EVOLVING SYSTEMS

DYNAMIC ACTIVE SYSTEMS WITH FAR-SIGHTED ELEMENTS.
I. A DYNAMIC MODEL OF AN ACTIVE SYSTEM

A. V. Shchepkin UDC 65.012.122

We consider a dynamic model of an active system in which the choice of states
by the active element in one period affects the state set in the next period.
We investigate the functioning modes of the dynamic system and analyze the
ways to incorporate the future in the performance evaluation criteria of the
active element and the headquarters.

1. INTRODUCTION

In order to improve the efficiency of control of the socialist economy, we must take
into consideration the human element in the control system. The presence of the human ele-
ment (groups of people) in the system endows it with certain "activity," reflected in goal-
directed actions in the functioning stages. In particular, this includes the ability to con-
sider the aftereffects of various decisions and to appropriately modify the actions. The
functioning mechanisms of systems which allow for the human factor are the subject of the
theory of active systems [1]. Studies in AS theory have developed and investigated a number
of models of social-economic objects and examined problems of analysis and design of func-
tioning mechanisms. Interesting results relating to the functioning mechanisms ensure truth-
ful reporting in the system and agreement of actual performance with planned targets. Most
of these results, however, have been obtained for static models of active systems.

A common feature of control in economic systems is the repetitive nature of decision-
making situations at each stage of the process. An example is provided by problems in which
decisions must be made repeatedly. Such problems include the construction of a detailed opera-

t1 tions plan of an enterprise at each stage of its operation on the basis of externally set
directives, the problem of optimal allocation of resources, inventory management, etc. If
we allow for the fact that the decision maker is endowed with certain far-sightedness, i.e.,
considers the consequences of decisions on future possible states, the functioning of such
a system must be analyzed with the aid of dynamic models of repeating situations.

The corresponding problems can be solved, in particular, by the methods of repetitive
games [2, 3]. The mathematical models of repetitive game situations were studied in [4-6]
with emphasis on the existence conditions of stable strategies under various behavioral as-
sumptions and in n-person games with varying value of the unit of payment. 1In this study,
we examine the functioning of a dynamic AS with far-sighted elements.

2. THE MODEL

‘1 Our model represents a two-level hierarchical system which consists of the headquarters
and n subordinated subsystems [active elements (AE) or divisions]. For a detailed descrip-
tion of the interdependences between the elements and the actions of the headquarters and
the divisions in a static AS model, see [7]. Here, as in [1], the state of a division is
called actual performance, and the 'desired" values of the components of actual performance
constitute the plan or the targets. The active elements choose their states in each opera-
ting period.

Suppose that the headquarters sets the divisional plans for each period of operation.
The plan set by the headquarters for the i-th AE in the j-th operating period will be de-
noted by wij, and the actual performance of the i-th AE in the j-th period by yij. If the
headquarters sets the divisional plans for T operating periods at a time, these T periods
jointly constitute the planning horizon, and the sequence of the plans is the planning path.
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In modern planning practice, we have five-year plans with target breakdown for each year or
annual plans with quarterly or monthly breakdown. In the former case, the five-year period
is the planning horizon and each year is the operating period, whereas in the latter case
the planning horizon is one year and the operating period is a quarter or a month. For the
static AS models investigated in [1-7], T = 1 and the planning horizon coincides with the
operating period.

We denote the planning path of the i-th AE by wiT(1) = {mij}, =1, ..., T, and the
state path (or the actual performance path) over the planning horizon by yil = {yij}, j =
1, ..., T. By yiP(k) = {yij}, j =k, k+ 1, ..., p and m{P(k) = {mij}, 3 =k, k+ 1, ..., p
we denote the sections of the performance paths and the planning path between operating
periods k and p.

The divisions choose the actual performance in each operating period from the feasible
performance set. Because of the "dynamic property'" of our AS model, the choice of actual
performance by the i-th AE in the j-th operating period affects the feasible performance set
in period j + 1.

We denote the feasible performance set of the i-th AE in the j-th operating period by
Bij(mij, yij-1). The actual performance yj; satisfies Vij e Bij(ﬂij, V¥ii-1). The perfor-
mance path selected by the i-th AE over the planning horizon clearly should satisfy the con-
dition

T
" (e HBU(JT:’J" Yi-1).

The choice of actual performance by the AE in each operating period is aimed at satis-
fying the divisional preferences. We assume that the preferences of the i-th AE in the j-th
operating period are quantitatively expressed by the function fi5(8i3, yij), and the divi-
sional behavior is aimed at maximizing the value of this function [7]. This function depends
on the planned targets and on the selected performance since, in practice, the activity
evaluation of industrial objects, and hence also the incentives they receive in each operating
period, are determined by comparing the planned measures with the activity measures.

We also assume that the preferences of the system as a whole are identical to the head-
quarters preferences. Quantitatively, the headquarters preferences in operating period j
are expressed by the function &:(m,;, ..., Tnjs Y1js +-os ynj), where n is the number of ac-
tive elements in the system. Tﬂe c%oice of actual performance by all the AE quantitatively
determines the payoff to the headquarters.

3. THE FUNCTIONING OF THE DYNAMIC MODEL

In active system theory, each operating period includes three stages: the data genera-
tion stage, the planning stage, and the performance stage. For the static model, detailed
description of each stage and the actions of the divisions and the headquarters will be found
in [7].

In dynamic AS models, the planning horizon consists of several operating periods. If
the headquarters or the divisions are far-sighted, i.e., capable of foreseeing the impact
of their performance decisions on future operating periods, the range of possible system
functioning modes is broadened.

If the planning horizon includes a data-generation stage, a planning stage, and a per-
formance stage, which are common for all the operating periods, there will be no fundamental
difference between the dynamic and the static AS models. Formally identifying the planning
horizon with the common operating period, we can study the system behavior on these common
periods, without attempting to analyze the processes within each period. Thus, with this
functional organization, the behavior of the model actually reduces to the standard static
AS model [1, 7].

Now assume that each operating period includes all the three stages, and the headquarters
sets the divisional plans only for the current operating period, ignoring the possible AS
states in future periods. This activity corresponds to headquarters without far-sightedness
(near-sighted or myopic behavior). The divisions in this case are incapable of fully assess-
ing the impact of their performance decisions in the current period on the feasible perform-
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ance set in the subsequent periods. This is due to the fact the feasible performance set

of the i-th AE in the j-th operating period is determined by the plan, and in the assumed
framework the plan Tij 1s not generated in period (j — 1). If we assume that the di-
visions make no predictions about future targets in subsequent operating periods, we con-
clude that the functioning of the system over the planning horizon can be studied by examin-
ing the sequential behavior of the AS over all the operating periods.

If the headquarters is far-sighted, the initial planning path set at the beginning of
the planning horizon may be revised or updated in future operating periods based on informa-
tion about the actual AE performance. The revised planning path as observed at the end of
the planning horizon may be entirely different from the initially chosen path. For far-
sighted AE, constant revisions of the planning path by the headquarters naturally make the
prediction of future states more difficult.

Now assume that the planning path is set for T operating periods: the data-generation
stage and the planning stage are common for the entire planning horizon, but the performance
stage is repeated in each operating period. Also assume that the planning path remains un-
changed over the entire operating period. Thus, the planning horizon consists of one data
generation stage, one planning stage, and T performance stages. In what follows, we assume
this particular functioning mode of the dynamic AS.

4. INCORPORATING THE FUTURE IN THE PERFORMANCE. EVALUATION CRITERIA
OF THE ACTIVE ELEMENTS AND THE HEADQUARTERS

The value of the function fi'(“ij» Yij) provides a quantitative expression of the pre-
ferences of the i-th AE only in tﬂe j-th operating period. Therefore, the choice of
fij(”ij’ Yij7 as the AE objective function is justified if the divisional decisions in the
current operating period do not affect the future periods, or if the AE is incapable of al-
lowing for the consequences of its performance decisions. The i-th AE attains the maximum
satisfaction in the j-th operating period if it chooses the actual performance by solving
the problem

Fii (s, yi5) > max ,  f=1,...,T. (1)

VEB (7 45V i)
In what follows, we assume that the function fij(nij, yij) attain their maxima on the sets
Bij, i=1, ..., n, 3 =1, ..., T.
The objective function of a far-sighted AE in the j-th operating period is represent-
able in the form
j+N

@i=Fii (s, y:5) + 2 Fon(otan, yin) (2)

h=j+1

The number of future periods N which are incorporated by the AE in the objective func-
tion determines its degree of far-sightedness [7]. For a myopic AE, N = 0.

In our dynamic AS model, both far-sighted and myopic AE select their actual performance
in each operating period. If yjij is the solution of problem (1), then its performance path
7iT(1) is made up of a sequence of solutions of problem (1) for j =1, ..., T.

A far-sighted AE chooses the actual performance for the current period and also predicts
the performances in the future periods, attempting to maximize the objective function (2).
Thus, in the j-th operating period the i-th AE solves the problem

j+N
fix (in Yix) — _ max
k=j NN
= vi e I B vy—p

k=j

The solution of this problem is a collection of vectors §ij’ §ij+1’ ++s Yij4N. The
vector yij is the actual performance of the AE in the j-th operating period, and the vectors
§ij+l’ ceey §ij+N are the predicted performance for the future periods from j + 1 to j + n.

The problem solved by the AE in operating period j + 1 has the form
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(Tl Ui —> max
fir (ixs Yar) . 1IN
V=it AV G’ T ByGup vig—y)
k=j41 -~
Yij=Vij

The resulting collection of vectors Vii41s y§j+2, ...,*y2j+1+N gives the actual performance
¥ij+1 in period j + 1 and the predicted performances Yij+2s +-+s Yij+14N for the future
periods. Here, the functioning of the AS is considered separately %or each planning horizon,

and it is assumed that the choice of the actual performance by the AE for any operating period
in one planning horizon does not affect the feasible performance set in another planning
horizon. If the degree of far-sightedness of the AE is such that j + N > T, the problem (2)
solved by the AE in period j may be rewritten as

T
Zfik(nik’ Yix) — max

T
fi=j s ThH= H. Bl Vik—2)

k==j

Thus, over a planning horizon consisting of T operating periods, the objective of a far-
sighted AE may be written as

12
Py = Zfik (U4, Ya),

R—j

where
N {f+1v, i jIN<T,
’ T, if j4N>T.

The problem solved by the i-th AE in the j-th operating period takes the form

!'j
Zfih- (5Tins Yir)— Amax .
- (3)

vime T By, vip—p

==

If the AE assign different values to the function f in different operating periods when
choosing the actual performance for the j-th period and making predictions for the future,
then the problem (2) should be rewritten as

T’j
8ixfir (irs Yix) — max .
k=j 1 1 (4)
vl L Bz, vig_p)
s .

=7

As a rule, we set §ij = 1 when solving problem (4). In this case, the components of the
vector {8ik} determine the weight of the function f of the i-th AE in future operating periods
in relation to its value in the current period. In the economic literature, the dependence
of dik on the index of the operating period is mainly represented in the form Sik = 61k'1
or §;x = e~aik (aj is a constant coefficient). In this case, we say that the dependence of
dik on k reflects the degree of incorporating the future in the current decisions. The coef-
ficient §ik is known as the discounting factor [2].

In what follows, we call the vector {§ik} the far-sightedness distribution of the i-th
AE. The components of this vector may be "rigidly tied" to operating periods or may change
when solving problem (4) in different operating periods.

Let us find the form of the problems that the AE solves in each operating period when
the far-sightedness distribution varies, Suppose that_in the first operating period the far-
sightedness distribution is §;,\!/, ?13(1), cees 8350, L, 61%1(1~j in the second period
it is §3,(2), .., 85502, L g ?), and in the”j-th period 8;;5(3), ..., 6. i), Then,
the objective function of the i-th AE in the j-th operating period is
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Py
2 aiij)fik (in, Yin) «

h=j

The AE problem is correspondingly written in the form

Ps
Z 5%-71}: (Tins Yir) — p.max :
= { (5)

1_,;:](]')9; I1 Bik(nik‘y‘lk—l)
Fej

If the degree of incorporating the future in decision making is constant over the opera-

ting periods, the components of the far-sightedness distribution vector in operating period
j are expressible in the form

) (1) .
6ik =6xk—j+1, k=],. vy Dje

Let pj = T and let the components of the far-sightedness distribution vector be §ik =
éik'l or §ik = e @ik, Tt is easy to show that the actual performance in the j-th operating
period and the predicted states for the future periods obtained by solving problem (4) coin-
cide with the actual performance and the predictions obtained by solving the problem (5).
Indeed, the objective function (4) differs from the objective function (5) only in the coeffi-
cient éik"l, which does not affect the solution. The objective function (4) characterizes
the case when the components §iK~1 are "rigidly linked" to the operating periods, whereas
the objective function (5) represents the case of variable far-sightedness distribution over
the operating periods, while the degree of incorporating the future remains the same. There-
fore, if the components of the far-sightedness distribution vector have the form §ik = 6ik'1
or 8ik = e'“ik, the actual performance and the predictions obtained for the components §ik
"rigidly linked'" to operating periods are identical to the actual performance and predic-
tions obtained with variable far-sightedness distribution and constant degree of incorporat-

ing the future.
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