXKeM TOYHO BOC-
CTAHOBHUTH ero (DYHKIIUIO 3aTpar).

Paccmorpum juckpernslii cydail, a UMEHHO, MYCTh B aKTUBHON CHCTEMe UMeeTcs
7 AKTUBHBIX SJEMEHTOB, IPHYeM i-ii aKTHBHBIN 37eMenT umeer Tui r; € Q, {r;}l, =
Q' cQ.

Torna 3aja4a MUHEMU3AIMH CYMMapHBIX 3aTPaT Ha CTUMYJINPOBAHHE 3alIHCHIBAET-
¢ CJIEIYIONAM 00pa30M:

(120) Zoi(f(ri)) —  min

f(r),oi(z)eM
IIPpU BBINTOJIHEHU N YCHOBI/Iﬁ

(121) f(ri) € Argmax(oi(z) — c(ri, x));

(122) s =,

riae f(r) ectb GyHKIHS AHCTBUS AKTHBHBIX 9JIEMEHTOB, a 0; () — (MYHKIUS CTHMYJIH-
POBAHUS 1-I'0 AKTUBHOI'O 9JIEMEHTA.

B [47]| nokazano, 9T0 TpH JAHHON IOCTAHOBKE 33189 ONTHMAIbHBIMU SIBJISIEOTCS
KBA3MKOMIIEHCATOPHBIE CUCTEMBI CTHMYJIUPOBAHUS, U BMeCTO (DYHKIUIT CTUMYJIAPOBA-
HES JIOCTATOYHO PACCMATPUBATH ¢; — TOUYEUHbIE CTUMYJIMPOBAHUA AKTUBHBIX 3JIEMEHTOB
NPU peasn3aiy HeoOXOIUMbIX IeficTBHil ;, pudeM ¢; = ¢(r;, x;). Torma, mocKoIbKY
0i(2) = ¢il{z=z,}, 1€ Ity — GYHKUHA-HHIUKATOD, 38/1a9a [ePEHNCHIBACTCS B CJIE/IyI0-

eM BUJie:
n

Z c(r;, ;) — min

i=1 {wi}
IIPH BBITIOJHEHNH YCIOBUS

n
Z T, =IT.
i=1

Pemag MUHUMHUA3ANUOHHYIO 33/1a9y METOJI0M MHOXKUTeJel ﬂarpaHx{a

L= ZC(W%‘) + A f—in — I{IE?
i=1 i=1
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IIoayvaeM, 4TO
Ca,‘(Ti;xi) = A Z Oa 1= ]_,’I'L,

CJICA0BATEJIbHO JOJZKHO BBIIIOJHATDHCA

(123) Co(ris i) = cu(rj,zy), j,0=1,n.

IIpumep 15. Paccmorpmm cirydail KBaIPATHIHBIX 3aTPAT AKTUBHBIX 3J€MEHTOB
c(ri, ) = 2%/r;, ¥ MyCTh MHOKECTBO BO3MOXKHBIX THTOB ecth () = {r;}",, Q' C Q.
Torna

Co(riy ;) = co(rj, x5) = 2x;)r; = 225 /r; = x; = 13 /7;.

CymmapHoOe neiicTBue

n n n
T = E T = § Trifry = 1 E i /71
=1 =1 =1
n

.7}1:]_37“1 E ;.

i=1
B cuny sroro nosyuaem, aro geiicrsue i-ro AD

n
€T, = Iy E Tk .
k=1

Munuma/ibHbIE 3aTPAThl HA PEAJU3ANUIO JIeHCTBUA T PABHbBI

gdi(ﬂfi) = gc(ri,xi) _ zn: (xrl/<z:21 TZ))

T

=1

_ n _
:EQ Z xQ
= r, = .0
n t n
i=1

)= &

i=1
Jlemma 1. Ilycrs x}(Z) — pemenune 3agaqu (120)-(122) npu 3amannom z. Toraa

n

=1 * T
Az - C:):(rjaxj>7 J = 17“7
GOIEACH
i=1 _ 1
dz? < 1

i:X:I Caa (1i,2])

BamernMm, uTo 1o JlemMe 1 u B cmity yeaoBuit Ha (DYHKIIMHW 3aTPAT BBIOJIHEHO

EY o)
=1
= >0
dz? N1 ’
Z Cxzx (Ti :wr)

i=1

TO €CTb beHK]_[I/IH CpeJHUX MHUHUMAJIbHBIX 3aTpPAaT Ha PeaJHu3alluio ,ZLefICTBI/IH BBIIIYKJIA.
STO, B 4aCTHOCTH, I'OBOPUT O TOM, 4YTO IHECHTPY HEBLII'OJHO HCIIOJ/IL30BaThb CMellaHHbIE

CTpaTeruy.
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IIpumep 16. Paccumorpum 3aTpaThl BHIA

l,l-‘,—a
(124) c(r,z) = ———, a>0;
(1+a)re
a—1
T S
" _ i _
Ci(xi)_a a Z_]-an
T
Ucxons u3 yeaosus (123), morydaem:
=" g=r-2 1=1,n
T T ]
B cmiy paBeHCTBA » Xy = T
n
Lj "
r—=T=>2;=——2, Hu
r
=t 2T
i=1
9 n
PYoln)
i=1 _
/!
= e )
1 !
= oy i = X - e
Z e Z T
1=1 —_— i=1
al m+—=T
X i
i=1
IIpu 3TOM CyMMapHbBIe 3aTPATHl PABHBI
n —
:L,a+1

(125) ZUz’(%‘) =« ~ 5
i=1 (1+a)l > m

i=1

CpaBHuBasi CyMMapHBbIe 3aTPAThl ¢ 3aTpaTaMi OAHOIO djeMenTa (ypasuenusi (124) u
(125)) MOXKHO 3aMETHTh, YTO TPH HAJUYUN HECKOJBKUX 3JEMEHTOB MOYKHO CYHTATD,
4TO B CHCTEME BMECTO 3THX HECKOJBKUX 3JeMEHTAPHBIX 3JEMEHTOB MMEETCH OIUH CO-
CTABHOH 3JIEMEHT, IPUIEM 3TOT COCTABHOM 3JEMEHT [0 CBOMM 3aTPaTaM SKBUBAJICHTECH
3JIEMEHTAPHOMY 3JIeMEHTY ¢ THIIOM, PABHBIM CYMME THIIOB 3JIEMEHTAPHBIX 3JICMEHTOB
(cM. TakzKe MeXaHu3Mbl BHYTPH(DUPMEHHOIO peryanposanus B [47]).e

[Tepeitaem renepb K pacCMOTPEHHIO HEIIPEPLIBHOTO CJIydas, & MMEHHO, PACCMOTPUM
CUTYAIUIO, KO TUIBI AKTUBHBLIX 3JIEMEHTOB MMEIOT paBHOMEpHOe Ha () pacupemeie-
uue. BHOBL OyaeM mpeanojaraTb, 4TO THI KaXKIOTO U3 AKTUBHBIX JEMEHTOB LEHTPY
TOYHO M3BECTEH M KarKJIOMYy M3 HHUX MOXKHO COIOCTABAUTH COOTBETCTBYIONLYIO CHCTEMY
CTHMYTHPOBAHUS.

Paccyknas aHAJIOMMYHO JUCKPETHOMY CJIy4alo, TOJIY9aeM, 4TO ONTHMAJIbHOE CTHU-
MyJIIPOBaHUe 3jieMeHTa, 1 jijis peasusanuu jeicrsus f(r) ects c(r, f(r))l{z=s,) 1 3a-
Jada, MEHAMEA3AIIAA 3aTPAT 3AMUCHIBACTCS CACAYIOMMUM 00pa3oM:

(126) Ec(r, f(r)) — 1}1(1? IIPU BBIIOJTHEHHN

(127) Ef(r)=z.
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Hna f(r) — pemrenust 9T0ii 381241 — MPH JTIOOOM I* TOJZKHO BHITIOMHATHCS PABEHCTBO

ce(r, f(r) =A>0.
IIpumep 17. PaccmoTpum ciaydail KBaIpaTHIHBIX 3aTpaT aKTHBHBIX 3J1€MEHTOB
c(r,x) = 2?/r. Toraa JOJIZKHO BBITIOJIHATBLCH PaBEHCTRO (1, f(r)) = ), cliejoBaTenbHo

flr) =24

Ucxonst u3 orpannvenust (127)

Z(ry —19) = (r1 —10) E f(r)

/f dr—/—dr— 2 _y2)

(mockosbky Jyist AD Tuna 7, peasn3yoInero

_ 4z _
m KOHCTaHTa A = —F- a f(r) = rr0+rl

neitcrsue f(r), o(f(r)) = c(r, f(r))).

Cpejame 3aTparhl HA CTUMYJIHPOBAHUE PABHBI

Cy =Ec(r f(r)

r

1 / 1/ 2zr \° 9272
= ri— dr = :
T —To r \r+ 7o ™+ To

To

qDYHKLLHH CTUMYJIUPOBAHUA HaXOJAUTCA U3 YCJIOBUA

a(f(r)) = c(r, f(r)).
JefictBurensro, obosnauns x = f(r), umeem: r = f~1(z) = I(rg—;f”) u
9z
or) = —=—" 1.
r r1+To
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ITpnnoxxenme 6. Momean onepaTuBHOTO ynpaBJIEeHUA

IIEPCOHAJIOM

PaccvoTpuM ciieyonyo JUHAMAYECKYIO MOJe/h W3MEHEHUsl COCTaBa (DUPMBI.
[IpenmosoxkuMm, 9To Ha PBIHKE TPyAa UMeeTcsa OECKOHEUHOe MHOXKECTBO COTPYIHUKOB,
KazKJIpIil 13 KOTOPBIX OIIpeessdeTcs cBOUM THIIOM. IIpu BhIOOpe KaKOro-To KOHEYHOI'O
KOJIMYEeCTBA COTPYIHUKOB (M CO BpeMeHeM) obIiee pacrpe/ieJieHne TUIIOB He MeHsIeTCs,
T.e. TUTT HOBOTO CJIyYaifHO BHIOPDAHHOTO COTPY/JHWKA WMEET TaKOe YK€ pacipejesieHue,
KaK ¥ MPEe/IbIIYIIero.

[Tpu KosmvecTBe COTPYIHUKOB ¢ dupMa moaydaer npubbith fo(c), rae 6 onpeme-
JIgeT Ty YaCTh XOPOIIUX COTPYIHUKOB U3 OOIMET0O UuCIa, KOTOpYio pbupMa TPUHUMAET
na pabory. T.e. eciim Tan corpyanuka coorsercrsyer 6 x 100% nydmmux na poiake Tpy-
JIa COTPYIHUKOB, TO OH TapaHTHPOBAHHO IIPUHUMAaETCs Ha padory. B HadaJie paboThl
Kaykaas pupma onpeaensier ¢cpoe . 3aMeTnM, 9TO B CHJIY Pa3HbIX YCIOBHH TPyIa MO-
HaTHe " Iydmuii COTPYAHUK" OTAMIaeTCs A/ PA3HBIX (DUPM, MOCKOJIBKY OIUH XOPOIITO
MOXKET YUHUTh JieTeil, HO IJIOXO IedeT XJie0, JPYroii XopoIiio meder XJed, HO He MOXKeT
XOPOIIO yUIUTH AeTeit. Torma ¢ TOUKH 3peHus Xae00meKapHu ¥ BTOPOro pabOTHUKA, XO-
poINuii THII, a Y IEePBOr0 — ILJIOXOH, & ¢ TOYKH 3PEHHs IIKOJIBI ¥ IePBOro pabOTHUKA
XOPOIIHUil TUIl, a y BToporo — Iioxoil. [lockobKy npoiece npuema Ha paboTy BejeTcs
cpaszy MHOrmMu (pupMamu, TO Ha PhIHKE CODJIIOAAETCS paBHOBECHE: MepBhiii paboTHUK
NPUHAMAETCS Ha PabOTy KakK yYUTeslb, a BTOPOHl — Kak Mekapb (710sisi paOOTHUKOB C
XOPOIIUM THIIOM HE yMEHBINAeTCsl, T.K. paOOTHUKHU € TLJIOXMM TUIIOM B OJHOI 00s1acTn
SIBJISTFOTCST XOPOIIUMY COTPYAHUKAMHU B JAPYIHX OOJIACTSIX ).

s onpejiesieNnsd THIIA MOCTYHNAIONIUX S COTPYIHMKOB (bHpMa JTOJIKHA TOHECTH
3aTparhl ¢(s), TP ITOM U3 § JH0jeil Ha paboTy GYIyT MPHHSITH TOJIBKO 0, TOCKOJIBKY
WMEHHO CTOJIBKO JItoJeit 00/1a/1al0T HyKHbIM (bupme Tunom. [Ipu npreme Ha pabory
HEI0CTATOYHO OIPeIe/INTh, IPUHAMATDH YeJI0BeKa HA PA0OTy WU HET, Ha [0 TOYHO 3HATH
ero THII JJIsl TOTO, 9TO0bI OJIHEe HCIOJIB30BaTh ero BO3MOKHOCTH. Takum obpaszom g(s)
He 3aBUCHUT OT 6.

MowmenTabHas TOJIE3HOCTH (PUPMBI €CTh PA3HOCTH MEXKIY IIPUOBLILIO U 3aTpaTaMu
HA TECTHPOBAHUE HOBBLIX COTPYIHUKOB:

(128) ™= folc) = g(s).

B nasbHeiitem Mbl GymeM mpejmnoiaratb, 9to fo(c) kak dbyHkuusg or ¢ obaagaer
crangaprasivu csoiictBamu: fy(0) = 0, f7(0) = oo, fy(c) > 0, fi'(c) < 0, fh(o0) = 0.
Kpowme toro, fy(c) yosiBaeT BMecTe co cBoeii mpousBoaHoii 1o 0. Tam, rie we 6yer pac-
CMaTpUBaThCs u3MeHeHue napamerpa 6, y dyukuuu fy(c) napamerp 6 6yjem omycKarhb:
fle).
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Oyukmusa g(s) obmamaer caeayomumu ceoiicramu: g(0) > 0, ¢/(0) > 0, ¢'(s) > 0,
g"(s) > 0. Ucxoas u3 ycaoBuii 3a/1a4u ¢ U S JOTKHBI OBITH HE MEHBIIEe HYJIS.

Byziem cautaTh, 9T0 NPUHATHIE HA PAOOTY JHOJU YBOJBHSIOTCS (IO PA3HBIM TPHYHU-
HAM — TIepexXoj Ha JAPYTyI0 paboTy, BHIXOJ HA MEHCHIO U T.I1.) cO cKopocThio A. Torma
JIMHAMUKA W3MEHEHUsI KOJTMYeCTBa PAbOTAIONIMX JIIOAEH ONMCHIBACTCH yPABHEHHEM

(129) ¢ =0s — Ac.

Bamernm, 910 ¢ U S ecTh DyHKIUH BpeMmeHu: ¢ = c(t), s = s(t), upuuemM 1Mo cMbI-
ciy dyrkuus ¢(t) g0aKHAa OBITH HEMPEPBIBHO 1 TTouTH BCIOAY Auddeperimpyemoi,
a dyHKIws s(t) MOKeT HMeTh KOHETHOe YHCI0 PA3PhIBOB Ha JIIOOOM OTpe3Ke (CooTBeT-
CTBYIOIMX W3MEHEHUIO YIPABJIEHHs ). Y IPABICHUEM Jijist QUPMBI SIBJISIETCS ITADAMET]
s (Ipu TOM ¢ ONpeeaseTcst UCXOsI U3 ypaBHeHus 129).

[Ipeammo/I0:KuM, 9T0 B OIMUCHIBAEMOM MOJIE/IN CYIIECTBYET JUCKOHTHPOBAHUE TPUOBI-
Jii B pazMepe 7. Torna npu Ha4aJIbHOM KOJHUYECTBE COTPYAHHKOB Co 3a/1a9a MaKCHMHU-
3alUy TPUOBIIN 3AMUCHIBAETCS B CJAEIYIONEM BH/IE:

(130) II= /e_”(f(c) — g(s)) dt — max
0

DY BBINOJHECHUE YCJIOBHIL:

(131) ¢=0s— A\

(132) s > 0;

(133) ¢>0;

(134) c(0) = co.

Hns pemenust 3agaun (130)-(134) sammmem ravuibronunan (6e3 yeaosuit (132)-
(133); ux Bausmue Gyger 06CYKICHO MO3/HEE):

(135) H=e"(f(c) = g(s)) + n(0s — Ac),

e pu > 0 — Hekoropas HeoTpunare/ibHas MYHKIUS BPEMeHHU.
Oyuknun c(t) n s(t) OyayT pereHneM 3a1a9u TOJIBKO TOTIA, KOTIa

OH
(136) 0= 2= =—e"g(s)+ pb;
. OH .

(137) o= —ge =~ Q)+ A

13 ypasuenns (137):

: A

(138) fr=—ef(e) + A B =T 0) + Se g (s).

BospMeM 1oTHYI0 TPOM3BOAHYIO MO ¢ YpaBHEHUS (136):

d

(139) 0= E(—e_”gl(s) +ub) =re g (s) —e"g"(s)s + O (136)

= 1e77g (5) — e (5)5 — 0T F () + e g (s);
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(140) rg'(s) — g"(s)s = 0f'(c) + Ag'(s);

(141) § = (T + A)QI(S) — (gf/(C) )

g//(s>

Taxum 0Opa3zoM MbI JOKa3aJH TEOPEMY:

Teopema 4.5.2.TloBesenne cucreMbl (KOJIUIECTBO yzKe NPHHSATHI COTPY/HUKOB,
CKOPOCTB ITpUEMa COTPYIHUKOB) HA ONTUMAILHON TPAeKTOPUE (ONTUMUZUPYIONIEH MTpH-
OBbLIb (DUPMBI) OMUCHIBAETCS CJIEYIONIEHl CHCTEMOl ypaBHEHHUIL:
¢ =0s— X

_ (N9 (5)=0f"(c)
g"(s) '

C momotbio $haz0Boii MIOCKOCTH B KOOpAHHATAX ¢ (0ch abcmumce) u s (0Ch OpIuHaT)

(142) .

ONWINEM MOBejeHne TpaekTopuii cucrembl (142). Hac umHTEpecyeT TOJBKO KBAJPAHT
¢>0,s>0 (cm. yeaosus (132) u (133)).

Mur 6y,ZL€M HCKaTb BO3MOZKHBIC TPa€KTOPHUHU — TaKue IIYyTH Ha IIJIOCKOCTH, IO KO-
TOPBLIM 1Oi1eT (pbupma, ecim O6y/JeT PYKOBOJICTBOBATHCS B BHIOOPE KA POBOM MOJNTUKH
HAITMCAHHOMI BBIIIIE cucTeMoil ypaBHeHuit. CKauUKH TPAeKTOPHUil BO3MOXKHBI TOJILKO B Ha-
JaJbHBIT MOMEHT BpeMeHH, T.e. TOJBKO TOT/Ia, KOT/Ia MPUHUMAIOTCA perenns. /larbime
yke dpupma Oyaer jgeficTBOBATb B COOTBETCTBUU € ONTHUMAJIbHOM cTparerueit. V3me-
HEeHHEe CTpaTerum MOzKeT 6bITb BBI3BAHO TOJIBKO U3MEHEHUEM I/IHCbOpMaL[I/II/I7 HIoOKaMu,
U T.JI., KOIJIa, BO-TIEPBBIX, U3MEHAETCH I10Jie HalpaBjaeHuil Ha (Ha30BOil IJIOCKOCTH, &,
BO-BTOPbIX, (pupMa BbIOUPAET HOBYIO CTPATEIHUIO.

[Ipex e Beero, npsiMast 0s — ¢ genut Gas3oByIo MIOCKOCTh HA JIBE YacTH (CM. PHUC.
5). B cooTBeTcTBHH € TEPBBIM ypaBHeHHeM cucTeMbl (142) Haj 1ol npsMoil mpouns-
BOJIHASL C 110 BpeMeHHU GOJIbIe HyJIs, MO MPAMOii — MeHbIe HyJId (COOTBETCTBEHHO Ha
NPSIMOIT TPOU3BOJTHASL ¢ TIO BPEMEHH DPaBHA HYJIIO).

5t 5(c) 5 5(c)
s —Xc=0 | Os —Xc=0

o>

a) b)

Puc. 5. Pasgmunbie BapuanThl noBeaenusd GyHkiun $(c) HA dhazoBoit
MJIOCKOCTH.

[Mockonbky ¢”(s) > 0, TO 3HAK MPOU3BOAHON § O BPEMEHU OIPEIeISIeTCs TUCIH-
TesleM BTODOro ypabHenusi cucrembl (142). Pacemorpum ero noapobree. TTockosbky
f'(c) > 0 — yoniBatomas byuknus, a ¢'(s) > 0 — Bospacramouas GyHKIEs, TO ypaB-
HEeHHe

(143) 0= (r+Adg(s)—0f'(c)
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MOKeT UMeTh caMoe DOJIbIIIee OTHO pellleHne IPU GUKCHPOBAHHOM ¢ min s. O603HAYTNM
5(c) — perrenne ypasuenwust (143) B 3apucumMoctu ot ¢. B cuy yObiBanust (MOHOTOHHOTO
u HenpepbiBHOTO) f’(¢) M HempepbIBHOTO Bo3pacTanus ¢ (s) dyHkius $(¢) HempepbIBHA
1 MOHOTOHHO yOwiBaeT. [Ipu ¢ crpemsimemest kK Hymo f'(¢) crpemMutest K 400, Cejo-
BaTesbHO §(C) CTPEMHTCSA K 400 TMOCKOABKY ¢'(S) cTpeMHuTCs K 400 TOrga U TOJHKO
TOT/Ia, KOI'Ja S CTPEMUTCA K +00.

[Mosenenne dyukmuu §(c) CyMECTBEHHO 3aBUCHT OT TOTO, PABHA JIX HYJIO MPOU3-
BojiHast dbyukuuu ¢(s) B Touke s = 0. Ecam npousBogHas pasHa HYI0 (cM. puc. ba),
TO TIpH JIOOOM ¢ CyIIecTByeT pelienue ypapuenus (143), u dyukuus $(c) yosiBaeT 10
HyJst ipu ¢ — +00. Ecim ke ¢'(0) > 0 (cm. puc. 5b), To cymecTByer Takoe ¢, 910
s(¢) =0, n dynknus §(c) yosiBaer Ha orpeske or 0 10 ¢ U HeonpeeaeHa upu ¢ > ¢. B
caydae, Korja $(c) me nepecekaer ock § (r.e.¢'(0) = 0), 6yaem canrarh ¢ = +00.

Paziuunble BApUAHTH OBedeHUst (DYyHKIUN §(C) n300payKeHbl HA PUC. D.

Ha dazosoil miockoctn mpoussojiHas (GYHKIHE S TO BpeMeHH HaJl Kpuboii §(c)
HOJIOKHUTEIbHA, 110 KPUBOI — OTpHUIlaTe/]bHa, a HAa KpUBOH pasHa Hy.o. [lose nampa-
BJICHWI M300parkeHo Ha puc. 6. 6eCKOHEUYHOCTb.

Os—Xc=0

7N

A
C
Bp =

Puc. 6. IloJsie nHanpasisienuii aig cucremsr (142).

O603HaYNM TOYKY Hepecedenns (KOTopas Beerja cyiectByer) pyHKnun $(¢) ¢ mpsi-
Moit s — Ac = 0 3a A (¢ KoopaMHATAMHI S4 ¥ C4). Kak BHIHO U3 T0JIS HATPABJIEHWH,
Touka A ABJsSeTCS CeIOBOI TOUKOil, U B Heit ¢ = § = 0, ciemoBarebHO, ecim (up-
Ma oKasaJjach B Touke A, TO oHa B Heil n ocranercs. Byjaem Ha3bBaTh JAHHYIO TOUYKY
CTAIMOHAPHBIM COCTOSIHHEM (T.K. B CHCTEMe He TPOUCXOJUT HUKAKUX M3MeHeHWi). 3a-
MeTHM, 9TO A He SIBJIeTCsS YCTOWIMBONR TOYKOIA.

Touka A ecTb e€JMHCTBEHHAs TOYKA PABHOBECHS, B KOTOPOi U KOJMYECTBO pabOInX
U CKOPOCTh MpHeMa Ha paboTy He H3MeHsIOTCsT (CKOPOCTh preMa Ha, paboTy H CKOPOCTh
yBosibHeHus paBHbl). Touka A sBisercs ceayiom (paBHOBeCHe HEYCTOWYHBO), T.e. IPU
HEOO/IbIIOM M3MEHEHUM 1APAMETPOB Mbl MOKEM HEPEeHTH Ha TPACKTOPUIO, yXOJSAILY O
B OECKOHEYHOCTD.
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U3 mosg HampaBjIeHHil BUJHO, YTO YCTONUUBAS CeJIOBasi TPAEKTOPUsl (IPOXOJIs-
masi yepe3 ToYKy A) mpoxoguT 1o (GaszoBoiil MIOCKOCTH KAK MOKA3aHO HA DPUCYHKE:
cJIeBa HAIPABO, CBEPXY BHU3 (MHAde ObLIO GBI HPOTHBOPEUHE C IOJIEM HAIPABJIEHHIA).
O603HAYNM CeTTOBYIO TPAEKTOPHIO, BXOJAAIIYIO B T. A ciieBa 3a B, a TpaekTopuio, BXo-
JAIIYI0 B CTAMOHAPHYIO TOUKY cupaa — 3a C. Mcxomgammue TpaekTopun 0003HAYHM
3a C'u D (COOTBETCTBEHHO CBEDXY M CHHU3Y ).

B kauectse perrenns 3amaun (130)-(134) mac MHTEPECYIOT TOJIBKO CEJIOBBIE TPa-
eKTOPUH, TIOCKOJIBKY IPH APYTUX MbI JUOO YBEJIUIMBAEM KOJIMUYECTBO COTPYIHUKOB JI0
+00, 9YTO HEBO3MOKHO, IOCKOJBKY B 3TOM CJIy4ae 3aTPAThl HA IPUEM YBOJIbHSAIOIINXCA
MPEBBLICAT J0XO0d OT pa6OTbI, ﬂI/I6O KOJNMYECTBO NPUHUMACMBIX YMEHBIIIUTCA J0 HYJIA,
9TO TOYKE HEBO3MOKHO T.K. 5TO Oy/[eT HECTAIMOHAPHON TOYKOMN (WM 7Ke TIPH 3TOM KOJTH-
decTBO paboraromux Oymer paBHO Hymi0). Takum o6pa3oM, npH 3aJaHHOM HAYAJIBHOM
KOJIMIeCTBE pabOTHUKOB MOCPEJICTBOM BBIGOPa s hupMa I0MKHA TepeiiTH Ha CeII0BYI0
tpaekToputo B wian C. CylecTByer HeCKOJIbKO BADHAHTOB (CM. PUC. 7).

5 3(c) 5 3(c)
| s —XAc=0 ' s —Xc=0
NI\ 4 A
S Al S Al M
co C C c C C
0 CA 2) A b) 0

Puc. 7. Onmucanme mpuxoja CUCTEMbI B CTAIMOHAPHOE COCTOSHUE: a) MpPU
co < ca3 b) mpm ¢y > ca.

1. ¢g =4. Beibopom s = s, dbupma cpasy momajaer B CTAIHOHAPDHOE COCTOSHUE
U TIPOJOJIZKAET TaM HAXOAUTHCA. 10 ecThb ecm Ha (hUpMe yke padoTaeT KOJTUIECTBO
COTPYIHUKOB, COOTBETCTBYIOIIee Touke A, 1o hupma yke HAXOIUTCS B PABHOBECHOI
TOYKE.

2. ¢y < ca. B aTom caryuae dbupma mepeiter Ha ceTOBYIO TPAEKTOPHUIO, TP ITOM
KOJIMIeCTBO IPUHUMAaeMbIX Ha padoTy Oymer OoJbIlNe, YeM KOJTHYeCTBO MPUHUMAEMBIX
Ha paboTy B CTAIMOHADHOM COCTOSHUM (IIOCKOJIBKY MbI OKazKeMCsl Ha Tpaektopuu B,
a 9Ta TPAEKTOpHs BeJer K cocTostHnio A cBepxy BHU3, cjea Hanpabo). Co BpemMeHeMm
¢ OyJer yBeIndnBaThCH, & S OyJIeT yMEeHbIMAThesS: (pupMa OyaeT MOJXOAUTh K CTAIHO-
HAPHOMY COCTOSIHUIO BCe OJiMzKe U OJinmzKe, IIPU 9TOM KOJIMYeCTBO paboTaloluX COTPY/I-
HUKOB Oy/IeT TTOCTENeHHO YBEeJIHIUBATHCS, & CKOPOCTD MTPpUeMa Ha PabOTy YMEHBIAThCS
JIO CTAITMOHAPHOTO.

3. ¢y < c4. llpu 3TOM BO3MOXKHBI 2 BapuaHnta: cejijioBas TpaekTopusa C' IPOXOIUT
yepes ¢ ipu § > 0 wanm vHe npoxoauT. Ecm npoxoauT, To pupma BHIONPAET S TaK, YTOOBI
OKa3aThCsl HA JAHHOMN CeJJIOBOl TPAEKTOPHHU, MOCJe 3TOr0 ¢ OyAeT yMeHBIIAThCs (3a-
nac coTpyAHuKoB "mpoegarbesd’ JUIs HOJTyYeHHs CHIOMUHYTHOH NpUOBLIN), a s Oymer
NOCTeNeHHO yBeanunBaThed. Gupma OyaeT MOIXOAUTh K CTATTMOHAPHOMY COCTOSHHUIO.
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Ecu xe cepoBast TpaekTopust C' He TPOXOJUT uepes ¢ pu s > 0 (oHa ycmnena yiTn
B 00JIACTH MUHYCOBBIX §), TO § CTAHOBUTCSI PABHON HYJIIO, U ¢ €CTECTBEHHBIM 06pa3oM
YMEHBIAETCs 0 TeX IOp, MOKa He JOCTUTHET TAKOro 3HadeHus, 9T00b (bupMa MOIJIa
nepeiTu Ha cejIoByI0 TpaekTopuio. [Ipu stom s = 0, a ¢ ymenbmaerca. Haunnas c
MOMEHTa Mepexo/ia Ha CeJIOBYI0 TPAeKTOPHUIO S MOCTEIEHHO YBEeINIHBAETCsI (110 Mepe
noaxosa K cranmonaproii Touke A or 0 10 s(A), a ¢ ymenbimaercst 10 c4). Takum
obpa3oM, B JAHHOM caydae (pupma OyIeT MOCTeeHHO YMEeHBINATh KOJIHIeCTBO padboTa-
IONKX 32 cYer "HemocTaToIHOro" (T.e. MEHBIIEro, YeM B CTAIIMOHAPHON TOYKe) TpHemMa
Ha paboTy, IPH STOM CKOPOCTh IpHeMa Ha paboTy OyIeT yBeIUIUBATCH, a KOJTUIECTBO
paboTaloIuX — YMEHBIIATHCA. B ONpeIeIeHHBIX CAydasiXx MOXKET BO3HUKHYThH CHTYya-
nus, Korjga (pupMa HUKOTO He OyJeT NpUHUMATh Ha paboTy.

5 3(c) 5 3(c)
! Os— =0 I fs —XAc=0
A A
. & )
A
c C c C
A 2) A b)
% 5(0
( fs —Ac=0
\
Al
c

c)

Puc. 8. CwmerneHue cTanuOHAPHON TOYKM TPU IIOKaX: a) yBeaudeHne r; b)
yBeJIndeHune \; ¢) yBeaumdeHue 6.

Paccmorpum, 1To OyaeT npoucxouTh ¢ (PUPMOit pH MOKAX — U3MEHEHUdX rapa-
MeTpoB (cM. puc. 8). Byjaem mHTepecoBaThCsi H3MEHEHHEM CTAIMOHAPHOTO COCTOSTHHUS,
LIOCKOJIbKY IIPOIIECC HEPEX0/Ia U3 HEKOTOPOI'O COCTOSHUS B CTAIMOHAPHOE U3YU€H BbIllIe.

Paccmorpum criepsa ciaydait msmenenus r. [Ipeanonoxkum, aro KodddunuenT guc-
KOHTUPOBAHUS T yBEJHUYUJICS (B HPOTHBHOM CJIydae MPOH30IIyT oOpaTHbIe H3MeHe-
HHUsI), T.€. MBIl CTaJH GOJIbIIE NEHUTh HacTosIee. [Ipu 5ToM npsiMasi 0s — A\¢ He u3Me-
murest. Kak noeger cebst §(c)? Jlanuast KpuBasi sIBJIsleTCsl pellieHneM ypaBHeHust 143

0= (r+Ng/(s) = 07'(c).

Ho ecom r yBesmamiicst, T0 npu (PUKCHPOBAHHOM € 3HAYEHUE S JOJKHO YMEHBITUTCSI
JUIsL TOPO, 9TO0BI PABEHCTBO OCTAJIOCH BEPHBIM, HOCKOJIbKY (7 + A)¢'(s) u3meHuThes He
JOJIZKHO, 7' YBEJHIUIICH, a ¢'(S) yBeanmauBaercs ¢ ypeandenneM s. Takum o6pa3oM, Kak
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BUJIHO U3 PUCYHKA 8a), B HOBOUH CTAIMOHAPHOI TOYKE ¢ M § YMEHBINATCS, T.€. U TPUEM
Ha paboTy, U KOJHIECTBO pabOTAIOIMMX OYIeT MEHbIIEe, YeM PaHbIIIe.

Pacemotpum ciyuait msmenenust A\. OUsgThb IpenoIoKuM, 910 Kodhdunuent A yse-
JIMIUJICS, T.€. YBEJIUYIMIaCh CKOPOCTh YBOJIbHEHUsI COTPYAHUKOR. [loBTOPSST TIpe b Ty-
e paccy’k/enus, kpusas $(c) cmecrures: BHu3. Ho B gaHHOM cirydae mpoOm30H/IyT
U3MEHEHHS U ¢ IpssMoit #s — Ac = 0 — ee HaKJIOH yBeanunTca. Kak BUIHO U3 PHCYHKA,
€ TIPA 9TOM YMEHBIIUTCS, & 00 U3MEHEHNH § HUYero cKas3aTh Heb3sd. C 0IHOil CTOPOHDI
paboOTHUKOB ByJIeT MeHbIIle, HO ¢ JIPYTO# CTOPOHBI M YBOJBHATHCS OHU GYIyT yarie (T.e.
HEU3BECTHO, KAK U3MEHUTCsI CKOPOCTh MpHeMa Ha paboTy).

[Ipu yBesmdenun 6, T.e. pyW yBeJWYEHUN MPOIEHTA JIFOIeH, TPUHUMAEMbIX Ha pa-
00Ty, YMEHBITUTCA HAKJIOH IpsaMoil #s — A\c = 0. OgHako Ajs Toro, 9TodbI MpeacKa3aTh
noBe/jieHre KpuBoil §(c), HEOOXOMMO C/IeIaTh JOTOJHATEIbHBIE TPEINOI0KEeHHs] O 38~
pucumocT byukimn fo(c) or 6. Ecam 3aBucumoctn HeT, TO $(¢) KaK pernieHne ypasHe-
Hus 143 D0KHO CABHHYTBCS BBEPX, T.e. B HOBOH CTAIIMOHAPHON TOYKE ¢ YBEJIUIUTCS,
a § MOYKET U3MEHHTDbCs B JIIOOYVIO CTOPOHY, T.e. padboraTh Ha dhupme OyaeT Hosbiiee Ko-
JIMIECTBO JII0/Iell, HO HUYero HeJib3sl CKa3aTh O TOM, KaK WU3MEHUTCS] CKOPOCTH TMPHeMa,
Ha paboTy..

Pesyabrarsr mokoB (M3MeHeHHs] TapaMeTpOB) CBejieHbl B Tabuuily (mpejanosaraem
orcyrerre 3aBucnmoctu dbyukiun f(c) or mapamerpa 6):

Tabimna 8. l3MeHeHHE CTAIIMOHAPHOTO COCTOAHHUS IIPU AEHCTBUU
Pa3JINYHBIX IIIOKOB

[Tok H 0s — e =0 ‘ s(c) ‘ ca H Sa ‘

VBenmaenue r HE U3MEHSIeTCs caBur BHU3 | | || |

YBenuuenue A || HAKJIOH yBejuduBaeTcsd | caBur Bum3 | | || |

YBesmuenue 6 || HaAKJIOH yMeHbIaeTcsd | ¢aBUT BBepx | T || [T

Mubi paccmarpuBasin caydail ¢ JUCKOHTUpOBaHUEM TpubObLIH. B ciy4yae BakHOCTH
CUIOMMHYTHON 1IIPUOBLIM HAJ/I0, PA3YyMeeTCs, YMEHbIIUTh JI0 HYJIs KOJMYeCTBO HPUHU-
MaeMbIX Ha paboTy (MOCKOJBKY B HACTOSIIMA MOMEHT BPEMEHH 3TO HEe MPHHOCHT pe-
3YJIBTATOB), ¥ U3BJIEKATH PUOBLTH U3 PADOTAIOITHX.

[Ipeamonoykum Temepb, 9TO HAM HAJ0 MaKCUMHU3WPOBATH Be3le, T.e. Bce Oy/yliee
MBI IIEHUM OJIMHAKOBO. Takum 0Opa3oM, perraeM 3a1ady

(144) f(e) = g(s) — max
S
IIpX1 BBIIIOJIHEHUUN YCJIOBUA
(145) ¢=0s—Ac=0.
TOF,ZLa S = %C (S 1 C HE U3MECHAIOTCA, CJIeJ0BaTC/JIbHO UX MO2KHO 1IOJIO2KUTDb PaBHBIMHA

KOHCTaHTe) " 3aJa49a IepelnuchblBacTCd KaK

(116 £(6) = g(3¢) — maxs
(147) fe) %g’(s) —0;
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(148) 0f'(c) — A (s) = 0.

Ob6o3HaunM perrerne JaHHO 3amaun 3a F. Kak oTHOCHTE/IHbHO pacioaraTca Ha ¢a-
30BO# miaockocTu Touku A u K7
[Ipexxme Bcero, B 060UX CAydasX NPUCYTCTBYET ypaBHEHHE

(149) fs — Ac=0.

Ho $(c) — pemenne ypapaennst 148 — jiexkut HuzKe perrieHus: ypaBaenus 143, u, cie-
JOBAaTEJIbHO, Sp < Sy, CE < C4, & CHUTyallud Ha CbaSOBOfI IMJIOCKOCTHU 3KBHUBAJIEHTHA
CUTYaIlnu yBeIUdeHus KOdIDunmenta TUCKOHTHpoBaHud. Ul Ha camom gese, perras
3a/aqy 146 MBI Kak Obl TIpeJnoJiaraeM, 9To JUCKOHTUPOBAHUS HET, T.€. UTO BCe BpeMe-
Ha MBI OJJMHAKOBO TEeHUM: U OYIyIlee, I HACTOSIIee.

Takum 06pa3oM, B pACCMOTPEHHOM cJiydae (KOTa Mbl OJMHAKOBO TIEHUM Kak Oy1y-
ee, TaK U HACTOSIIEe), CTAIIHOHAPHAS TOYKA CMEIaeTcsl BHU3 U BJEBO, 110 CDABHEHHIO
CO CJIy4aeM C JIMCKOHTUPOBAHUEM, T.€. KAK CKOPOCTH IpueMa Ha padoTy, TaK U KOJIH-
9ecTBO paboTanmux (B HEMOABUKHON TOUKe) MaIaer.

138



